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Abstract

For a topological space it is well-known that the associated closure and interior
operators provide equivalent descriptions of set-theoretic topology; but it is not
generally true in other categories, consequently it makes sense to define and study
the notion of interior operators I in the context of fuzzy set theory, where we
can find categories in a lattice-theoretical context. Fuzzy interior operators have
been studied by U. Hohle, A. Sostak and others, (1999), these works were used to
describe L-topologies on a set X. More recently, M. Diker, S. Dost and A. Ugur
(2009) present interior and closure operators on texture spaces in the sense of Cech,
and F. G. Shi (2009) studies interior operators via L-fuzzy neighborhood systems.
The aim of this paper is to propose a more general theory of variable-basis
fuzzy interior operators, employing both categorical tools and the lattice theoretical
foundations investigated by S. E. Rodabaugh (1999), where the lattices are usually
non-complemented. Furthermore, we construct some topological categories.

AMS subject classification: 06B05, 18B35, 54A40, 54B30.
Keywords: Vaiable-basis interior operator, CQML, LOQML and SET categories,
topological category, open and co-dense fuzzy sets

1. Introduction

For a topological space it is well-known that the associated closure and interior operators
provide equivalent descriptions of set-theoretic topology; but it is not generally true in
other categories, consequently it makes sense to define and study the notion of interior
operators /I in the context of fuzzy set theory, where we can find categories in a lattice-
theoretical context.

Interior operators are very useful tools in several areas of classical mathematics, its
applications such as Geographic information systems and in general category theory. In
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fuzzy set theory, fuzzy interior operators have been studied by U. Hohle, A. Sostak and
others, (see e.g. [5]), these works were used to describe L-topologies on a set X.

More recently, M. Diker, S. Dost and A. Ugur present interior and closure operators
on texture spaces in the sense of Cech (see [4]), and F. G. Shi( [9]) studies interior
operators via L-fuzzy neighborhood systems. On the other hand, W. Shi and K. Liu
([10]) present a development of computational fuzzy topology, which is based on fuzzy
interior and closure operators in order to get topological relations between spatial objects
and Geographic information systems.

The aim of this paper is to propose a more general theory of variable-basis fuzzy
interior operators, employing both categorical tools and the lattice theoretical fundations
investigated in [7] and [5], where tha lattices are usually non-complemented.

The paper is organized as follows: Following [7] and [5] we introduce, in section 1, the
basic lattice theoretical fundations. In section 2, we present the concept of variable-basis
fuzzy interior operators and then we construct a topological category (VBIO-SET, U).
In section 3, we study some additional properties of interior operators: idempotent and
productive interior operators as well as open fuzzy sets and open morphisms. Finally in
section 4, we present some examples of various classes of interior operators.

2. From Lattice Theoretic Foundations

Let (L, <) be a complete, infinitely distributive lattice, i.e. (L, <) is a partially ordered
set such that for every subset A C L the join \/ A and the meet /\ A are defined,
moreover (\/ A) Aa = \/{fare)|aeAand(\A)Vva= N\aVva)|ac A

for every o € L. In particular, \/ L =T and /\ L = 1 are respectively the universal

upper and the universal lower bounds in L. We assume that | # T, i.e. L has at least
two elements.

2.1. Complete quasi-monoidal lattices

The definition of complete quasi-monoidal lattices introduced by S. E. Rodabaugh in [7]
is the following:

A cgm-—lattice (short for complete quasi-monoidal lattice) is a triple
(L, <, ®) provided with the following properties

(1) (L, < )is acomplete lattice with upper bound T and lower bound _L.
(2) ® : L x L — L is a binary operation satisfying the following axioms:

(a) @ isisotone in both arguments, i.e. o] < a2, PB1 < B implies o1 @ 1 <
ar ® Bo;

(b) T isidempotent,ie. TQ T =T.

The category C QM L comprises the following data:
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(a) Objects: Complete quasi-monoidal lattices.

