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Abstract

In this paper we introduce the concept of fuzzy neutrosophic groups and investigate
some of their properties.
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1. Introduction

Smarandache [11] initiated the concept of neutrosophic set which overcomes the inherent
difficulties that existed in fuzzy sets and intuitionistic fuzzy sets. Following this, the
neutrosophic sets are explored to different heights in all fields of science and engineering.
Many researchers [3, 4, 5, 6, 8, 9, 13] applied the concept of fuzzy sets and intuitionistic
fuzzy sets to algebra. In this paper we initiate the concept of fuzzy neutrosophic groups
and some of its properties are discussed.

2. Preliminary Notes

Definition 2.1. [1] A Fuzzy Neutrosophic set A on the universe of discourse X is
defined as A = (x, Ta(x), I4o(x), Fa(x)), x € X where T,I, F : X — [0, 1] and
0< Ta(x) + Ta(x) + Fa(x) < 3.

Definition 2.2. [1] Let X be a non empty set, and A = (x, Ta(x), [4a(x), Fa(x)),
B = (x, Tp(x), Ip(x), Fp(x)) are fuzzy neutrosophic sets. Then A is a subset of B if
Vxe X

Ta(x) = Tp(x), Ia(x) = Ip(x)), Fa(x) = Fp(x))
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Definition 2.3. [1] Let X be a non empty set, and A = (x, Ta(x), [4(x), Fa(x)),
B = (x, Tp(x), Ip(x), Fp(x)) are fuzzy neutrosophic sets. Then

AUB = (x,max(Ta(x), Tg(x)), max(Ia(x), Ig(x)), min(F4(x), Fp(x)))
ANB = (x,min(Ta(x), Tp(x)), min(I4(x), Ip(x)), max(Fa(x), Fp(x)))

Definition 2.4. [2] Let D = (x, Tp(x), Ip(x), Fp(x)). Let f be a mapping from a set
XtoasetY.If B ={(y, Tp(y), Ip(y), Fp(y)) /y € Y} is a fuzzy neutrosophic set in Y,
then the preimage of B under f denoted by f ~1(B) is the fuzzy neutrosophic set in X
defined by

T =1{<x, T, 1 Up)x), fFHU(FR) () > /x € X}

where

FNTp)(x) = Te(f (x)),
g (x) = Ig(f(x))

and
F~ Y (Fp)(x) = Fp(f(x)) forall x € X.

Definition 2.5. [1] A Fuzzy neutrosophic set A over the non-empty set X is said to be
empty fuzzy neutrosophicsetif T4(x) = 0, I4(x) = 0,F4(x) = 1,Vx € X. Itisdenoted
by On. A Fuzzy neutrosophic set A over the non-empty set X is said to be universe fuzzy
neutrosophic set if T4(x) = 1, Ix(x) = 1, Fa(x) = 1, Vx € X. Itis denoted by 1y.

Definition 2.6. [1] The complement of Fuzzy neutrosophic set A denoted by A€ and is
defined as

AC(x) = (x, Tpe(x) = Fa(x), Lac(x) = 1 = 1a(x), Fae(x) = Ta(x))

Let p,q,r € [0, 1] and p + g +r < 3. An fuzzy neutrosophic point x(, 4 ) of X is
the fuzzy neutrosophic set in X defined by

£y
(P.a,r), 1 o y’ foreach y € X.
0,0,1), ify#x

X(p,q.r) ) =
A fuzzy neutrosphic point x(, 4., is said to belong to an fuzzy neutrosophic set A =<
Tp,Is, Fg > in X denoted by x(pg.,) € Aif p < Ta(x),q < Ip(x) and r > Fa(x).
We denote the set of all fuzzy neutrosophic points in X as FNP(X).

Definition 2.7. Let X be asetandlet p,g,r € [0, 1] withO < p+¢g +r < 3. Then the
fuzzy neutrosophic set C, 4.) € X is defined by for each x € x,C, 4,1 (x) = (p,q, 1)
ie., TC(mm) (x) = p, IC(p,q,r> (x) =¢qg and FC(p,q,r) x)=r.
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3. Fuzzy Neutrosophic groups

Definition 3.1. Let (X, .) be a group and let A and B be fuzzy neutrosophic sets in X.
Then the fuzzy neutrosophic product of A and B, A o B is defined as follows, for any
xeX

\/ [Ta(y) ATa(2)]. foreach (y,z) € X x Xwith yz = x
Taop(x) = § yz=x
0, otherwise

\/[IA(y)/\IA(Z)], for each (y,z) € X x Xwith yz = x
Tpo(X) = § yz=x
0, otherwise

/\ [Fo(y) V Fa(z)], foreach (y,z) € X x Xwith yz =x
Fpop(x) = { yz=x
1, otherwise

Definition 3.2. Let (X, .) be a group and let A be fuzzy neutrosophic sets in X. Then
A is called a fuzzy neutrosophic group(in short, FNG) in X if it satisfies the following
conditions:

() Ta(xy) = Ta(x)ATa(), Ia(xy) = Ia(x) Ala(y) and Fa(xy) < Fa(x)V Fa(y)
(i) Ta(x™") = Ta(x), Ia(x™1) > I4(x) and Fa(x™") < Fa(x).

