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Abstract

In this paper, we discuss sufficient conditions for the existence of solutions for a
coupled system of hybrid fractional-order differential equation. The continuous
dependence of the unique solution on the delay functions will be studied.
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1. INTRODUCTION AND PRELIMINARIES

Nonlinear fractional-orders differential equations are critical tools in the modeling
of real nonlinear phenomena corresponds to a large variety of events, in relation
to many areas of Physical Sciences and Technology. For example, it appears in
the study of air movement or dynamic systems, electricity, electromagnetism, or
nonlinear process control, among other things (see [9]-[22], [21]). Some differential
equations representing a particular dynamic system do not have an analytical solution,
so perturbation of such problems can be beneficial. Perturbed differential Equations
are classified into different types. An important type of this disorder the differential
equation is called hybrid (i.e., quadratic perturbation of the nonlinear differential
equation) See for more details [5] and references therein. In recent years, this issue
has receive of nonlinear differential equations have attracted much attention. We call
such differential equations hybrid differential equations.
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The significance of investigations of hybrid differential equations lies in the fact
of this many dynamic systems are included as special cases. The consideration
of hybrid differential equations is implicit in the works of Krasnoselskii [20] and
has been addressed extensively in many papers on hybrid differential equations of
different perturbations [19], [24], and [25], and references therein. This class of
hybrid differential equations includes perturbations of the original differential equations
in various ways. There have been many works on the theory of hybrid differential
equations, and we refer the readers to the articles [4, 3, 19].

El Allaoui [7] studied the following coupled system of hybrid differential equations
with perturbations of first and second type.

(

d (t) —
i Fmmam) = it a(t),y(t), 0<t<a

d ® _
a(m) = hao(t,y(t),z(t)), 0 <t <a

z(0) = o, y(0) = vo.

\

T. Bashiri et.al. [2] discussed the existence of solutions by using the hybrid fixed
point theorems of Dhage [4] for the sum of three operators in a Banach algebra for
the following fractional hybrid differential systems in Banach algebra

e (Hioltato)) — gt y(1)) 1€ (0,1
o (W) g(t,z(t)) te€(0,1] (1)
2(0) =0, y(0) =

where D denotes the the Riemann-Liouville fractional derivative of order «.
Caballero et al [6] studied the following coupled system

The main tool in [6] is a fixed point theorem of Darbo type associated to measures of
noncompactness.

Buvaneswari et al.[1] studied the existence of solutions for a coupled system
of nonlinear hybrid differential equations of fractional order involving Hadamard
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derivative with nonlocal boundary conditions.
Samina et al. [23] investigated stability results to a coupled system of nonlinear
fractional hybrid differential equations.

In line with the above works, our purpose in this paper is to prove the existence result
for the following an initial value problem of coupled hybrid fractional order differential
equations (CHFDEs):

fpe (SRl ) — £y (8, 17 un (b ylpa(t))) £ € 1= (0,7
“De (y(t;;{fy(@gz(( 2k )> fa(t, 1P ug(t, x(ps(t)))) tel=(0,T] (2

2(0) = k1(0,2(0)), y(0) = k2(0,4(0)),

where o, 5 € (0,1).
Definition By a solution of the CHFDEs system (2) we mean a function (z,y) €
C(J,R x R) such that

: : z(t)—k1 (L2 (p1(1))) y(t) k2 (t,y(e1 ()
(i) the functions t — o (oa(D)) and ¢t — PROO)

each z,y € C(J,R), and

are continuous for

(ii) (z,y) satisfies the system of equations in (2).

To prove our result use the standard hybrid fixed point theory developed in [3]which
includes three factors in Banach algebra to determine sufficient conditions for the
existence of couple solutions for the existence of solutions for initial value problems
coupled system of fractional orders hybrid functional differential equations (2). The
continuous dependence of the unique solution on the delay functions will be studied.
This paper is organized as follows: In Section 2, we proved an auxiliary Theorem
related to the linear variant of the problem (2) and state sufficient conditions which
guarantee the existence of solutions to the problem (2). In Section 4, we present the
continuous dependence on the delay functions. Our conclusion is presented in Section
5.

Lemma 1. [4] Let S be a nonempty, closed convex and bounded subset of a Banach
algebra X andlet A,C : X — X and B : S — X be three operators such that:

(a) A and C are Lipschitzian with Lipschitz constants 6 and p, respectively.
(b) B is compact and continuous.

