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Abstract

In this  paper,we  introduce a new  the (4+1)-dimensional
fractional Boiti-Leon-Manna-Pempinelli equation. The fractional <m + %)
extension method is successfully applied to establish the exact solutions for the
the (4+1)-dimensional fractional Boiti-Leon-Manna-Pempinelli equation. The
fractional derivative version of Yang modified, linked with fractional complex
transform is employed to reduce fractional differential equations into the
corresponding ordinary differential equations. The results show that the new exact
solution are precisely obtained and the efficiency of the methods is demonstrated.
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(4+1)-dimensional fractional Boiti-Leon-Manna-Pempinelli equation.

1. INTRODUCTION

The percaption of a derivative of order any real number is longer a stunning
faet but quite the contrary. Its contribution has allowed and still allows us
to glimpse natural phenomena which surround us in a different way and to
model them by differential equation or systems of non-integer order and which
better reflect the passage from real to know. Fractional differential equations
(FDEs) arise in numerous problems of physics biology systems identification,
chemistry, finance and fractional dynamics [1-15]. Many researchers have used
diverse methods to get exact solutions, such as, the functional variable method,
Lie symmetries, Riccati-sub equation method, first integral method, Improved
fractional sub-equation method, the Exp-function method and so on. [1-20]
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The (2 + 1)-dimensional NLEEs
Uyt — Uggry — UgaUy — UgUgy = 07 (1)

which has been proposed by Boiti et al [16].
In 2012 M.T. Darvishi et al. extended Eq.(1) which is called the (2+1)-dimensional

Boiti-Leon-Manna-Pempinelli equation [17]

Uyt — Ugpgay — SMagyly — SUggUy = 0. 2)

In 2017, the (3+1)-dimensional Boiti-Leon-Manna-Pempinelli equation
Uyt + Uzt + Uggzy + Upgwe — SUg(Ugy + Ugz) — Bga(uy +uy) =0, 3)

which was derived by S. M. Mabrouk and A. S. Rashed [18].

In 2019 G. Xu and A. wazwaz [19] introduced the (4+1)-dimensional
Boiti—-Leon—Manna—Pempinelli equation

uyt + Uzt + Ust + aumxzy + AUy gz + QUggys

oy (Usy + Uy + Ugs) + DUy (uy + u, + us) = 0. 4)

In this paper we propose
a new the (4+1)-dimensional fractional Boiti-Leon-Manna-Pempinelli equation with
the form

Dy DS+ Dif D¢u+ Dy Diu + aDj D3*u + aDS D3*u + aDS D3 u
+bDgu(Dy D3+ D¢ DYy DS D) + bD2*u(Dgu+ Diu+ D¢u) =0, (5)

where x,y, z, s and t are variables, a and b are constant parameters, o € (0, 1).

The formal definitions of local fractional derivative have been explained in Section 2.
The basic algorithms of the fractional (m + %) extension method have been described
in Section 3. The application of proposed methods for getting new exact solution of a
new (4+1)-dimensional fractional Boiti-Leon-Manna-Pempinelli equation in Section 4.
Section 5, presents the conclusions of the article.

2. LOCAL FRACTIONAL DERIVATIVE AND ITS PROPERTIES

The summary of Local fractional derivative of order o which is used further in this
paper is defined by the following expression [22-23]:
d*f(t) .. A = f(t))

a _ _ <
D f(tO) dte tligt (t _ to)a ’ 0<a = 1 (6)
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in which A*(f(t) — f(to)) is the A“ function defined by

A (t) = f(to)) = (1 + ) (f(t) = f(to))- (7
Some important properties of the local derivative famous formula can be listed as
follows
D(fi(t) £ f2(t) = D(fi(t)) £ D*(fa(1)), (8)
D*(cf(t)) = cD(f(1)), ¢ = constant
DtP —F(1+6—a)tﬁ ,  B>a>0
D(f(g(1))) = D(g(1))g"(1). 9)

3. THE (M + <) EXPANSION METHOD

Consider the general nonlinear PDE:
P(U, ijUt7U{L':EJUtt7Uxt---> :O, (10)

where v = wu(z,t) is an unkhown function, P is a polynomial in u(x,t) and the
subscripts for the partial derivatives.
Step 1: The traveling wave variable ansatz

U(z,y,z,8,t) =u(f) and &=kx+ly+ pz+qs+ wt, (11)

where k, [, p, ¢ and w are nonzero constants. Now using transformation (11) in to Eq.
(10), the following ordinary differential equation (ODE):

N(u,u' u",...) =0. (12)

Step 2: Assuming that by means of (m + &) expansion method [21]. The traveling
wave solution of Eq (12) has in the following form:

M

u(§) = Zai(erF)i

i=—M
= a_ym+F)yM+  +mag+a(m+F)+ .. +ay(m+ F)M (13)

where a;, © = 0,1, ...,n and m are nonzero constants. According to the principles of
balance, we find the value of n. In this manuscript, we define ' to be a function as:

e
=%

(14)
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where G (&) satisfy G + (A + 2m)G’ + uG = 0.