Example 3.3. Let G = {e, x1, x2, x3, x4, X5} be the group given by

X1 X2 X3 X4 X5
€ € X1 X2 X3 X4 X5
X1 X1 X2 X3 X4 X5 e
X2 X2 X3 X4 X5 e X1
X3| X3 X4 X5 € X1 X2
X4| X4 X5 € X1 X2 X3
Xs| X5 e X1 X3 X3 X4

Then the fuzzy neutrosophic set

e X1 X2
x’ b b b
(0.6,0.5,0.3) (0.3,0.4,0.6) (0.5,0.4,0.5)
X3 X4 X5
) , >
(0.3,0.4,0.6) (0.5,0.4,0.5) (0.3,0.4,0.6)

A=<

is a fuzzy neutrosophic group on G.

Proposition 3.4. Let A be a fuzzy neutrosophic group in a group X, then
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() Ta(x™") = Ta(x), Ia(x™") = I4(x) and Fa(x™") = Fa(x)

(1) Ta(e) = Ta(x), Ia(e) = I5(x) and Fa(e) < Fu(x) for each x € X, where e is
the identity element of X.

Proof. Let x € X. Then

(i) Ta(x) = Tal(x™) 1 > Ta(x™") > Ta(x) implies Ta(x 1) = Ta(x),
Iy(x) = Ia[(x™ )1 = Ia(x™") > I4(x) implies I, (x ™) = I4(x) and
Fa(x) = FaAl(x™H ™ < Fa(x™1) < Fa(x) implies Fa(x~") = F4(x) for each
xeX

(i) Ta(e) = Ta(xx™") = Ta(x) A Ta(x~") = Ta(x) implies Ta(e) > Ta(x),
Ia(e) = Ia(xx™") > In(x) A La(x™") = I4(x) implies 14(e) > I4(x) and
Fa(e) = Fa(xx™!) < Fa(x) v Fa(x™') = Fa(x) implies Fa(e) < Fa(x)for
eachx € X. [ |

Proposition 3.5. Let A is a fuzzy neutrosophic group in a group X if and only if

Ta(xy™ ) = TAG)ATA(), Ia(xy™") > Ia(x)ALa(y) and Fo(xy™") < Fa(x)VFa(y)
for each x, y € X.

Proof. Let A is a fuzzy neutrosophic group on X then we have T4 (xy™h = Tu(x) A
Ta(y™")=Ta(x) ATa(y). Similarly we get I4(xy™") > Ia(x) Al4(y) and Fa(xy™') <
Fa(x)V Fyg(y) foreachx, y € X.

Conversely if T4 (xy_l) > Ta(x) A Tq(y) and let y = x to obtain Ty(e) > T4 (x)
forall x € X. Hence Ta(y~!) = Tu(ey™) = Tu(e) ATu(y) = Ta(y) and it follow that
Ta(xy) = Tax(y™)™H) = Ta@) ATa(™") = Ta(x) A Ta(y) Similarly Iy (y™") >
Ia(y)and Ia(xy) = Ix(x)AIa(y) and Fo(y™") < Fa(y)and Fa(xy) < Fa(x)VFa(y).

[

Proposition 3.6. If A is a fuzzy neutrosophic group in a group X then A, = {x € X :
Ta(x) = Ta(e), In(x) = I4(e), Fa(x) = Fa(e) then A, is a subgroup of X.

Proof. Let x,y € A.. Then Ta(x) = Ta(e), Ia(x) = I4(e), Fa(x) = Fa(e) Now
Ta(xy™") = Ta(e)ATa(y™") = Ta(x)ATA(y) = Ta(e). Similarly wehave I, (xy™") >
I4(e) and FA(xy_l) < Fa(e). Now by proposition 3.8 we have TA(xy_l) < Ta(e),
Ia(xy™") < Ia(e) and Fa(xy™") = Fa(e). So Ta(xy™") = Ta(e), Ia(xy~") = Ia(e)
and Fy (xy_l) = F4(e). Hence xy_l € A,. Therefore A, is a subgroup of X. |

Proposition 3.7. Let A be a fuzzy neutrosophic group in a group X. If Ta(xy™!) =
Ta(e), Ia(xy~™") = Ia(e) and Fa(xy™') = Fu(e) for any x,y € A then T4(x) =
Ta(y),Ja(x) = 14(y) and Fs(x) = Fa(y).