(b) Morphisms: All SET morphisms, between the above objects, which preserve ®
and T and arbitrary \/

(c) Composition and identities are taken from SET .
The category LO QML is the dual of COML,i.e. LOQML = CQMLP.

2.2. GL—monoids

A G L—monoid (see [5]) is a complete lattice enriched with a further binary operation
®, i.e. a triple (L, <, ®) such that:

(1) ® is isotone, commutative and associative;
(2) (L, <,®)isintegral, i.e. T acts as the unity: « ® T = o, Vo € L;

(3) L acts as the zero elementin (1, <,®),ie.a ® L = 1, Va € Lk;

(4) ® is distributive over arbitrary joins, i.e. @ ® (\//3;) = \/(ot ® Br), Ya €
A

A
V(B el CL;

(5) (L, <,®) is divisible, i.e. o < B implies the existence of y € L such that
a=LQy.

It is well known that every G L —monoid is residuated, i.e. there exists a further binary
operation “+—"" (implication) on L. satisfying the following condition:

aRB<y<—=a=<(Br—y) Va,B,y € L.

Explicitly implication is given by
ar—>,8:\/{AeL|a®A§ﬂ}.

If X is a set and L is a GL-monoid (or a complete quasi-monoidal lattice), then the
fuzzy powerset LX in an obvious way can be pointwise endowed with a structure of a
G L-monoid (or of a complete quasi-monoidal lattice). In particular the L-sets 1y and
Ox defined by 1x(x) = T and Ox(x) = LVx € X are respectively the universal upper
and lower bounds in LX.

2.3. Powerset operator foundations

We give the powerset operators, developed and justified in detail by S.E. Rodabaugh
in [7] and [8]. Let f € SET(X,Y), LLM € |[COML|, ¢ € LOQML(L,M), and
p(X), p(Y), LY, MY be the classical powerset of X, the classical powerset of Y, the
L-powerset of X, and the M-powerset of Y, respectively. Then the following powerset
operators are defined:
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L f7 1 oX) = o) by f7(A)={f(x)]|x €A}
2. [T ip) = pX) by fT(B)={xe X | f(x) € B}

3. f i LX > LY by fr@(y = \/ ax)
fx)=y

4. f LY > LY by fr(b)=bof

5. % : L — M by *¢(a) = /\{B € M |a<¢”(B))

6. (*¢) : LY — M* by ("¢)(a) ="¢poa

7. (¢%) : M* — LX by (") (b) = ¢ o b

8. (f,®)” : LX > M" by (f,®)” (@)= \Ib| [ (@) < (@7) b))},

9. (f,&) : MY — LX by (f,®)“(b) = ®°? o b o f, in other words, that

diagram
X AN Y
(f@)“(b){ b
L M

doP

1s commutative.

Note that these operators were defined taking into account the Adjoint functor theorem.
Consequently, we have that f, f;, and (f, @)™ are left adjoints of f=, f;~, and
(f,®), respectively.

3. Basic properties of variable-basis interior operators

In this section we consider a subcategory D of CQML in order to construct fuzzy variable-
basis interior operators on the category SET x D that has as objects all pairs (X, L),
where X is a set and L is an object of D, as morphisms from (X, L) to (Y, M) all
pairs of maps (f,¢) with f € SET(X,Y)and ¢ € COML(L, M), identities given by
idy.,, = (idy,id,), and composition defined by

(fs#)o(g¥)=(fog ¢oV).

Definition 3.1. An interior operator of the category SET x D is given by a family

I = (iXL)(X,L)€|SETXD| of maps
iy, : LY —> L* that satisfies the requeriment:

(I1) (Contraction) iy(u) <u forall ue LX;
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(I2) (Monotonicity) if u < v in L%, then iy <iy(v);

(13) (Upper bound) i (1) = 1,.

Definition 3.2. A fuzzy variable-basis /-space is a triple (X, L, iy, ), where (X, L) is an
object of SET x D and iy, is an interior map on (X, L).