Step 3: To determine the positive integer M, take a homogeneous balance between
the highest-order nonlinear terms and the derivatives of the highest order linear terms
appearing in Eq. (12).

Step 4: By substituting Eq (13) and M in to (12) and equating the coefficient of
(m + F)"(n = 0,£1,42,...)in to zero the system of algebraic equations can be
genrated. By solving the system, the a;(¢ = 0,£1,+2,...M) and remaining constants
can be found. We get the exact solutions of Eq. (10)

4. APPLICATION OF THE (M + £)EXPANSION METHOD FOR THE
SOLUTION OF THE TIME-FRACTIONAL (4+1)-DIMENSIONAL BLMP
EQUATION

In this section, we have applied (m + %) expansion method for getting the exact
solutions for (4+1)-dimensional Boiti-Leon-Manna-Pempinelli equation.
Consider the (4+1)-dimensional fractional Boiti-Leon-Manna-Pempinelli equation

Dy Dou+ D D¢u+ Di D¢u+ aDj Di*u + aD$ D3*u + aD{ D) u
+bDgu(Dy Dyu+ D¢ Dyuy Dg Dyu) + bD2*u(Dgu+ Diu+ Dgu) = 0(15)

We introduce the following transformations :

U(IL’, y? Z? S’ t) - u(é‘)?
kx® ly® Pz

« (67

qs® wt

= 16
S Tita) T+ 'Tita) Tata Tatay 1O

where k, [, p, ¢, w are constant. Substituting Eq.(16) into Eq.(15), we obtain
(I+p+q) (wu’ (&) +a-Eu") (&) +2-b- kK (&) v (€) = 0. (17)

According to the (m + %) expansion method, we suppose that

M

w(€) = Y a(m+F),

i=——M
= ay(m+F)™M4+ 4+ mag+a(m+F)+ .. +ay(m+F)M 18)

where a;(i = 0,£1,+2, ..., £ M) and m are constants. Here, by equating the dominant
terms from Eq.(17) «V)(¢) and o/ (&)u"(€), we have M = 1. Therefore, by Eq.(18)
we have

w(é) =a_y (m+F))" +ag+a, (m+F), (19)
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where a_1, ag, a;, m are constant.

Substitating Eq.(19) together with Eq.(14) into Eq.(17), then equating every coefficient

of (m+<) " (£) (i = 0,1,2,3,...) to zero, the system of nonlinear algebraic

equations can be generated for a_1, ag, a1, w, [, p, g and k follows

G/ 0 G/ 0
(m + E) (E) c o akPlan N+ 6 aklai NPmp + 12ak* lai A mPp

+8akPlaym® + akPpay NP 4 ak3qa N

+6ak®pa; Nmp + 6 ak®qa; N2mp + 12ak>pai A m*p
+12 ak®qa; dm?p 4 Sak®paym?® i + 8ak3qaym?p
+8akPlay A pi? + 16ak3laympu® + Sak3pay A 11
+8ak®qai \ pi* + 16 ak>*paymp® + 16 ak’qaymp?
—20k%aq 2\ i — 4bk2aq2lmp® — 2 bk2a*p 1
—2bk?a, g\ pi? — 4bk2a *pmp® — 4bk agmu®
+wlai A 4 2wlaymp + wpai A i + wqas A
+2wpaymp + 2wqgaymp = 0. (20)

(m + %) O (%) : ak3INay + 8 ak3 N3 may + 24 ak3IN*m2a; + 32 ak A miay
+16ak3imay + ak®*N'pay + ak*Nqay + 8ak*N3mpa,
+8ak*N3mgay + 24 ak®*N>m*pay + 24 ak*\*m2qa,
+32ak3 X m>pa; + 32ak3 A m3qa, + 16 ak>m*pa;
+16 ak3m4qa1 + 22 ak:?’l)\Qu a; + 88ak3IA miL ay
+88 ak®lm?pay + 22 ak® N ppa; + 22 ak* N qa,
+88 ak> X mu par + 88 ak®* X my qar + 88 ak>m?p pay
+88ak>m? 1 qar — 4 bk*IN* par? — 16 b2 I myu aq
—16 bk*Im?par? — 4bk* N2y pay® — 4bk* N qa,

—16 bE* A myupa? — 16 bk*Ampqa,* — 16 bk*m?*p pa,®
—16 bk*m?pqay® + 16 ak®lpi*ay + 16 ak® i*pay

+16 ak®pqa; — 4bK*1pPa,® — 4bk*pupa,® — 4 bk* i’ qay®
+IN waq + X mway + AmPwaq + Npway + Nqwa,

+4 mpwa, + 4 Amqwa; + 4m*pwa, + 4m*qua,
+2lpway + 2ppway + 2 pquay = 0. 21
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15ak* 1N a; + 90 ak*IN*may + 180 ak’* I\ m?a,

+120 ak3lm>ay + 15ak3>N3pay + 15 ak>N3gay

+9ak3 N2mpay + 90 ak3 \?mqaq + 180ak* X m2pay
+180 ak* X m%qar + 120 ak®>m>pa; + 120 ak*>m>qaq
—20k%IN3a,? — 120k2 N> ma,® — 24 bk I m2a,?

