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Abstract

In this paper, we made an attempt to study the algebraic nature of an
intuitionistic QL-fuzzy subhemiring of a hemiring under homomorphism and
anti-homomorphism.
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Introduction

There are many concepts of universal algebras generalizing an associative ring
(R;+;.). Some of them in particular, nearrings and several kinds of semirings have
been proven very useful. An algebra (R; +,.) is said to be a semiring if (R; +) and (R;.)
are semigroups satisfying a. (b+c) = a. b+a. ¢ and (b+c).a=b. at+c. a forall a, band ¢
in R. A semiring R is said to be additively commutative if a+b = b+a for all a, b in R.
A semiring R may have an identity 1, defined by 1. a=a =a. 1 and a zero 0, defined
by 0+a=a=a+0and a.0 =0 = 0.a for all a in R. A semiring R is said to be a hemiring
if it is an additively commutative with zero. After the introdution of fuzzy sets by
L.A.Zadeh[5], several researchers explored on the generalization of the notion of
fuzzy set. The concept of intuitionistic QL-fuzzy subset was introduced by
K.T.Atanassov[1, 2], as a generalization of the notion of fuzzy set. The notion of
homomorphism and anti-homomorphism of fuzzy and anti-fuzzy ideal of a ring was
introduced by N.Palaniappan&K.Arjunan [3]. Some properties of intuitionistic fuzzy
subgroups was introduced by Palaniappan. N &K.Arjunan [4]. In this paper, we
introduce the some Theorems in intuitionistic QL-fuzzy subhemiring of a hemiring
under homomorphism and anti-homomorphism.
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Section 1: Preliminaries: and basic definitions
Definition 1.1: Let X be a non-empty set and L = (L, <) be a lattice with least element
0 and greatest element 1. A QL-fuzzy subset A of X is a function A: X — L.

Definition 1.2: Let (R, +,.) be a hemiring. A QL-fuzzy subset A of R is said to be a
QL-fuzzy subhemiring (LFSHR) of R if it satisfies the following conditions:

(1) Ha (X+ya q) > Ha (Xa q) Apa (ya q)’ )

(i) pa(xy, @) = pa (X, @) Apa (Y, q), forallx, gand y, g in R.

Definition 1.3: Let (R, +,.) be a hemiring. A QL-fuzzy subset A of R is said to be an
anti QL-fuzzy subhemiring (ALFSHR) of R if it satisfies the following conditions:

(D pa Xy, @ <pa (X, q) Vra (¥, @), Ba (XY, @) <

(i) pa(x,q) Vpa(y, q), forallx, qandy, q inR.

Definition 1.4: Let (L, <) be a complete lattice with an involutive order reversing
operation N : L — L. A intuitionistic QL-fuzzy subset (ILFS) A in X is defined as an
object of the form A={< x, pa (X, q), va (X, qQ) > /X, q in X }, where pa : X — L and
va : X — L define the degree of membership and the degree of non-membership of
the element x, q€X respectively and for every x, q€X satisfying pA (x, q) <N (VA (X,

Q)

Definition 1.5: Let (R, +,.) be a hemiring. An intuitionistic QL-fuzzy subset A of R is
said to be an intuitionistic QL-fuzzy subhemiring (ILFSHR) of R if it satisfies the
following conditions:

() Aty @) =pa (X Q) Aua (Y, q);

(i) pa (xy, @) 2 pa (X, @) Aua (¥, Q);

(i)  va(xty, @ =va(X,q) Vva(y, q); (iv) va (Xy, ) <Va (X, q) VVa (Y, q), for
allx,qandy, qin R.

Section 2:Propertieson Intuitionistic L-fuzzy subsemiring

Theorem 2.1: Let (R, +,.) and (R, +,.) be any two hemirings. The homomorphic
image of an intuitionistic QL-fuzzy subhemiring of R is an intuitionistic QL-fuzzy
subhemiring of R'.

Proof: Let (R, +,.) and (R, +,.) be any two hemirings. Let f£ R — R'be a
homomorphism.

Then, f (xty, q) = f(x, q) + f(y, q) and f (xy, q) = f (%, q) f(y, q), for all x, q and
y, q in R.

Let V =f(A), where A is an intuitionistic QL-fuzzy subhemiring of R.

We have to prove that V is an intuitionistic QL-fuzzy subhemiring of R'.

NOW, fOI' f(Xa q)a f(Ya CI) il’l R'a Ly (f(X, CI) + f(Ya Q)) = Hy (f(X+y’ CI)) Z Ha (X + Y,
21) > )L;A (X, @) Aua (y, q), which implies that p, (f(x, @) + £(y, @) = pv (£(x, @) A pv (£
Y, Q)
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Again, py (f(x, q) £ (y, @) = py (f (xy, ) = pa (XY, @) = pa (X, @) A pa (¥, Q),
which implies that p, (f (x, q) f(y, @) = pv (f (X, @) A py (£(y, @)

NOW, fOI' f(X, q)a f(Ya Cl) il’l R'a VV (f(X, CI) + f(}’)) = VV (f(X+Ya CI)) S VA (X+ ya CI) S
va (X, q) Vva (v, q), which implies that v, (f (x, q) + £ (y, qQ)) < w (f (%, q)) Vvy (f(y,
Q).