Definition 3.3. A morphism (f,¢) : (X,L) — (Y, M)in SET x D is said to be fuzzy
I-continuos if

(f, ) (i) <ix((f, )T (v) forallve M". (1)
Proposition 3.4. Consider two fuzzy [-continuous morphisms (f,¢) : (X,L) —

(Y,M) and (g,v) : (Y,M) — (Z,N), then the morphism (g, ) o (f, @) is fuzzy
I-continuous.

Proof. Since (g,¥): (Y,M) — (Z, N) is I-continuous we have

(8, V) (W) <iyu((g,¥)" (w)) forall we N”

it follows that

f, ¢)<_((g’ w)(_(iZN(W))) < (f’(b)(_(iYM((g» W)(_(W)))

now, by the fuzzy I-continuity of (f, @),

(fs ) (i) < i (f,9)T () forall veM,

in particular for v = (g, ) (w),

(f> @) (v (8 V)T W) < ixe ((f, )T (&, V)™ (W))),

therefore

(g V) o (f,9)) " (i) i (((g,¥) o (f, ) (W)).

As a consequence we obtain

Definition 3.5. The category VBIO-SET that has as objects all triples (X, L, iy, ) where
(X, L) is an object of SET x D and iy, : L* —> L* is a fuzzy interior map, as
morphisms from (X, L,iy,) to (Y,M,i,,) all pairs of fuzzy I-continuous functions
(f,¢):(X,L,iy,) — (Y,M,i,,), identities and composition as in SET x D.
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3.1. The lattice structure of all interior operators

We consider the collection
I(SET,L) forallL € D
of all interiors operators on SET x {L}. Itis ordered by
I < J < iy(u) < jy(u), forall set X, and for allu € LX.

This way I (SET, L) inherents a lattice structure from L:

Proposition 3.6. Every family (/,),.,in I(SET, L) has a join \/ I, and a meet /\ I
rEA AEA
in I(SET, L). The discrete interior operator
I, = (iDX)X€|SET| with iDX(u) =u forall u e LX

is the largest element in / (SET, L), and the trivial interior operator

Oy forall u # 1,

I, = (i; with i )(u) =
(r ) Xe|SET| (ir, ) () Lif u=1,

18 the least one.

Proof. For A # @,let I = \/ I, then

rEA
ix = \/ iAX9

reA
where X is an arbitrary set, satisfies
. ;X(u) < u, because i, (1) < uforall u € LX and forall A € A.
e Ifu; <upin L¥ theni, (u1) < i, (up)forall » € A, therefore iy(u1) < iy(u2).
e Since i, (1x) = ly forall A € A, we have that i,(1x) = lx.

Similary \/ I, I, and I, are interior operators. [ |
rEA

Consequently,
Corollary 3.7. For every set X
I(X) = {iy | iy is an interior map on X}

is a complete lattice.
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3.2. Initial variable-basis interior operator

Let (Y, M,i,,) be an object of the category VBIO-SET and let (X, L) be an object of the
category SET x D.
For each morphism (f,¢) : (X,L) — (Y, M)in SET x D we define on (X, L) the

map fXL LY — L¥ by
2XL = (f’ ¢)<_ Olyy O (f’ D), (2)

where (f, @), is the right adjoint of (f,¢)*. In other words, the following diagram is
conmutative
I
;XL iym
X < Y
L (f. 9 M

Proposition 3.8. i; x an interior map.

Proof.

(1) (Contraction)

i) = (£, ) 0 iy 0 (f$)i) ()
< ((f, ) o (f d)u) W) < us

(2) (Monotonicity) If u; <up then (f, @) (u1) < (f,d)«(u2),
therefore

Ly ((F5 #)5(u1) < iy ((f, @) (u2)),

consequently
(F+ ) (i (F. 1)) < (f.) (iur ((f. $)s(112)))
thatis, 7Lx(u1) < ipx(u);
(3) (Upper bound)

ix(1x) = (f, ) 0wy o (f,0)e(1x) = (f, ) 0 iwy(1y)
= (f,) " (ly) = Ix.
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3.2.1 Structural source

Proposition 3.9. Let (X, L) be an object of SET x D, let (Yy, M, iy,,,) be a family

of fuzzy variable I-spaces, where A € A for some indexed set A, and let (f;,¢,) :

(X, L) — (Y, M) be a family of morphisms in SET x D. Then the structured source

[(X, L), ((fk, é3), (Yy, M;\))]AeA w.r.t the forgetful functor U from VBIO-SET to SET x

D has a unique initial lift (X, L, ZXL) — (Y, My, iy,.,)), Where ZXL is the meet /\ *fXL
rEA

of all initial interior maps i WL (fx, ), where A € A.