—16 bk*lm3a,? — 20k*X3pa,? — 2bk*N3qa,?
—126k*N*mpa,? — 12bE* N mga,? — 24 bk* X m*pa,®
—24bk*AmPqa,® — 16 bk*m>pas® — 16 bk*m>qaq*

+60 ak3I\ pay + 120 ak®lmp ay + 60 ak® X 1 paq

+60 ak®\ pwgar + 120 ak>mpy paq + 120 ak>mpu gaq
—12bk%I\ ppas? — 24 bk*Imp aq® — 12 bk* X ppaq®
—12bk2\ pgar® — 24 bk*mp pay® — 24 bk*myp qaq

+3 A waq + 6 lmway + 3\ pway + 3 A qway + 6 mpwa,
+6 quwaym15 ak3IN3a; + 90 ak®IN*may + 180 ak3 I\ m?a,
+120 ak3lm3aq + 15ak3)\3pa1 + 15ak3)\3qa1

+90ak* N2mpa, + 90 ak* \?*mqa; + 180ak3 X m?pa,
+180 ak* X m?qar + 120 ak*>m>pa; + 120 ak*>m>qaq
—2bk*INay? — 120k*IN*may® — 24 bk* 1A m’a;
—16bk%lm3a,? — 2 bk2)\3pa12 -2 bk‘2)\3qa12
—12bE*N*mpas® — 12 bk* N mga,? — 24 bk* X m*pay®
—24bk*Am2qa,® — 16 bk*m3pa,® — 16 bk*m>qa, >

160 ak®I\ pray + 120 ak®lmp a; + 60 ak®\ p pay

+60 ak3 X\ pgay + 120 ak>myppay + 120 ak*mp qay
—12bK2 I\ prar? — 24 bk Impeaq® — 12 bk pupas®
—120k X p1.qaq? — 24 bk*mp pai® — 24 bk*mpy gay®
+3Awaq + 6 lmway + 3 X\ pwaq + 3 X qwa,q

+6 mpwa; + 6 mqwa, = 0. (22)
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(%) (

¢
G

50 ak3IN2a; + 200 ak®I) may + 200ak3Im?a,

+50 ak*N2pa; + 50 ak3 \2qa; + 200 ak3 X mpay

+200 ak* X mgaq + 200 ak*m*pa; + 200 ak*mqaq
—8bk2IN2a;? — 320k N may? — 32 bk Im2a,?
—8bk*\%pa;? — 8 bk*N2qa ? — 32 bk X mpay?

—32bk* A mgai® — 32bk*m?pa,? — 32 bk*m?qaq*

+40 k3l ay + 40 ak®ppay + 40 ak® 1 qay

—8bk% 1w ar® — 8 bk ppar® — 8 bk* 11 qaq

+2lway + 2 pway + 2 qwa; = 0. (23)

60 ak®I\ a1 + 120 ak3lmay + 60 ak® ) pa;

+60 ak®\ qaq + 120 ak*>mpay + 120 ak*maqay
—10bk%I\ ay? — 20 bk2lmay? — 10 bk*\ pa,?
—10bk*X gay? — 20 bk*mpar® — 20 bk*mqa,® = 0. (24)

24 ak?lay + 24 ak*pay + 24 akqaq — 4 bk*la;?
—4bk*pa;® — 4bk*qa;® = 0. (25)
—ak*la_ 1\ — 6 ak®la_ 1 Nmp — 12 ak’la_ym?\

—8akla_ym>u — akpa_ 1 X3 — akPqa_1 N3

—6 ak*pa_1 N2mp — 6 ak®>qa_1 N>mpu

—12ak*pa_1m*\ u — 12 ak>qa_1m>*\
—8ak3pa_1m3u — 8akdqa_1m?u — 8akPla_i >\
—16ak*la_pi*m — 8 ak®pa_1p* X — S8 ak*qa_ i\

—16 ak3pa_1u2m — 16 ak3qa_1,LL2m +4 kaa_lall/f/\
+8 kaa,lall/fm +4 bk2a,1a1pu2>\ —2wqa_imy

+4 bk2a_1a1q,u2/\ +8 bk:2a_1a1p,u2m

+8bk%a_qarqu*m — wla_ X p — 2wla_1mpu

—wWpa_1 A pt —wqa_i A p — 2wpa_ympy = 0. (26)
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A
(m + G) <G> : —ak3iNa_; — 8akPI\N*ma_1 — 24 ak3IN*mPa_,

—32ak3Am3a_y — 16 ak3lm*a_; — ak‘g)\‘lpa,l
—ak*\qa_1 — 8ak*N3mpa_1 — 8 ak* N3mqa_;
—24ak3N?m?pa_1 — 24 ak3N2m%qa_1 — 32 ak3Am3pa_;
—32ak*Am3qa_1 — 16 ak®>m*pa_1 — 16 ak®*m*qa_;
—22ak3INpa_q — 88 akd A mpa_i — 88 ak3lm?pua_;
—22ak3 N pupa_i — 22ak3 N2 qa_y — 88 ak* N mppa_;
—88ak A muqa_, — 88 ak®>m?*ppa_; — 88 akdm?uqa_;
+8bk2IN pa_1a1 + 32K I mpa_rar + 320k2m2pa_ra
+8 bk:2)\2upa,1a1 + 8 bk:2)\2,u qa_ia1 + 32 bk A mupa_ia;
+32 bk )\ muqa_ia; + 32 kamzu pa_ia1 + 8 bkzuzqa_lal
+32 bkz2m2,u qa_1a1 — 16 ak31u2a_1 — 16 ak3u2pa_1