(c) u=AuBv+ Cu=u€ S, forallv € S.
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(d) R+ p <, forr > 0where X = || B(S)|.
Then the operator equation AuBu + Cu = u has a solution in S.

2. MAIN RESULTS

In this section, we formulate our main result for CHFDEs (2) depending on the fixed
point theorems due to Dhage [4].

Let X = C(J,R) of the vector of all real-valued continuous functions on J = [0, 7.
We equip the space X with the norm ||z|| = sup,.;|z(t)|. Clearly, C(J,R) is a
complete normed algebra with respect to this supremum norm, the multiplication in
the a Banach algebra defined by (z-y)(t) = x(t) - y(¢) For the given the Banach algebra
X, Assume the product space £ = X x X. Define a norm ||.|| in the product linear
space B by [|(z, y)|| = [lz]| + [ly.

Then, the normed linear space (E, ||(.,.)||) is a Banach space which further becomes a
Banach algebra w.r.t. the multiplication defined by

((z,9) - (w,0))(t) = (2,9)(t) - (u,0)(t) = (2(D)u(t), y(t)v(?)), (3)

forall t € J, where (z,y), (u,v) € X x X = FE.
Consider the following assumptions:

(A;) The functions g; : [0,7] xR — R\ {0}, and k; : [0, 7] x R — R are continuous
and there exist two positive functions w;(t), L;(t), with norm ||w;|| and ||L;|]
respectively, such that

|kz<t7‘r) - kl(t7y>|
9i(t, x) — gi(t, y)]

wi(t)|lx —yl, t€[0,7] andz,y € R

<
< Li(t)|lx —y|, t€]0,7] andzx,y € R.

with [lw|| = max{||w: |, [|w2|}, and || L]] = max{|| L[|, [| L2 }.
Remark

it )] = |ki(E, 0)] < [kt @) — Ka(t, 0)]
19 (t, 2)| = lg:(t, 0)| < gi(t, x) — gi(t, 0)]

then

|ki(t, z)| < ||wll(x]) + H, where H = sup [k;(t, 0)].

teJ

lg:(t, x)| < ||L;||(|x|) + H, where G = sup |k;(t,0)], i =1,2,...,m.

teJ



On a coupled system of hybrid fractional-order differential equations... 95

(As) The functions f; : [0,7] x R — R, and u; : [0,7T] x R — R satisfy Caratheodory
condition i.e., f; and u; are measurable in ¢ for any € R and continuous in x
for almost all ¢ € [0,7]. There exist the bounded and measurable ( on [0, 7))
functions a;, b; and m;, ¢ = 1, 2., such that

[fit,2)| < ai(t) + bi(@)|z], ¥ (t,2) € [0, T] xR,
lui(t,x)| <my(t), ¥V (t,xz) €[0,7] xR
with sup |a;(t)| < M, sup|m;(t)] < N and sup |b;(t)] <b.
(As) ¢, : J — J, are continuous functions with ,(0) =0, j =1,2,3.
(A4) There exists a number > 0 such that

M T« bN To+B
2H +2G(rioim + ttatsry)

rz MTe bNTo+8 \ ] @
1= (ool + LI (R + Ty
with
MTe bNT 5B
+ || L + <L 5
lll + 120 (F 5 + Fra s 55T )

Now, from our assumptions the following lemma can be easily proved [8].

Lemma 2. Assume that hypotheses (A1) — (Ay) holds. Then a function x € C(J,R) is
a solution of the hybrid differential equation

Fpe (HOCHEeO)) — (1, 17 u(t, w(ps(t)))) tE T = [0.7]

(6)
x(0) = k(0, 2(0)).
if, and only if, it satisfies the following quadratic integral equation
w(t) = k(t, 2(1(t)) + g(t, 22 ()1 (£, 17 ult, 2(p3(1))))- (7)

2.1. Existence of solution
Now, our target is to prove the following existence theorems.

Theorem 1. Assume that the hypotheses (A1) — (A4) hold. Then the coupled system
(2) has at least one solution defined on J x J.
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Proof. By Lemma 2, the coupled solutions for a coupled hybrid system differential
equations in (2) are the solutions to the coupled system fractional integral equations,

z(t) = ki (t, 2(1(1) + g1 (t, 22 () Fut, 17 un (t, y(03(1))))- (8)
y(t) = ka(t, y(1(1)) + g1(t y(2(t)) I folt, 17w (t, 2(i03(1))))- ©)
Define a subset S = S x S, of the Banach space £ = X x X by
Si=A{(z,y) € X x X, ||(z,9)ll <},

where r satisfies inequality (4).