Proof. We must show that for every object (Z, N,i,y) of VBIO-SET, each morphism
(g,¥): (Z,N) — (X, L) is I-continuous iff each ( f;, ¢») o (g, ¥) is I-continuous, for
all A € Aandforallu € LX. In fact,

(&) () = (&) /\ ")

reA

=\ (&) Cix(w)

reA

= A\ @V (fio ) 0 in, 0 (frr $2)x(w))

reA

= A\ [ V) o (frd) ] 0, o (fr. b)),

rEA

but as the composition ( f3, ¢) o (g, ) forall A € A is a continuous then

@) () < N\ i [(8 ) 0 (frd) ] o (frn b))

reA

= /\ in(g,¥) o [(f)L, ¢ o (fk,ff’x)*] (u)

rEA

< N iwlg )W)

rEA

= iZN(g’ 1;ﬁ)(_(u)
then 3
(& V)" () < in(g, V)™ ().
[ |

As a consequence of corollary (3.7), proposition (3.8) and proposition (3.9), we
obtain

Theorem 3.10. The concrete category (VBIO-SET, U) over SET x D is a topological
category.
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4. Some additional properties of interior operators

Definition 4.1. The interior operator I = (iy; )., ser « o, Of definition (3.2) is called
idempotent if the condition

iy (i () = iy, (u) forall ueLX
holds for every pair (X, L) € [SET x D|.

Proposition 4.2. Let I = (iy;)..) < se7 « o) D€ an idempotent interior operator. Then the
initial interior operator I = (iy,)x 1)< ser « o defined by

gXL = (fa ¢)(_ Olyy O (f’ ¢)*,
for each morphism (f,¢) : (X,L) — (Y, M) in SET x D is also idempotent.

Proof. Suppose that I = (iy,)x.1)ciser <o 18 an idempotent interior operator and let
(f,¢): (X,L) —> (Y, M) be a morphism. Then

ivi iy, = (£, ) 0dyy o (f,9)i) 0 ((fs) 0w o (f,h)s)
> (f’ ¢)<_ o (iYM o iYM) ] (f’ d))*
= /(\f’(b)(_ o iYM o (fa¢)*

== lXL'

On the other hand, the monotonicity condition of interior operators implies that

A A A

Iy < Iy, Olyp.
|
Definition 4.3. The interior operator I = (iy,)x..,c|SET x| of definition (3.1) is called
1. productive if the condition
i (U A V) =iy, (u) Ny, (v) forallu,veL¥
holds for every set X.

2. Fully productive if the condition

Iy ( /\ u,) = /\ Iy forall {u, | A e A} C L% holds for every set X.
reEA reA

Proposition4.4. Let ] = (i XL)(X LE|SETxD| be a fully productive interior operator. Then
the initial interior operator [ = (z x)x.0elSET xD| defined by

lXL—(fa¢) Olyy o (f, )«
for each morphism (f,¢) : (X, L) — (Y, M) is also fully productive.
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Proof. Supponse that I = (iyx,)x 1e|sETxD| be a fully productive interior operator and
let f : X — Y be a funtion. Since (f, @), is a right adjont, it preserves all existing
meets, and since (f, ¢)" is both left and right adjont, it preserves all existing joins and
meets, so for all {u; | L € A} C LX

B\ 1) = (F, ) (i ((F )\ w))

rEA reA

= (£ (ivu( /\ (f+9)u(u)))

reA

= (£2) " (/\ ivu((f+ D))

reA

= A\ (£, (inu (£, $):112)))

reA

AL

reA

4.1. Open fuzzy sets

Definition 4.5. An L-fuzzy subset u of X is called /-open in (X, L) if it is equal to it
interior, i.e, iy, (#) = u. The fuzzy I-continuity condition (1) implies that /-openness is
preserved by inverse images.