Again, Vy (f (Xa CI) f(ya CI)) =Vy (f (XY7 CI)) <Va (Xya CI) <Va (Xa CI) Vva (Ya q)a which

implies that v, (f(x, @) £ (y, q)) < vy (f(x, @) Vv (£ (y, q)).
Hence V is an intuitionistic QL-fuzzy subhemiring of R".

Theorem 2.2: Let (R, +,.) and (R, +,.) be any two hemirings. The homomorphic
preimage of an intuitionistic QL-fuzzy subhemiring of R'is a intuitionistic QL-fuzzy
subhemiring of R.

Proof: Let (R, +,.) and (R', +,.) be any two hemirings.

Let f: R — R'be a homomorphism.

Then, f (xty, q) = f(x, q) + f(y, q) and f (xy, q) = f (%, q) f(y, q), for all x, q and
y, q in R.

Let V =f(A), where V is an intuitionistic QL-fuzzy subhemiring of R'.

We have to prove that A is an intuitionistic QL-fuzzy subhemiring of R.

Let x and y in R. Then, pa (x+y, q) =puy (f(x+y,q)) = (f(x, q) + f(y,q) > v
(f(x, @) A (£(y, @) = pa (X, @) A pa (y, @), which implies that pa (xty, q) = pa (X,
Q) A pa (¥, Q)

Again, pa (Xy, q) = pv (f(xy, ) = pv (F(x, @) £(y, @) = py (F(x, @) A pv (£(y, 9))
= pa (X, @) A pa (y, q), which implies that pa (xy, q) > pa (x, q) Apa (v, ).

Let xand y in R. Then, va (x+y,q)=vww(f(x+y,q)=w(f(x,q) +(y,q) vy
(f(x,q) Vv (f(y,q)=va(x,q) Vva(y, q), which implies that va (x+y, q) <va (X,
q) Vva (Ya CI)

Again, va (xy, q) = v (f(xy, @) = vy (f(x, @) £(y, @) <w (f(x, Q) Vv (f(y, q) =
va (X, q) Vva (v, q), which implies that va (xy, q) <va (X, Q) Vva (¥, Q).

Hence A is an intuitionistic QL-fuzzy subhemiring of R.

Theorem 2.3: Let (R, +,.) and (R', +,.) be any two hemirings. The anti-homomorphic
image of an intuitionistic QL-fuzzy subhemiring of R is an intuitionistic QL-fuzzy
subhemiring of R'.

Proof: Let (R, +,.) and (R', +,.) be any two hemirings.

Let f: R — R'be an anti-homomorphism.

Then, f (xty, q) = f(y, q) + f(x, q) and f (xy, q) = f(y, q) f (X, q), for all x, q and
y, q in R.

Let V =f(A), where A is an intuitionistic QL-fuzzy subhemiring of R.

We have to prove that V is an intuitionistic QL-fuzzy subhemiring of R'.

NOW, fOI' f(X), f(}’) il’lR', v (f(Xa CI) + f(Ya CI)) = Ky (f(y + X, CI)) Z Ha (y + X, q) Z
Ha (¥, @) A pa (X, q) = pa (X, @) Apa (¥, q), which implies that p, (f(x, @) + f(y, q)) =
v (F(x, @) Apy (£ (y, 9)).
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Again, py (f(x, @) £(y, @) = pv (F(yX, @) = pa (Y%, q) = pa (¥, @) Apa (X, @) = pa
(%, q) Aua (v, q), which implies that p, (f(x, q) f(y, Q) > v (f (%, qQ)) Ay (f(y, Q).

NOW, fOI' f(Xa q)a f(Ya CI) il’l R'a Vv (f(X, CI) + f(Ya Q)) =Vy (f(y + Xa CI)) S Va (y + Xa
qQ) <va (¥, Q) Vva (X, Q) =va (X, q) Vva (v, q), which implies that v, (f (X, q) +f (y, q))
< vy (f(x, q) Vv (f(y, Q).

Again, Vv (f (Xa CI) f(ya CI)) =Vy (f (yxa CI)) < Va (yxa CI) < Va (ya CI) Vva (Xa CI) =Va
(%, qQ) V va (v, q), which implies that v, (f (x, q) f(y, q)) <vv (f (%, Q) V v (f (v, q)).

Hence V is an intuitionistic QL-fuzzy subhemiring of R'.

Theorem 2.4: Let (R, +,.) and (RI, +,.) be any two hemirings. The anti-homomorphic
preimage of anintuitionistic QL-fuzzy subhemiring of R'is an intuitionistic QL-fuzzy
subhemiring of R.

Proof: Let (R, +,.) and (R, +,.) be any two hemirings. Let f: R — R'be an anti-
homomorphism. Then, f (x+y, q) = f(y, q) + (X, q) and f(xy, q) = f(y, q) f(x, q), for
all x, q and y, q in R. Let V = f (A), where V is an intuitionistic QL-fuzzy
subhemiring of R'.