—16 ak?’,qua,l +8 bk2lp2a,1a1 +8 ka,qua,lal
—l)\2wa_1 — 4N mwa_q — 4lm2wa_1 — Azpwa_l
—Nqwa_1 — 4 Ampwa_1 — 4 Xmqwa_, — 4m*pwa_;

—4Am2qua_q — 2lpwa—_1 — 2 pupwa—_1 — 2 pqwa—1 = 0. (27)

G\ "2 /a\?
<m—|—G) (G) o —ak3Nta_y — 8akPINPma_y — 24 ak3IN>m2a_,

—32ak3IAmia_; — 16 ak3Ilm*a_, — ak®Xpa_;
—ak®Mga_i — 8ak3Nmpa_1 — 8ak3Nmqa_;

—24 ak3 N m%pa_i — 24 ak3N2m2qa_y — 32 ak* X mPpa_;
—32ak*Am3qa_1 — 16 ak®>m*pa_1 — 16 ak>m*qa_q
—22ak3INpa_y — 88 akdIAmpa_i — 88 ak3lm2pa_y
—22ak3 N ppa_i — 22 ak3 N2 qa_y — 88 ak* A mppa_;
—88ak3Amuqa_1 — 88 ak®>m?*ppa_i — 88 ak>m?uqa_;
+8 bk:2l)\2,u a_1a1 + 32 bk muya_ia) — )\2qwa_1

+32 bk:2lm2u a_1a1 + 8 bk‘?)\Qupa,lal — l)\gwa,l

+8 bk2/\2u qa_1aq + 32 bk )\ mupa_i1a1 — 2 4 qua_i
+32bk2\ muqa_iay + 32 bk2m2u pa_ia; — 2 ppwa_q
+32 bk2m2,u qa_1a1 — 16 ak?’luQa_l — 16 ak3u2pa_1
—16 ak3,u2qa_1 + 8 bk2lu2a_1a1 + 8 bk2u2pa_1a1
+8bk22qa_1a1 — Al mwa_q — 4lm*wa_;

—Npwa_1 — A Xmpwa_q — 4 Amqwa_q

—4 mzpwa_l — 4m2qwa_1 —2lpwa_y = 0. (28)
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m—i—g
G

)

¢
G

—50 ak®la_1\? — 200 ak3la_1 A m — 200 ak3la_;m?

—50 ak3pa_1\* — 50 ak3ga_1 \* — 200 ak*pa_1Am
—200 ak3ga_1 A m — 200 ak3pa_ym? — 200 ak>qa_m?
+16 bk*a_1a1I\* + 64 bk*a_jar i\ m + 64 bk*a_ja;lm?
+16 bk*a_1a1pA\* + 16 bk*a_1a1g\* + 64 bk*a_jaipAm
+64 bk*a_ja1gAm + 64 bk*a_ia,pm?

+64 bk*a_i1a1qm® — 40 ak3la_1p — 40 ak®pa_q

—40 ak®qa_1pt + 16 bk*a_1a1lp + 16 bk a_1ai1pp

+16 bk‘Qa_lalq;L —2wla_; — 2wpa_,

—2wqa_1; = 0. (29)

—60 ak3IXa_; — 120 ak3lma_, — 60 ak3X pa_;

—60 ak®\ qa_1 — 120 ak*mpa_, — 120 ak®*mqa_;

+20 bE2IN a_yaq + 40 bk*Ima_qaq + 20 bk* A pa_1a4

+20 bk )\ qa_1aq + 40 bk*mpa_1a,

+40 bk*mqga_ia; = 0. (30)
—24ak3la_y — 24 akPpa_y — 24 ak3qa_,

+8bk?la_ja; + 8bk*pa_iaq + 8bk*qa_ja; = 0. 3D
14 ak3la_1 N2 p? 4 56 ak®la_y A mu® + 56 ak3la_ym?

