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Abstract 

 
This paper discusses the image and inverse image of homomorphic (anti-
homomorpihic) Intuitionistic L-fuzzy subalgebras of a BF-algebra. 
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1. Introduction 
In 1965, Lofti A. Zadeh[1] introduced the notion of a fuzzy subset of a set as a 
method for representing uncertainty in real physical world. As a generalization of this, 
Intuitionistic Fuzzy Subset was defined by K.T.Atanassov[2] in 1986. 

In 1966 Y.Imai and K.Iseki[4] introduced two classes of abstract algebras; BCK-
algebras and BCI-algebra. It is known that the BCK-algebras is proper sub class of the 
class of BCI-algebras. Neggers and H.S.Kim[5] introduced the notion of B-algebras. 

With these ideas, fuzzy BF_subalgebras of were developed by A. Borumand Saeid 
and M. A. Rezvani[6] in 2009. Motivated by this, we have introduced the 
Intuitionistic L-fuzzy BF-subalgebras[3] and by this paper we investigate the image 
and inverse image of intuitionistic L-fuzzy BF-subalgebra under homomorphism and 
anti-homomorphism. 
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2. Preliminaries 
In this section the basic definitions of a BF-algebra, L-fuzzy subset and Intuitionistic 
L-fuzzy subset are recalled. We start with, 

 
Definition 2.1. A BF-algebra is a non-empty set X with a consonant 0 and a binary 
operation * satisfying the following axioms: 

 
(i) 0* =xx  
 
(ii) xx =0*  
 
(iii) ( ) Xyxxyyx ∈∀= ,***0  
 

Example. 2.2. Let X = {0,1,2,3,4} be a set with the following table : 
 

* 0 1 2 3 4 
0 0 4 3 2 1 
1 1 0 4 3 2 
2 2 1 0 4 3 
3 3 2 1 0 4 
4 4 3 2 1 0 

 
Then ( )0*,,X  is BF-algebra. 
 
 

Definition 2.3. A non-empty subset S of a BF-algebra X is said to be a subalgebra if 
SyxSyx ∈∀∈ ,* . 

 
Definition 2.4. A fuzzy subset μ  in a non-empty set X is a function [ ]1,0: →Xμ . 
 
Definition 2.5. Let ( )≤= ,LL  be complete lattice with least element 0 and greatest 
element 1. Then a L-fuzzy subset A of a non-empty set X is defined as a 
function LXA →: . 
 
Definition 2.6. An Intuitionistic Fuzzy Subset (IFS) A in a non-empty set X is defined 
as an object of the form { }XxxxxA AA ∈><= )(),(, νμ  where [ ]1,0: →XAμ  is 

the degree membership and [ ]1,0: →XAν  is the degree non-membership of the 

element Xx ∈  satisfying 1)()(0 ≤+≤ xx AA νμ . 
 
Definition 2.7. [3] Let ( )≤= ,LL  be complete lattice with an involutive order 
reversing operation LLN →: . Then an Intuitionistic L-fuzzy Subset (ILFS) A in a 
non-empty set X is defined as an object of the form 
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{ }XxxxxA AA ∈><= )(),(, νμ  where LXA →:μ  is the degree membership and 

LXA →:ν  is the degree non-membership of the element Xx ∈  

satisfying ( ))()( xNx AA νμ ≤ . 
 
Definition 2.8. An Intuitionistic L-fuzzy Subset A in a BF-algebra X with the degree 
membership LXA →:μ  and the degree non-membership LXA →:ν  is said to have 

Sup-Inf property if for any subset XT ⊆ there exists Tx ∈0 such that 

)()( 0 tSupx A
Tt

A μμ
∈

=  and )()( 0 tInfx A
Tt

A νν
∈

= . 

 
Definition 2.9. Let YXf →:  be a function and A and B be the intuitionistic L-fuzzy 

subsets of X and Y where { }XxxxxA AA ∈><= )(),(, νμ  

and { }YxxxxB BB ∈><= )(),(, νμ . 
Then the image of A under f  is defined as 

{ }YyyyyAf AfAf ∈><= )(),(,)( )()( νμ  such that 

{ }
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Definition 2.10. Let YXf →:  be a function and A and B be the intuitionistic L-

fuzzy subsets of X and Y where { }XxxxxA AA ∈><= )(),(, νμ  and 

{ }YxxxxB BB ∈><= )(),(, νμ . Then the inverse image of B under f  is defined 

as { }XxxxxBf
BfBf

∈><= −−
− )(),(,)(

)()(

1
11 νμ  such that 

( ) ( ) Xxxfxandxfx BBfBBf
∈∀== −− )()()()( )()()()( 11 ννμμ . 

 
3. Homomorphism on Intuitionistic L-Fuzzy BF-Subalgebras 
Here we introduce the notions of Intuitionistic L-fuzzy BF-subalgebra in a BF-algebra 
X. Here after unless otherwise specified X denotes a BF-algebra. 