We have to prove that A is an intuitionistic QL-fuzzy subhemiring of R.

Let x and y in R. Then, pa (xty, q) =p (f (x+y, q)) = uv (f(y, Q) Hf (%, Q)

> py (F(y, @) Apw (F(x, q)) =pv (£ (x, @) Apv (£ (y, q))

= Ha (X, @) Apa (y, q) which implies that pa (x +y, @) 2 pa (X, @) A pa (v, Q).

Again, pa (xy, q) =uv (f(xy, q)) = (£(y, @) £(x, @) 2pe (£(y, @) Ay ((x, q))

=y (f (x, @) Auy (F(y, @) = pa (x, @) Apa (y, q), which implies that pa (xy, q)
>pa (X, @) Apa (v, 9)-

Then, va (xty, q) =vy (f (xty, @) = vv (f(y, @) + £ (x, @) <vy (f(y, @) Vv (F (X,
qQ) =vy (f(x, q) Vvy (f(¥, Q) =Vva (X, q) VVva (¥, q), which implies that va (x +y, q) <
VA (Xa CI) Vva (Ya q)'againa VA (XY7 CI) =Vy (f (XY7 CI)) =Vy (f (Ya CI) f(Xa CI)) <Vy (f (Ya CI))
Vv (f(x, q)) = v (f (X, Q) Vv (f (¥, Q) =va (X, q) VVva (v, q), which implies that va

(xy, @) =va (X, @) V va (¥, 9).
Hence A is an intuitionistic L-fuzzy subhemiring of R.

Theorem 2.5: Let A be an intuitionistic QL-fuzzy subhemiring of a hemiring H and f
is an isomorphism from a hemiring R onto H. Then A-f is an intuitionistic QL-fuzzy
subhemiring of R.

Proof: Let x and y in R and A be an intuitionistic QL-fuzzy subhemiring of a
hemiring H.

Then we have, (na°f) (xty, q) = pa (f(xty, @) = pa (F(x, @) + £(y, @) 2pa (F(x,
Q) Apa (£(y, @) = (pa°h) (x, @) A (pach) (y, @), which implies that (uacf) (xty, @) =
(D) (x, @) A (pach) (v, @). and, (pach) (xy, q) =pa (£ (xy, @) =paz £ (x, @) £(y, Q)
>pa (£ (x, @) Apa (£(y, @) = (ra°D) (%, @) A (paD) (y, @), which implies that (pa°f)
(Xya CI) = (HAOf) (Xa CI) A (HAOf) (ya CI) Then we have, (VAOf) (X+ya CI) =VA (f (X+ya CI))
=va (f(x, @) 1 (y, @) <va (f (X, Q) Vva (f (¥, @) = (va°h) (X, @) V (va°D) (y, q), which
implies that (va°f) (x+y, q) < (va°f) (x, @) V (va°h) (¥, 9).

And (vacf) (xy, @) =va (f(xy, Q) =va (f (X, @) (v, Q) <va (f(x, @) Vva (f(y, @)
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= (vaof) (x, @) V (va°f) (y, q), which implies that (vaf) (xy, q) < (vaf) (x, @) V (va°f)
(¥ 9).
Therefore (Acf) is an intuitionistic QL-fuzzy subhemiring of a hemiring R.

Theorem 2.6: Let A be an intuitionistic QL-fuzzy subhemiring of a hemiring H and f
is an anti-isomorphism from a hemiring R onto H. Then A-f is an intuitionistic QL-
fuzzy subhemiring of R.

Proof: Let x and y in R and A be an intuitionistic QL-fuzzy subhemiring of a
hemiring H.

Then we have, (na°f) (xty, @) =pa (f(xty, @) =pa (£(y, @) H (x, @) Zpa (F(x, @)
Apa (£(y, @) = (ma°D) (x, @) A (nach) (y, @), which implies that (pa°f) (xty, @) = (na°h)
(%, @) A (pach) (v, q). and, (pach) (xy, q) =pa (f(xy, @) =pa (f(y, @) f(x, @) Zpa (f(x,
Q) Apa (£ (y, @) = (mach) (X, @) A (nach) (v, q), which implies that (pacf) (xy, q) >
(1acD) (x, @) A (mach) (y, Q).

Then we have, (va°f) (xt+y, q) =va (f (xty, q)) =va (f(y, @) t{ (X, q)) <va (f(x, q))
Vva (f(y, qQ)) = (vacf) (%, q) V (va°f) (y, q), which implies that (va°f) (x+y, q) < (vacf)
(Xa CI) \% (VAOD (ya q)

And, (va°f) (xy, @) =va (f(xy, ) =va (f(y, @) £ (X, @) <va (f(x, Q) Vva (f(y, @)
= (va°f) (x, q) V (vacf) (y, q), which implies that (vaof) (Xy, q) < (vacf) (%, q) V (vaof)
(¥, Q).

Therefore A-fis an intuitionistic QL-fuzzy subhemiring of the hemiring R.
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