+14 akPpa_ N2 p? + 14 ak*qa_ i N2 p® + 16 akpa_, 1i®
+56 ak*qa_i A mp® + 56 ak*pa_im*p® + 16 ak*la_,1®
+56 ak3qa_1m2p2 + 56 ak’3pa_1)\ m,u2 —4 bk2a1a_1qu3
—4 bk2a1a_1l,u3 —4 bk2a1a_1pu3 + 16 ak?’qa_l,ug
+2wla_ypi® + 2wpa_ p* + 2wqa_p* = 0. (32)
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28 akPla_1 N3 p + 168 ak®la_y N>mp + 336 ak3la_im>\ u

+224 akPla_imPu + 28 ak*pa_ X2 + 28 akPqa_ NP
+168 ak3pa_1 N2mypu + 168 ak>qa_1 \>mp + Swqga_1mp
+336 ak*pa_ym*\ pn + 336 akPqa_ym*\ pn + Swpa_1mpu
+224 ak*pa_ym?p 4 224 akPqa_ym?p + 104 akPla_i \ pi?
+208 ak’la_ymp® 4+ 104 ak>pa_i A pi + 104 ak3qa_ \ pi®
+208 ak*pa_ympu? + 208 akPqa_ymp® + 4wga_i\
—12bk%a_1a1l\ p* — 24 bk*a_arlmp® + dwpa_i \
—24 kaa,lalpm,uz — 24 bk2a,1a1qmu2 +4dwla_1 A p
—12 bk:2a_1a1p)\ ,u2 + 8wla_ymu

—12bk*a_ja1q\ p* = 0. (33)

14 ak3iNa_q + 112 ak®IN3ma_q + 336 ak3IN>m?a_,

+448 ak3IAmia_q + 224 ak3lm*a_q + 448 ak3\ m3pa_y
+14 ak*Nga_y + 112 ak3XN3mpa_y + 112 ak3N>maga_,
+336 ak>*N2m2pa_1 + 336 ak*N>m2qa_1 + 14 ak*Npa_,
+448 ak* A miqa_; + 224 ak*m*pa_y + 224 ak*m*qa_,
+188 ak®IN*jua_y + 752 ak A mpua_y + 4 ppwa_y
+188 ak®*N*pupa_y + 188 ak®* Ny ga_y + 8 A\mqwa_;
+752 ak* X mu ga_q + 752 ak*>m*ppa_q + Slm*wa_;
—12bE2 N pa_1aqy — 48 b2 A mpa_1a; + 8 mipwa_q
—12 bk2/\2upa_1a1 —12 bk:Q)\Qu qa_1a1 + 4 pqua_q
—48 bk )\ muqa_1a; — 48 bk2m2,u pa_ia; + 2 IN°wa_4
+104 ak®lpa_q + 104 ak®upa_q + 104 ak?1iqa_y

—12 bk:2l,u2a_1a1 —12 bk2u2pa_1a1 —12 bk2,u2qa_1a1
—48bk*m* 1 ga_1a1 — 48 bk* A mu pa_1aq + 8IAmwa_;
+752 ak*m*pga_y + 2 N2qwa_, + 8 X\mpwa_y

—48 bk:2lm2p a_ija; + 8 m2qwa_1 +4lpwa_q

+752 ak*Xmpu pa_q + 2 N2 pwa_q

+752ak*lm*pa_, = 0. (34)
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a3 a3
<m + G) (G) : 100 ak®IN3a_1 + 600 ak®I\>ma_; + 1200 ak®IAm2a_q
+800 ak3lm3a_; + 100 ak?’)\?’pa,l + 100 ak‘g)\‘?qa,l
+600 ak3X\2mpa_; + 600 ak>N*mga_1 + 800 ak®*m3qa_;
+1200 ak*Xm%pa_1 + 800 ak®*m3pa_i — 4bk*Nqa_1a,
+1200 ak>Am?qa_1 — 48 bk IAmPa_1a1 + 4\ qua_;
—4bk2IN3a_1a1 — 24 bk2IN ma_1a1 + 640 ak3lmpa_q
—32bk%lm3a_1a; — 4 bk2)\3pa_1a1 — 48 bk )\ m2pa_1a1
—24 bk2)\2mpa_1a1 — 24 ka)\qua_lal + 4 Apwa_q
—48 bk> )\ m2qa_1a1 — 32 bk2m3pa_1a1 + 8lmwa_q
+320 ak3I\ pa_y + 320 ak3\ ppa_q + 640 ak3mu ga_;
+320 ak3\ pwqa—1 + 640 ak?’mu pa_1 — 48 bkzmu qa_1aq
—24 bk2IN pa_ia; — 48 bk:2lm,u a—i1a1 + 8 mqwa_;
—24 bk>\ wqa_1a; — 48 kam,u pa_ia1 + 8 mpwa_q
—-32 bk2m3qa_1a1 — 24 bk> )\ pupa_iay +4lAwa—1 =0. (35)

G\ 2 ra\*
<m+> () © 230ak®IN2a_q + 920 ak3IAma_1 + 920 ak®Iim?a_y

+230 ak3Npa_; + 230 ak*N2qa_1 + 920 ak3> X\ mpa_;

+920 ak3 XA mga_1 + 920 ak®m?pa_; + 920 ak®m3qa_;
—12bk*IN*a_1a1 — 48 bk A ma_ya; — 48 bk*Im*a_1aq

—12 bkz)\zpa_lal —12 bkz)\zqa_lal + 2 qwa_1

—48 bk )\ mqa_ia; — 48 bk:Qmea,lal + 2 pwa_q

+160 ak3lpa_1 + 160 ak®ppa_1 + 160 akpqa_q

—12 bk2lu a_1a1 — 12 kaMpa_lal —12 bk:2,u qa_1a1
—48bk*Xmpa_1a1 — 48 bk*m>qa_1a1 + 2lwa_, = 0. (36)