 
Definition 3.1. [3] An Intuitionistic L-fuzzy Subset A in a BF-algebra X is said to be 
an Intuitionistic L-fuzzy BF-subalgebra of X if 

(i) )()()*( yxyx AAA μμμ ∧≥  

(ii) )()()*( yxyx AAA ννν ∨≤  Xyx ∈∀ ,  
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Example.3.2. Consider the BF-algebra { }4,3,2,1,0=X  in Example 2.2.and 

{ }XxxxxA AA ∈><= )(),(, νμ  is the Intuitionistic L-fuzzy Subset of X defined as 

⎩
⎨
⎧

=
≠

=
⎩
⎨
⎧

=
≠

=
2;8.0

2;2.0
)(

2;1.0

2;6.0
)(

x

x
xand

x

x
x AA νμ . 

Then { }XxxxxA AA ∈><= )(),(, νμ  is intuitionistic L-fuzzy BF-subalgebra 
of X. 

 
Definition.3.3. A function YXf →:  of BF-algebras is called homomorphism, if 

Xyxyfxfyxf ∈∀= ,)(*)()*(  and is called anti-homomorphism, if 
Xyxxfyfyxf ∈∀= ,)(*)()*( . 

 
Remark 3.4. If YXf →:  is a homomorphism on BF-algebras then YXf 0)0( = . 

 
Theorem 3.5. Let f  be a homomorphism from BF-algebras X onto Y and A be an 
intuitionistic L-fuzzy BF-subalgebra of X with Sup-Inf property. Then the image of 
A, { }YyyyyAf AfAf ∈><= )(),(,)( )()( νμ  is an intuitionistic L-fuzzy BF-

subalgebra of Y. 
 

Proof. Let Yba ∈, with )(1
0 afx −∈ and )(1

0 bfy −∈ such that 

)(sup)(;)(sup)(
)(

0
)(
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11
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Now by definition, 
)(sup)*(

)*(
)(

1

tba A
baft

Af μμ
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=  

)*( 00 yxAμ≥  

)()( 00 yx AA μμ ∧≥  

)(sup)(sup
)()( 11

tt A
bft

A
aft

μμ
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)()( )()( ba AfAf μμ ∧=  

Also,    )(inf)*(
)*(

)( 1
tba A

baft
Af νν

−∈
=  

)*( 00 yxAν≤  

)()( 00 yx AA νν ∨≤  

)(inf)(inf
)()( 11

tt A
bft

A
aft
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∨=  
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Hence the image { }YyyyyAf AfAf ∈><= )(),(,)( )()( νμ  is an intuitionistic L-

fuzzy BF-subalgebra of Y. 
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Theorem 3.6. Let f be a homomorphism from BF-algebras X onto Y and B be an 
intuitionistic L-fuzzy BF-subalgebra of Y. Then the inverse image of B, 

{ }XxxxxBf
BfBf

∈><= −−
− )(),(,)(

)()(

1
11 νμ  is an intuitionistic L-fuzzy BF-subalgebra of 

X. 
Proof. Let Xyx ∈, . 
 
Then ( ))*()*(

)(1 yxfyx BBf
μμ =−  

( ))(*)( yfxfBμ=  

( ) ( ))()( yfxf BB μμ ∧≥  

)()(
)()( 11 yx

BfBf −− ∧= μμ  

Also ( ))*()*(
)(1 yxfyx BBf

νν =−  

( ))(*)( yfxfBν=  

( ) ( ))()( yfxf BB νν ∨≤  

)()(
)()( 11 yx

BfBf −− ∨= νν . 

Then the inverse image of { }XxxxxBf
BfBf

∈><= −−
− )(),(,)(

)()(

1
11 νμ  is an 

intuitionistic L-fuzzy BF-subalgebra of X. 
 
In the similar way we can prove the following. 
 

Theorem 3.7. Let f be an anti-homomorphism from X onto Y and A be an 
intuitionistic L-fuzzy BF-subalgebra of X with Sup-Inf property. Then the image of 
A, { }YyyyyAf AfAf ∈><= )(),(,)( )()( νμ  is an intuitionistic L-fuzzy BF-

subalgebra of Y. 
 

Theorem 3.8. Let f be an anti-homomorphism from X onto Y and B be an 
intuitionistic L-fuzzy BF-subalgebra of Y. Then the inverse image of B, 

{ }XxxxxBf
BfBf

∈><= −−
− )(),(,)(

)()(

1
11 νμ  is an intuitionistic L-fuzzy BF-

subalgebra of X. 
 
 
Conclusion 
In this article we have extended Intuitionistic L-fuzzy BF-subalgebras under 
homomorphism and anti-homomorphism. In [7], we have discussed the Intuitionistic 
L-fuzzy subalgebras of BG-algebras. One can observe that all the results proved in 
this paper can verbatically be proved for Intuitionistic L-fuzzy subalgebras of BG-
algebras. These concepts can further be generalized. 
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