Clearly S is closed, convex, and bounded subset of the Banach space ' = X x X. In
conjunction with the functions f;, g; and h;, (i = 1,2), we introduce the three operators
A= (A,A)E— E,C=(C,Cy): E— Eand B = (By,By) : S — E defined
by

Az, y) = (Arz, Agy) = (gl(tax<¢2(t)))a92(tvy(902(t))))>
B(z,y) = (Byy, Box) = (ICY it 1P uy (t, y(ps(t)), I folt, I? u2(t,x(g03(t)))),

Clx,y) = (Crz, Coy) = (ki (t, z(1(1))). ka(t, y(01(1))))-

Then the coupled system of hybrid integral equations (8) and (9) can be written as the
system of operator equations as

Az, y)(t) - B, y)(t) + Cla,y)(t) = (z,y)(1), t € J, (10)
which further in view of the multiplication (2.4) of two elements in E yields
(A1z(t) - Bay(t) + Ciz(t), Asy(t) - Bam(t) + Coy(t)) = (z,y)(t), t € J.  (11)
This further implies that
Ayx(t) - Byy(t) + Cix(t) = x(t), te J,
(12)
Agy(t) - Box(t) + Coy(t) = y(t), teJ.

We shall show that A, B and C satisfy all the conditions of Lemma 1. This will be
achieved in the following series of steps.

Step 1. We will show that A = (A, As) and C' = (C}, Cs) are Lipschitzian on E. So,
we will show that A;, C; are lipschitzianon F, ¢ = 1,2. Let z,y € X. Then by (A4,),
we have

[Aix(t) — Ay = 1gi(t, 2(p2(1))) — gi(t, y(p2(1)))]
< Li(t) [2(e2(t) =yl ()] < (L] [z — -
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Consequently, for all ¢ € [0, T']. Taking the supremum over ¢, we get
[Aiz = Agyl] < [|La]| lz =y,

Therefore, A; are Lipschitzian on X with Lipschitz constant || L;]| .
Similarly, for any x,y € X, we have

|Ciz(t) = Ciy(D)] = [ki(t, 2(pa(2))) — kit y(e1(2)))]
< wil®)lz(eit) = yler®))] < lwill lz—yll-
Consequently, for all ¢ € [0, T']. Taking the supremum over ¢, we get
ICi = Ciyll < e 1 = .

This shows that C; are Lipschitz mapping on X with the Lipschitz constant ||w;||.
Hence, for all u = (x,y), v = (Z,y) € E, by definition of the operator A, we obtain

Au—Av = A(z,y) — AZ,7) = (A1z, Aoy) — (A1Z, Agy) = (Arx — A1, Aoy — Asp),
then
|Au — Av|| < ||Arz — AiZ|| + [ A2y — A2l

< Ll lz =2l + I L2 lly — 9l
< LI (e =2l + Ny = gll) = L Hlu =],

A

which shows that A is Lipschitzian with Lipschitz constant ||L||. Similarly, we can
deduce C'is Lipschitzian with Lipschitz constant ||w|| as well.
Step 2. To prove that B = (By, By) is a compact and continuous operator on S into E.
First we show that B is continuous on E. let (z,,y,) be a sequence of points in S
converging to a point (z,y) € E which satisfies {(z,,y,)} — (z,y) as (n — 00).
Then, by Lebesgue Dominated Convergence Theorem,

lim 17 uy (s, yn(p3(s))) = 17 ua(s,y(ps(s)))-

n—oo

Also, since fi(t,y(t)) is continuous in y, then using the properties of the
fractional-order integral and applying Lebesgue Dominated Convergence Theorem, we

get
Tim By, (t) = lim 1% f (£, 17 u(t, ya(ps(1)) = I fo(t, 7 u(t, y(ps(1)) = By(t).

Thus, By, — By as n — oo uniformly on R,, and hence, B; is a continuous
operator. Similarly Bs can be verified continuously as well.

lim Byx,(t) = Bix(t).

n—oo
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Hence,

lim Bu,(t) = (lim Byy,, lim Bsx,) = (Byy(t), Bex(t)) = B(z,y) = Bu(t).
n—oo n—oo

n—o0

Thus, Bu,, — Bu as n — oo uniformly on R, and hence B is a continuous operator
on S into S.