Proposition4.6. Let(f,¢): (X,L,cy,) — (Y, M,c,,) be amorphism in VBIO-SET.
If ve M" is I-open then (f,®)" (v)is i-openin (X, L).

Proof. Ifv = iy,(v),forv € M",then (f,$)" () = (f, )" ((yu() < ixe((f, ) (V)),
0 i ((f, )T () = (f, )" (V). u

4.2. I-open morphisms

Definition 4.7. A morphism (f,¢) : (X, L,iy,) — (Y, M,i,,) between variable-basis
fuzzy I-spaces is I-open if

b ((F, )W) < (F,9) (iyu(v)) forall v e L. 3)

Proposition 4.8. Let (f,¢) : (X,L,iy,) — (Y, M,i,,) and (g,¥) : (Y, M,i,,) —
(Z,N,i,y) be two I-open morphisms, then the morphism ( f, ¢) o (g, ¥) is I-open.

Proof. Since (g, V) : (Y, M,iy,) — (Z,N,i,,)is I[-open, we have
(8 ¥)T W) < (g, ¥) (iy(w)) forall we N7,
it follows that

(f> ) (i (g, )W) < (f, )7 (8, V) (izn(w)))
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now, by the I-openness of (f, ¢),

L (f, )7 < (f,9) T (u(v)) forall ve M,

in particular for v = (g, ) (u),

L ((F,0) (g, ¥) ™ W) < (f, )™ (Gru((g, ¥)™ (W)

therefore

i (8 ¥) 0 (F,9) T (W) < (&, ¥) 0 (f, )™ (izn(W)).
|

If we replace in the category VBIO-SET fuzzy I-continuous morphisms by /-
open morphisms, we obtain another topological category. The morphisms (f,¢®) :
(X,L,iy,) — (Y,M,i,,) between variable-basis fuzzy I-spaces which are bijective,
fuzzy I-continuous and /-open, forms a group. We can say that a way of seeing variable-
basis fuzzy topology is studying invariants of the action of these groups over the category
SET x D.

5. Some examples of fuzzy interior operators

Example 5.1. Let L = [0, 1] be the unit interval considered as an ordered subset of the
real numbers R, as well as a complete (not complemented) lattice.

(i) For each topological space X, we define i, : IX — LX by
iy(n) = \/{v e LX | v is lower semi-continuous and v < u}.

Clearly, the family I = (ix)y.r0p 1S a fuzzy interior operator of the category
T O P. Since the fixed points of the restriction of i, to 2% produces the open sets
of X, this operator is an extension of the usual interior in 7O P.

(ii) For each compact topological space Y, we define d, : LY — LY by d,(v) = m,,
where m,, is the constant function on LY whose value is m, =min{v(y) | y € Y}.
Undoubtedly, the family D = (d,)y < cour 1S @ fuzzy interior operator of the cate-

gory COM P (of compact topological spaces).

(i11)) Every map f : X — Y from a topological space X to a compact space Y is fuzzy
ID-continuous since each constant map is lower semi-coninuous.

(iv) On the other hand, the only fuzzy DI-continuous maps between compact spaces
an topological spaces are the constant.
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Example 5.2. Let X = {x} be a single point set and L = [0, 1] be the usual unit interval.

The maps i, : LY — LX defined by i,(t) =1t",forn = 1,2,--- are interior maps, from
which just i, and i, = lim ¢" are idempotent.
n— oo

Example 5.3. For a GL—monoid £ and for an E-topology r € X, we define

ix(u):\/{VE‘L' | v < ul.

These maps produce an interior operator of the category L-TOP whose associated closure
operator is

cx() = \v > Ox | u<v).

VeT
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