AN A
<m + ) () : 216 ak>I\ a_1+432 ak?’lma,l + 216 a/@3)\pa,1

+216 ak® X\ qa_1 + 432 ak®>mpa_1 + 432 ak®>mqa_;
—12bk%INa_1a; — 24 bk*lma_1a; — 12bk*Xpa_1aq
—120bk*\ qa_1a1 — 24 kampa,lal —24 bk:2mqa,1a1 =0.37)
cANNAcAN
<m + ) () : 72ak3la_q + 72 ak‘gpa,l + 72 ak3qa,1

—4bk?*la_1a; — 4 bk2pa,1a1 —4 bk2qa,1a1 =0. (38)
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G\ G’ : :
(m + E) (E) : =36 ak’la_1p*\ — 72 akPla_ 1 p*m — 36 ak®pa_i > A

—36ak3qa_1 3\ — 72 akPpa_1pPm — T2 ak3qa_piPm
—2bk%a_1 21\ i — 4bk%a_2lmp® — 2bk%a_ 1 pA p?
—20bk%a_ g\ p? — 4bk*a_*pmp® — 4bk*a_2gmu® = 0. (39)

G\ (& 3 2 2 3 2 3 3
m + rel el : —108 ak’la_1 A\ p” — 432 ak”la_y Ampu” — 72 ak’qa_1 1

—108 ak*pa_ N> u® — 108 ak®qa_1 \*p* — 72 ak>pa_q 11

—432 ak®qa_ A mp? — 432 akPpa_ym*p? — 4bk? 1iqa_y?

—432 ak*pa_ Amp® — 432 akila_ym*p® — 72 akla_ypi

—4bE N a2 — 16 bk* I mpua_i® — 16 bk*Im?pa_*

—432 ak®qa_ym?p® — 402N ppa_1? — 4bk* N qa_q?
—16bk*Ampuqa_1? — 16 bk*>m?pupa_,* — 4 bk? i*pa_,?

—16 bk* A mpupa_1® — 16 bk*m?pqa_? — 4bk*1pPa_1* = 0(40)

G\ A
m+ — — ] —108 ak®la_ N3 — 648 ak3la_1 N2mu — 108 ak3ga_ \3
a a M M q 1

—1296 ak3la_ym?\ u — 2bk*Npa_1? — 108 ak’pa_1 N
—1296 ak3pa_1m2)\ 1 — 864 ak:?’la_lm?’,u -2 bk:Q)\Sqa_l2
—648 ak*pa_1 N2mpu — 648 ak>qa_1 N*mpu — 16 bk*m>qa_,?
—1296 ak3ga_1m*X pn — 12K\ ppqa_1? — 16 bk*m3pa_4*
—864 ak®qa_ym>pu — 24 bk*mpupa_1? — 24 bk*mypu qa_,>
—324 akPla_i\ pi® — 648 ak’la_ymp® — 324 ak®pa_i X pi?
—324 akqa_1 ) pi* — 648 ak*pa_ymu® — 648 ak*qa_1mu’
—2bk%IN3a_1% — 120K*IN*ma_1% — 24 b2 I A m*a_,?
—16bk*Im3a_,? — 864 ak:3pa_1m3,u — 24 bk* XA m2qa_4>
—12bE*N*mpa_1% — 120k* N mga_1? — 24 bk* X m*pa_1®
—12bk2 I\ pra_q? — 24 bk Impa_i% — 120k* X\ ppa_,* = 0. (41)



New Exact Solution of The (4+1)-Dimensional Fractional ... 249

AN
(m + 6) (6) : =36 ak®I\a_y — 288 ak3 N3 ma_, — 864 ak3IN*m?a_,

—1152ak3IAmPa_q — 576 ak3lm*a_, — 36 ak®*\'pa_,

—36 ak*Nqa_; — 288 ak3Nmpa_; — 288 ak>*N>mga_,

—864 ak3N\*m2pa_y — 864 ak®*N*m2qa_, — 1152 ak* X m>pa_,
—1152 ak* A m3qa_, — 576 ak*m*pa_, — 576 ak*>m*qa_,
—432ak* N pa_q — 1728 akP* A mpa_, — 1728 ak*lm?pa_q
—432ak* N ppa_y — 432 ak®*Npuqga_y — 1728 ak3 A mpupa_q
—1728 ak* X mp qga_y — 1728 ak®m*pupa_, — 1728 ak*>m? i qa_,
—216 ak>lpPa_q — 216 ak®u*pa_q — 216 ak®u*qa_q
—8bk%IN%a_1% — 32bk* I ma_1? — 32bk*Im%a_,>
—8bk*\*pa_1? — 8bk*\%qa_1* — 32bk* X mpa_,°

—32bk* A mga_1% — 32bk*m*pa_1? — 32 bk*m*qa_;>
—8bk*lpa_i® — 8bk*upa_i® — 8bk*uqga_® = 0. (42)