Now, we show that B is a compact operator on .S. It is enough to show that B(S) is a
uniformly bounded and equicontinuous set in £. To see that, let (x,y) € S be arbitrary.
Then by hypothesis (A,),

Buy(t) < / %|f1<s,fﬁm(s,y(wg(swds

bt —s)ot
< /O T [a1(s) + bi(s)I7|u(s, y(s(s))|]ds

/0 (t;ial(s)dﬁ | S sl

- (@) (@)
< t) 4+ I Pmy (t)
t_sa 1 o a+,3 1
< M/ ———ds +bN/ ds
oz+6
Tots
—+bN—
= T T(a+1) Dla+B+1)

for all ¢ € J. Taking supremum over ¢,

T« b Totb
B <M—+bN————,
1Bl < MEe T(a+B+1)
for all z € S;. This shows that Bj is uniformly bounded on .5;.
In the same way, we can conclude

B M - b N re
| < M—7—"—7—7-+ _—
| Bazll < T(a+1) I(a+B+1)
Let u = (z,y) € S. Then we get
|Bull = [[B(z,y)|| = [[(Biy, Box)|| = [| Buy|| + || Bz
T To+B
< 2M————4+2bN———
- ['(a+1) Ia+6+1)

for all u € S, we can get the fact that B is uniformly bounded on S.
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Next, we show that B(S) is equi-continuous sequence of functions in £. Choose
t1, to € J, such thatt; < ty and u = (z,y) € S, then we get

(Biy)(t2) — (Buy)(t)

and

((Biy)(t2) = (Bay)(t)]

IA

IA
S~
E
—
~
no
|
V)
N—
Q
|
L
|
e
~
S
|
V)
N—
i
L

t2 <t2 _ 8)a_1
+ / o) (a1 ()] + |b1(8)| 1] ur (5, y(s(s)))]] ds

/Otl (t2 =)' — (t — S)O‘_lds n /tt2 (2 — S)Q_lds}

1

A
=
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< M |ta—ta—2t2)—t1) |>
+ b{ /0 (t2 = 5)° agtl_s) llﬁml(s)ds+ /:2 %I/Bml(s)ds
f;le%a =IO B RS iR HURS e

<|t§ —t7 (ani)— tl)o‘|>

+ bNU0 (t2 = 5)" atl_sa 1/0 S s
el o

M(It“—ta 2(752—751 °| +bN{/o ty—s)* " —(ti—s)* (s)7

)
+.[“®&3” @+1}
)

M(‘ta a tQ—tl Cx’

A
<

IN

VAN

[ty — 19— 2(ty — t1)*| TP
“’N( NCESICESY )

1.e.,

(Buy)(t) — (Biy)(t)| < a ('t% — 19 —2(t — t1>a|>

['(a+1)
|ty — 17 — 2(t2 — 11)°] Tﬁ)
Tt DTGB+ )

ro

which is independent on y € S,. Hence, for ¢; > 0, there exists a 9; > 0, such that
to —t1] <61 = [(Buy)(t2) — (Buy)(t1)] < er.
Similarly, one can get that for €5 > 0, there exists a d, > 0, such that
[to —t1| < 0o = |[(Bax)(tz) — (Bax)(t1)] < €a.
Hence, for € > 0, there exists a § > 0, such that
|ta —t1] <6 == |Bu(t2) — Bu(ty)| <e.

Let to,t; € J and for all u € S. This shows that B(.S) is an equi-continuous set in E.
Now, the set B(S) is a uniformly bounded and equi-continuous set in £, so it is compact



On a coupled system of hybrid fractional-order differential equations... 101

by the Arzela-Ascoli theorem. As a result, B is a complete continuous operator on .S.
Step 3. The hypothesis (c¢) of Lemma 1 is satisfied. let for u € F,

u=(x,y) = (AwxBiy + Ciz, AsyBox + Cay).

Let x € S; and y € S, be arbitrary elements such that v = Ayx By + Cy2z. Then we
have
lz()] < [A1z(t)||Bry(t)] + |Crz(t)]

t (t o 8)0(71 8
élgl(tvév(soz(t)))\/o Wlﬁ(s,f u1(s, y(pa(s))))lds + |ki(t, 2(p1(s)))]