Proof. Ta(x) = Tal(xy™ ")yl = Ta(xy™") A Ta(y) = Tale) A Ta(y) = Ta(y) =
TA[(yx_l)x] > Ta(e) ANTa(x) = Ta(x). So To(x) = Ta(y). Similarly we can prove
Ia(x) = Io(y) and Fa(x) = Fa(y). u
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Proposition 3.8. Let A be a fuzzy neutrosophic group in a group X and let x € X. Then
Ta(xy) = Ta(y), Ia(xy) = 14(y) and Fa(xy) = F4(y) for each y € X if and only if
Ta(x) = Ty(e), Ia(x) = I4(e) and F4(x) = Fa(e), where e is the identity of X.

Proof. Let To(xy) = Ta(y) foreach y € X. Then we have T4 (x) = Ta(xe) = Ta(e).
Similarly I4(x) = Is(e) and Fa(x) = Fa(e). Conversely let T4(x) = Ta(e) by
proposition 3.8 T4(y) < T4(x) for each y € X. Since A is fuzzy neutrosophic group in
a group X we have Tq(xy) > Ta(x) A Ta(y) = Ta(y) ie., Ta(xy) > Ta(y), similarly
we get I4(xy) > I4(y) Fa(xy) < Fa(y) for each y € X. Using the proposition 3.8
we have T4 (y) = Ty (x_lxy) > Ta(x) A Ta(xy) = T4(xy) in the same way we obtain
Ia(y) = Ia(xy) and Fa(y) < Fa(xy) for each y € X. Hence Ta(xy) = Ta(y),
Ia(xy) = I4(y) and Fp(xy) = Fa(y) foreach y € X. [

Proposition 3.9. Let f : X — Y be a group homomorphism and let V be a fuzzy
neutrosophic set in Y and if V is a fuzzy neutrosophic group inY then £~ (V) is a fuzzy
neutrosophic group in X.

Proof. Letx,y € G. Then T -1(5)(xy) = f_l(TB)(xy) = (Tp) f(xy)=Tg[f(x)f(y)]

= Tp(fOCDAT(f )=~ (TR IS~ (Tp) (). Similarly 15 (xy) = £~ (Ip)(¥)A
7N B () and Froigy(xy) = f~H(Fp)@) v [TH(FB) ().

Let x € X. Then Ty (x™") = (T = Tp)fG™h = Tal(fx) 1]
>Tpf(x) = Tf_l(B)(x),in the same way we obtain If_l(B)(x_l) > If—l(B)()C) and
Fyo1(p) x N < Fy-1(py(x). Hence £~1(V) is a fuzzy neutrosophic group in X. |

Definition 3.10. Let f : X — Y be a group homomorphism and let A be a fuzzy
neutrosophic group in a group X. A is said to be fuzzy neutrosophic- invariant if for any
x,y € X, Talx) = Ta(y), Ia(x) = 1a(y) and Fa(x) = Fa(y).

It is clear that if A is fuzzy neutrosophic invariant then f(A) € FNG(Y). For each
A e FNG(X),let Xg ={x € X : Ta(x) = Ta(e), [a(x) = I5(e), Fa(x) = Fa(e)}.
Then it is clear that X4 is a subgroup of X. For eacha € X, let A, : X — X and
Uq © X — X be the right and left translations of X into itself, defined by A,(x) = xa
and pu,(x) = ax respectively for each x € X.

Proposition 3.11. Let A be a fuzzy neutrosophic group in a group X. Then foralla € A,,
ralA] = pqlA] = A.

Proof. Leta € A,. ThenT; a)(x) = Ta(xa™!) = Ta(x)ATa(a™ ) = TA(x)ATa(e) =
Ta(x) = Taxa™'a) > Ta(xa™") A Tale) = Ta(xa™") = Ty a1 (x), Lya(x) =
In(xa ™) = Ia(x) Aa@@™h) = 1a(x) A La(e) = Ia(x) = Ia(xa'a) > Ia(xa™ ) A
In(e) = Ia(xa™") = Lya)(x) and Fy(a)(x) = Fa(xa™') < Fa(x) V Fa(a™") =
Fa(x)V Fa(e) = Fa(x) = Fa(xa™'a) < Fa(xa™")V Fa(e) = Fa(xa™") = Fy a)(x)
for all x € X. Similarly we can prove for . Hence the proof. [

Proposition 3.12. Let f : X — Y be a group homomorphism and let A be a fuzzy
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neutrosophic group in a group X. If A is fuzzy neutrosophic invariant, then f(K N A) =
Jf(K) N f(A) for each K a fuzzy neutrosophic group in a group X.

Proof. Let K be a fuzzy neutrosophic group in a group X and let H = K N A. Then
Ty =framM =\ Tu@= \/ Tkra@) = \/ [Tk@ATax)]
xef~1(y) xef~1(y) xef~1y)

\/ Tg(x) | A \/ Tax) | =TrxyOW) ATray(y) = Trk)nfay(y). Sim-

\xef=1 xef~1(y)
ilarly we have 17y (y) = Irx)nra)(y) and Fry(y) = Frk)nsa)(y).Hence the
proof. |
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