G\t ran\*
(m+6) (E) . —180ak3IN3a_; — 1080 ak*I\*>ma_; — 2160 ak® A m%a_,

—1440 ak3lm3a_, — 180 ak:3)\3pa_1 — 180 akg)\3qa_1

—1080 ak* N?*mpa_1 — 1080 ak* *mqa_; — 2160 ak* X m?pa_,
—2160 ak* A m?*qa_; — 1440 ak®*m3pa_, — 1440 ak*>m3qa_4
—540 ak®I\ pa_y — 1080 ak*lmp a_y — 540 ak® X\ ppa_;

—540 ak*\ pga_y — 1080 ak>mpupa_i — 1080 ak®>myp qa_q
—10bk*a_1*I\ — 20 bk*a_1*lm — 10 bk*a_1*pA

—10bk*a_1%g\ — 20 bk?a_1*pm — 20 bk*a_1%qm = 0. (43)

G\t o\’
(m+6) (E) . =324 ak3IN?a_; — 1296 akPIAma_q — 1296 ak3lm3a_,

—324 ak:g)\Qpa_l — 324 ak:3)\2qa_1 — 1296 ak®\ mpa_

—1296 ak* XA mqa_1 — 1296 ak®*m*pa_1 — 1296 ak*m?qa_4
—216ak*lpa_q — 216 ak®ppa_i — 216 ak®puqa_q

—4bk*a_1%l — 4bk*a_1%*p — 4bk*a_1%q = 0. (44)

a\ e\
(m + E) (E) : —252ak3INa_1 — 504 ak3lma_, — 252 ak:3)\pa_1

—252ak®*\qa_, — 504 ak®mpa_, — 504 ak®mqa_, = 0.  (45)



250 Montri Torvattanabun and Theeranon thawila

7
(—) : —72ak*la_; — T2ak*pa_, — 72 ak3qa_; = 0. (46)

G\’ ran\’
(m + —) <—) © o 24akila_pt + 24 akPpa_ it + 24 akqa_ipt
+4 bk a_ 2P + 4bk*a_*pp + 4bk*a_*qu® = 0. 47)
G\ (& 3 3 3 3 3 3
m+ — — | 96ak’la_pu’ X+ 192 ak’la_1p>m + 96 ak’pa_1pu° A

+96 ak®>qa_1pi° X + 192 akPpa_i pPm + 192 ak3qa_, pp*m
+12bk2a_1 21\ i + 24 bk*a_ 2lmp® + 12 bk a_*p 11
+12bk*a_12g) pi? + 24 bk a_*pmp® 4 24 bk*a_2gmpu® = 0. (48)

G\ (G 3 2 2 3 2 3 2 2
m+ — — |+ lddak’la_1 A" p” + 576 ak’la_1 A mp” + 576 ak’la_im~pu

+144 ak*pa_ N2 p® + 144 akPqa_ N2 1% + 576 ak>pa_1 A mp?
+576 ak®qa_1 A mp® + 576 ak®*pa_ym?*p? + 576 ak>qa_1m?
+96 ak3la_ 1 + 96 ak>pa_,p® + 96 ak3qa_, p®

F12bk2 N2 pa_i® + 48 bE* I mpa_,? + 48 bE Im*pa_,

120K N2 pa_1? + 120K* N qa_1* + 48 bE* A mppa_*

+48 bE* X mypr qa_1* + 48 bk*mPp pa_,? + 48 bk*m? 1 qa_,*
+12bk2 P a_y? + 120k i pa_i® + 12bk* i qa_,* = 0. (49)

AN IEAN
(m+—> (—) © 96ak’la_ NP+ 576 akPla_i N2mypy + 1152 ak*la_ym? A p

+768 akPla_im?p + 96 ak*pa_1 \*j + 96 ak®qa_ N1

+576 ak*pa_ N>mu + 576 ak3qa_1 N2mu + 1152 ak>pa_1m>\
+1152 ak®qa_1m>\ i + 768 ak*pa_ym?>pu + 768 ak>qa_1m3p
+288 ak3la_1 A p? + 576 ak3la_ymu® + 288 ak>pa_i \ 12

+288 ak®qa_1 A i + 576 ak*pa_ymp® + 576 ak3qa_1mu’

+4 b2 a1 + 24 bK2IN ma_1? + 48 bkAI A mPa_ 4>
+32bk2Im3a_1? + 4bk*N3pa_1% + 4bk*\3ga_4>

+24 b2 N2 mpa_q? 4 24 b2 N2 mqga_1? + 48 bk* A mPpa_, >

+48 b2 A m2qa_i% + 32bk*m3pa_,* + 32 bk*m3qa_,?