_ S)a—l

SUMMMWGM+GJA(#F

(a) [al(s) + b1(s)[’3]u1(s, y(gp3(3)))” ds

+ [Jwil[|lz(o1(8)) + Ha

3 — 3 a—1
< [ Lalllz(p2(t)] + G1] + / (t —s)

o W[al(s) + [bu(s)|TPma (5)]ds

+ [Jwil[|lz(o1(2))] 4+ Ha

< [ILall 2l + Ga) + I%ar () + o[ 1% P ma(8) + [lwi|| ll2]] + Ha
t (t _ S)a—l t (t _ S)a-i—ﬂ—l
< WLylllz|| + G M/ds+bN/ds>+w z||+ H
(e 1]( C  tera il + £y
s¢ soth

< _ —_ .
< Walllel + 5] (Mg gy + 0N gy ) + lellel + £

Therefore

e SOH‘B
< H L M——-: N— .
01 < ol + i + [l + ] (M o )

Taking supremum over ¢ € I,

T° Tot?
< _— .
ol < Rl + 2+ Dbl + Gal (M s + 0N gy ) - 9

Hence, x € 5.

Similarly, proceeding with the analogous arguments, and if we let x € S; and y € Sy
be arbitrary elements such that y = A;yBox + Cyy. Then we have

ly()] < [A2y(8)]| Bax(t)] + [Cay(t)]

P Sa-l-ﬂ
< H L Gyl | Ml=———+bN———— .
< sl Lol + s+ (2ol ]+ Gol (M s+ e )

Taking supremum over ¢ € I,

T° Tots
< e A— _— .
1o el -+ o+ 12all o+ Gl (M s + 0N s ) (14
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Therefore, y € Sy. By assumption (c¢), we can conclude that u = (z,y) € S.
Adding the inequalities (13) and (14), we obtain

T Tots
< H 2 [||L M——-— N—m—
fell+ 1l < Tl el + 2124l el + Ga] (M s + 0N e )
H L Gaol | M ™ bN Tt
o Dol + a4 TUEall Il + Gal (Mo 40V s )
<l (el + ] + Hr +
L G1+Go)l [ M ™ bN et
+ DL Dl + ol + G+ G (M + WV 557 )-
Consequently
lenl < lloll Nw)l + 5+ 5
L Gi1+ G| | M ™ bN TP
1Ll + G+ 6ol (M + 0 e 5 )
Hi + H Gi1+ G| | M ™ bN TP
< - -
S 1+ Ho+ [Gh + 2]( F(a+1)+ F(a+ﬁ+1)>
T To+P
LI| | M=—/——— N—m— .
el 02 (M s+ gy ) el
As |[(z,y)]| = |||l + |ly||, we have that ||(z,y)|| < r and so the hypothesis (c) of

Lemma 1 is satisfied.
Step 4. Finally, we show that X + p < 1, that is, (d) of Lemma 1 holds.
Since

N = ||B(S)| =sup{l[B(z,y)||l: (z,y) € S} = sup{[|Bi(y)|| + [[B2(2)| : (z,y) € S}
2M T 2 bN T+8
Tat1) T(atB+D)

and by (Ay), we have 12L& 4 [|k|| < 1. with 6 = L2 and p = |[&].

Thus all the conditions of Lemma 1 are satisfied and hence the operator equation
(xz,y) = A(z,y)B(z,y)+C(x,y) has a solution in S. In consequence, a coupled hybrid
system of the fractional differential equations (2) has a solution defined on J. U

By a similar way as done above, we can prove an existence result for the following
fractional hybrid differential equation

g91(t,z(p2(1)))

Do (MOt} — (2, 1P st a(s(t)))), t€T=[0,T].  (15)

2(0) = 0, y(0) = 0.

D (x(t)fkl(t,a:(sol(t)))> = fi(t, IP uy (t,y(ps3(t)))), tel=][0,T]
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Lemma 3. Assume that hypotheses (Ay) — (Ay) hold. If a function v € C(J,R) is a
solution of the CHFDEs (15), then it satisfies the quadratic fractional integral equation
(12)

Theorem 2. Assume that the hypotheses (A1) — (A4) of Theorem 1 holds. Then the
CHFDE:s (15) has at least one solution defined on J x J.

3. PARTICULAR CASES AND REMARK

The CHFDEs (15) involves many particular cases:

(i) When w;(t,z) = x, i = 1,2, ¢;(t) = t, 7 = 1,2,3., T = 1, and letting
8 — 0, we have the following fractional hybrid differential systems in Banach
algebra which is studied in [2].

a [ x(t)—ki(tx
e (MO ) — £y (1, y(t), € [0,1]

npe (MOIA)) _ p (1 a(r)), 1€ (0.1 (16)

92(t,y(t))

z(0) =0, y(0) = 0.

(i) When Fk;(t,z) = 0, wi(t,x) =z, i = 1,2, ¢;(t) =¢t, j =1,2,3., T =1,
and letting 5 — 0, we have the following hybrid fractional differential system
which is coupled system of hybrid fractional differential equation studied in [24]

e <gl(at:,(;)(t))> = fi(t,y(t)) te][0,T]
b <92(z,(zt4)(t))) = fa(t, z(t)) t€]0,T] 17)

z(0) =0, y(0) =0.

(v) When k;(t,z) = 0, g;(t,x) = 1, © = 1,2. Taking fi(¢t,z(t)) = p(t) + z(1),
we can deduce existence results for the following coupled system of fractional
differential equations

+ 1P up(t,z(t)),  te|0,T] (18)

Remark 1. The existence results for the CFHDEs (7) can be proved under another
sequence of assumptions.
Let the assumptions of Theorem 1 be satisfied, with replace (A1) and (A4) by the

following assumptions:
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(A7) The functions k; : J x R — R,and g; : J x R — R, ¢;(0,0) #0, i=1,2 are
continuous and there exist positive functions w;(t) p;(t) and ®;(t), with norms
[Jwall [zl [|©:

, and respectively such that

ki(t, x) — Ki(t,y)| < wit)]x —yl,
l9:(t,x) — gi(t, y)| < pi(t)Pi(|z]).

(A}) There exists a number r > 0 such that

« a4
Hy + Hy -+ ([pu][1(r) + [pal@2(r)) (R + XI5

MT« b NTo+8
L= (ool + LI (R + o)

r =

Y

MTe b NTo+P
h Hz: kz t,O ) d + L + <1'
where Hi = sup ki(t.0)l, and ]+ ILI (5055 * T 21))

4. CONTINUOUS DEPENDENCE

In this section, we give sufficient conditions for the uniqueness of the solution for a
coupled hybrid system (2) and study the continuous dependence of solution on the delay
functions ;(t).

4.1. Uniqueness of the solution
Let us state the following assumption

(A5) Let f; : [0,7]) x R — Rand u; : [0,7] x R — R be a continuous functions
satisfying the Lipschitz condition and there exists four positive functions
Ai(t), 0;(t) with bounded || ;|| and ||6;]|, ¢ = 1, 2., such that

|[filt, x) = filt, y)| < M0z =y,
Jui(t, #) — wilt, y)| < 0i(t)|z —y.

Remark

\fi(t, )| < |Ni(®)||x| + F;, where F; =sup|fi(t,0)].

ted
lui(t, )| < |0;(t)||x| + Ui, where U; = sup |u;(¢,0)|, i = 1,2,...,m.
ted
where F; = sup,c;|fi(£,0)], Ui = sup,;|ui(t,0)], i = 1,2., with F' =
max{Fy, Fy}, U = max{U;, Us}, and ||A|| = max{||A]], ||X2]|}-
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Theorem 3. Let the assumptions of Theorem 1 be satisfied with replace condition (As)
by (A3), if

wwwww+mwwl‘HFW L ULl + GTUAIBNT*
a4+ p+1) [« + ) [(a+6+1) ’

then the CHFDEs (2) has a unique solution.

I +1L

Proof. Letuy = (x1,y1) and ug = (x2,y2) be two solutions of (2). Then

|21(t) — 22(t)]

< k1t 21(1(8) = ka(t 221 (0))] + 191 (21 (92 () I 1 (t, IPua (£, 11 (03(1)))))
— g1(t, 22 (2 (0)) I fr(t, TPun(t, ya(3(t)))))]

< ki(@)]z1(p1(t)) — 22(p1(2))]

lonCma(l) — an(tma(oa))] [ S o PG s
— 5)o— 1
+ 1g1(t, z1(p2(t)) |/O tr(o)é) | fi(s, IPu(s, y1(ps(s)))) — fi(s, T7ui(s, y2(03(s))))| ds
< B (0] 21 (1(6)) — 221 ()
t (t_s)a—l

+ [Li®)|z1(p2(1)) —xz(wz(t))!/o [IAL ()7 s (5, 91 (ps ()| + Fi] ds

+ [Li(t)|z1(p2(8)] + G
— 5! S—T
></0 : (02) Al ’/ }ul 7, y1(3(7))) — wa (7, ya(ps3(r ‘ds dr