+24 bE2IN jra_® 4 48 bk*lmypa_i* + 24 bk* X ppa_q®

+24 bK* X\ pga_1* + 48 bk*mp pa_1? + 48 bk*muga_1* = 0. (50)
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m+g
G

)

¢
G

24 ak3IN*a_1 + 192 ak3IN3ma_q1 + 576 ak3IN>m>a_,

+768 ak3iAm3a_q + 384 ak3lm*a_y + 24 ak*N*pa_;
+24 ak*Nga_y + 192 ak3 N3mpa_1 + 192 ak3N3mqa_;

+576 ak>N*m2pa_q + 576 ak>N*m2qa_, + 768 ak> X m>pa_;

+768 ak*Am3qa_; + 384 ak3m*pa_y + 384 ak*m*qa_,

+288 ak*IN*pra_y + 1152 akPIAmpa_i + 1152 ak*lm*pa_

1

+288 ak®* N2 pupa_y + 288 ak® Ny qa_y + 1152 ak* X mypupa_,
+1152 ak* X mpga_y + 1152 ak3m?pupa_1 + 1152 ak>m?pqa_,

+144 akPlp?a_y + 144 ak®pipa_y + 144 ak® i qa_y
+12bk*INa_1* 4 48 bk*IAma_y” + 48 bk*Im*a_;”
+12bk*N%pa_1? + 12bk*N2qa_1* + 48 bk* X mpa_1 2
+48 bk* A mqa_,* + 48 bk*m?*pa_? + 48 bk*m?qa_,>
+12bk* i a_? + 12bk*pupa_1* + 120k* i ga_,* = 0.

96 ak®la_1 )% + 576 ak3la_1\*>m + 1152 ak3la_1m>\

+768 akla_1m® + 96 ak®*pa_1 N> + 96 ak>qa_1 \®

+576 ak3pa_ \2m + 576 ak>qa_1 \*m + 1152 ak3pa_ym?\
+1152 ak3ga_1m>\ + 768 ak3pa_ym?> + 768 ak3qa_1m?
+288 ak®I\ pa_y + 576 ak*lmpa_y + 288 ak® X\ ppa_;
+288 ak*\ pga_y + 576 ak>mypupa_q + 576 ak>mpu ga_,
+12bk2 I\ a_1? + 24 bk Ima_1? + 12 bk* X pa_, >

+12bk* X ga_1% + 24 bk*mpa_1° + 24 bk*mqa_,* = 0.

144 akla_1\* + 576 ak®la_ A m + 576 ak3la_ym?

+144 ak*pa_ \* + 144 ak3qa_1 \* + 576 ak®*pa_ A m
+576 ak®qa_1 A m + 576 ak’pa_ym?* + 576 ak®qa_1m?
+96 ak®lpna_q + 96 ak®ppa_1 + 96 ak>p qa_q

+4 bk la_1* + 4bk*pa_i* + 4bk*qa_1* = 0.

96 ak®la_1 A + 192 ak3la_ym + 96 ak3pa_ )\
+96 ak3ga_1 A + 192 ak*pa_ym + 192 ak*qa_ym = 0.

24 akla_y + 24 ak’pa_q + 24 ak3qa_, = 0.

(D

(52)

(53)

(54)

(55)
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By solving the above algebraic system of Eq.(20) - Eq.(55), the following set of
coefficient for the exact solution of Eq.(3.1) can be obtained, which is given as

Firstset: a_; = 0,a9 = ap,a; = %, w = —ak3\? — 4ak®Im — 4ak®m? + dak®p,

l,p,q and k are constant. The solution can be presented as the following expression

3ak\/(A+2m)* —4p
b

6akAi\/ (A +2m)* —4p \

Syxio oz g kx> Ly pare s (—ak322—4ak3xm—4ak3m2+4 ak3p)t
b <A1 + Ase (A+2m) _4“(F(1+a)+1“(1y+a)+r(p1+u>+r(q1+a)+ N eE=y)

u1($7y7275»t) =agp +

(56)

Second set: | = —p — q,a_1,a9,a1,w,p,qand k € R. The solution can be presented
as the following expression

11’2(377?-/7 Z? 87t) =
a_1

_ 24, A/ 2 _ _ 2
(1 A1+A2e\/m( —p—a)y =) ) ()‘ +2 m) dp 2

+a0

ey + TS+ olirey G e T rife
2A1 2 A
+a1 1- 3 kaQ (—p—q)y™ pz g5 i (>\ + 2 m) - 4M - 5 .
Ap 4+ AgeVAF2m) —Au( e+ TS e T e it e)
(57




la] [0] [c]

Fig.1 The solutions wu(z,y,z,s,t), [a], [b] and [c] show a = 0.3,0.6 and
0.9 respectively, where a9 = 1l,a = 1,k = 1,1 = 1,p = 1,q = 1,y = 1,2 =
1,821,141:3,142:1,b:1,m20.8,)\:1,ﬂ,:1.

[a] [b] [d]

Fig.2 The solutions us(z,y,z,s,t), [al, [b] and [c] show a = 0.3,0.6 and
0.9 respectively , where,ag = 10,a_; = 10,a; = 1,k =1,p=1,g=1,y =1,z =
1,s=1,4,=10,A,=1b=1,m=1,A =1L u=1w=1.

S. CONCLUSIONS

In  summary, we have proposed the (4+1)-dimensional fractional
Boiti-Leon-Manna-Pempinelli (BLMP) equation. the (m + &) expansion method
have been implemented for obtaining the new exact solutions of The (4+1)-dimensional
fractional Boiti-Leon—-Manna—Pempinelli equation. The performance of this method is
reliable and effective. Thus, we deduce that the proposed method can be extended to
solve many systems of nonlinear fractional partial differential equations.
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