< k|l |l = 22| + || L[ [|z1 — $2||

t (t o S)a—l s (S _ T)ﬂ—l t (t _ S)a—l
<l [ S [ oGt + tas ar+ [T R

INEY!

t _Sa—l s S_Tﬁ—l
il + Galiad 6l [ = [T () e ldsir

< hllles o]
L A 0 U Tt F ™

+ - VU By
IZallfer = aall IO + Ul 5+ P s )

o+

T
L Gil||A1])]|@ -Vl
+ (I Lallllz1 |+ GalllAa 01Ty yzHF(aJrﬁJrl)

Taking the supremum ¢ € I, we get

Ta—i—ﬁ T
o1 — ol < [[E[l[ler — 22l + (| Ly — 22| {[[AITIOf]ly2]] + U] +F

Fla+B+1) Ia+1)

L Gl|IAl1|@ T
- - — 1l
(E0al+ GUAIN: ~ w2l 755
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Similarly
ly1 = 2/l < [[£lllyr — v
Ta+,8 T
+ ||L — Al +U +F
LAy = all IAITHON 1 ]F(a—I—B—i—l) NCES)
L Gl|A||]16 T
+ + — _—.
WLy Il + GHIATON 2 wzllr(aJrﬂJrl)
Therefore,
Jur — w2l = [[(z1,91) — (z2,92) |
= [z — @2 + llyr — v2ll
k L AlllNe U T F ~
< _ —
< IHller = aal+ 120en =2 I + Vs 555+ F )
a+f
+ L + G]||A||||10 —P||l=—=
(LA [ + GTHIATTO1 Ty yQHr(a+5+1)
k L Alll]€ U et F 1
+ - + - + +
lelllsn = sl + 120 = el NN+ V) 5y + F )
L Gl A|l]|€ T
+ + — SN ———
Ll + GO x2”I‘(a+B+1)
< (1 + 100 el + Iyl] + ) 7% P T
- Fla+p+1) INa+1)
(LIl + llyll] + GHAE) T+
+ NEEES) llz1 = 22l + llyr — w2l
Then
MO ] + T+
1= (et -+ 1z 20 ]
Fa+B+1)
rre +G}|M||!9||Ta+ﬁﬂ
+ L - < 07
which implies
Hu1 —U2|| =0 = uj = uo.
This proves the uniqueness of the solution of CHFDEs (2). O

4.2. Continuous dependence on the delay functions
Now we show that the solution of the CHFDEs (2) is depending continuously on the
delay functions ¢;(t)

Definition 1. The solution of the initial value problem (2) depends continuously on the
delay functions p1(t) if Ve > 0,3 > 0, such that

[1(t) =) <0 = flu—u'|| <e
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Theorem 4. Let the assumptions of Theorem 3 be satisfied, then the solution of the
CHFDE:s (2) depends continuously on the delay function p1(1).

Proof. Letu = (x,y),u* = (z*,y*) be two solutions of CSHDE (2). Then
Let 0 > 0 be given such that |1 (t) — ¢} (t)| < 6,V ¢ > 0, then

j2(t) — 2 (2)|
< ki (t 2(p1(1))) — k(1,2 (3 (0)))]
t (t o S)o‘ 1 5
T |o1 (1 2(2(1))) /0 i I (5. 3(3(9)s
. t (t _ S)a 1 5
— qi(t.2* (a(1)) /0 i s (eal)))s|
< kit 2(01(1))) — k(12" (3 (0)))]
t (t o S)a 1 s
T |o1 (1 2(2(1))) / i s, (s))s
-t (a(0) [ “‘f); F1 (s, (s, yl03(5)))ds|
T lor (1 2" (2(1))) /0 L }2> F1(s, TPus (s, y(oa(s)))) ds
t — s a—1
~ e (ea0) [ T A s ()

< ki(@®)]z(pr(t) — 2" (p1(2))]

— 5~ 1
+ |g1(t, 2(02(1))) — g1 (t, 2™ (pa(t }/ )

['(a)
_ 8 a 1
+ [g1(t, 2" (w2()) \/O L o) | f1(s, TPua (s, y(s(s)))) — fi(s, TPui(s, y*(p3(s))))|ds
< [kl [Jz(e1(t) — 2 (01 (0)] + 2" (@1(t) — 2™ (5 (1))]]
t —s a—1
+ [L1(t) |z (p2(t)) —33*(<P2(t))!/ ) ML) 1P |ur (s, y(3(s)))| + Fi]ds

INC)
+ ([La(@®)]|" (p2 ()] + G1)

(t—s)* 1 s—1)8
x/ o) ]/ ‘ul T,y(3(7))) — ur (7, y* (¢3 ‘deT

Ll — 2| / t‘ D <t>uﬁ[\el<t>|y<so3<s>>| LU + Fids

sy 1
+ (Ll + ) |A1||/ el [

< [kl fllz = 2™ + |27 (e1(8)) — 27 (21(1))]]

Il = = Aoyl + U / (t— o)
1 1 1 1 0 F(O{)

| f1(s, 17 wi (s, y(pa(s))))| ds

—1
ly(3(7)) — y* (p3(7))| ds dr
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T (s— T)B_l dr
o
t (t o S)a—l

+ | L1l = 2*|| F: /ds
ILille =) A [ S
* Et—s)ol [T (s—1)P1
*—WLNWHH+GQHANHy—yIHWNtA (t—2) A D s ar

I'(a) (8)
< Ea[[[llz = 2| + 2" (p1 () — 2" (5 (1))]]
A6yl + Uy TP Py T ]
Ma+pB+1) T(a+1)

+ ||+ G 0 — —a ’
L * A * .
(|| 1||H || 1)|| 1|||| 1||Hy Y HI‘( 3 1)

+Mmm—ﬂﬂ

Taking the supremum over ¢ € I, we get

lz —z*|| < [kl|[llz — 2*|| + |2 (1 (2) — 2" (¢} ()]
IAILOIy I + U] Tes T
[(a+6+1) T(a+1)

a+

+ Ll =27

+ (LAl Gl Ty — y*H—F(a T EE)

In a similar manna, one can drive that
ly(t) =y O < k2l [lly — vl + |y (1 () — v (01 (1)]]

[Pall[l10o]lll ]l + Ta] T2 1 T
MNa+B+1) ['(a+1)

Gl ll16 T
Lo||lly* - :
+ (1 L2y || + Go) || A2 [|62]] ||z — 2 ”r(a+5+1)

+ [1L2lllly = o7

Taking the supremum over ¢t € J, we get

ly =yl < 11EN [y =y [l + |y (22(1) = v (5 ()]
IO =)) + Ty T+ FTe
o+ 8+1) T(a+ 1)

Lyl + G)|IAlle *—Taw
L+ eI ~ =N 55

+ Ly = vl



On a coupled system of hybrid fractional-order differential equations... 109

Hence
Ju—l = =l + ly 7
< Ikl [z ~ 2*]| + 2" (o1(8)) — =* (1 0)]
([IALllel gl + )= P
+ Il — H|: Na+p+1) I‘(a—i—l)]
a+8
L+ @I~ ¥ s 5
IRl = 971+ (o1 () — v ()]
B e
iy - g | PIEIEL Ay
* * Ta+,8
+ (L] + OINIBI = " 2 5
ANl + ] + O} 7o+ P
- U|k”+HLH[ MNa+p+1) F(a+1)]
+ AL+ 11+ G )l = =70+ = o7l
+ Il (o1 () — 2 (@ O)] + (21 () — 0 (550
Ml + U} 7o P
- “|k”+HLH[ MNa+p+1) F(a+1):|
Totp .
+ LNl + GOl s 5] = ')
+ kIl (o1 (6)) — 2* (3] + " (or(8) — v ()]
T Il (o1 (8) = o ()] + I (ea(8) — 9 (5 0)

Alllle U] Ta+8 o a '
= (1l -+ | ST B2 (Ll + I 5 )

But from the continuity of solution z* and y*, we have

1) =i <6 = [a"(a(t)) — 2" (01 ()] < &
= [y (1) =y (e1(1))] < 2.
Then
[1%][ [e1 + eo]

NI ats o o
= (1l + oy [ etz e + Gl e

lu — | <

<e.

This means that the solution of the CHFDEs (2) depends continuously on delay
function ;. This completes the proof. m
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By a similar way as done above, the continuous dependence of the solution of the
CHFDEs (2) on delay functions ¢- and (3 can be studied. [

5.  CONCLUSION

We have proven an auxiliary lemma related to the linear variant of the CHFDESs (2) and
stated sufficient conditions which guarantee the existence of solutions to the CHFDEs
(2) in a Banach algebra due to Dhage [4], Results on the existence and continuous
dependence of solutions for CHFDEs on delay function ¢; were also studied. It should
be noted that in the same way, the reader can get the continuous dependence of solutions
for CHFDEs on the other delay functions.
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