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Abstract

Let R be a commutative ring with unity and let R[«y, «s, ..., &, ] be the ring of the
higher dimensional dual numbers ring. The purpose of this article is to characterize
the ideal structure of the ring R[oy, oo, .. ., ;] and its relation to the ideal struc-
ture of the ring R. In particular, a describtion of the maximal ideals, prime ideals,
finitely generated ideals and pure ideals are also given.
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1. Introduction

Throghout this article R is a commutative ring with a nonzero identity 1. Let R[xq,

X2, ...,X,] be the polynomial ring over R with indetemenants xi, x2, ..., x,. Then
the factor ring of R[xy, X2, ..., x,] modulo the ideal {x;x; )rll _;.j » Which is the ideal of
R[x1, x2, ..., x,] generated by the set {x;x; }’llfw., has the form
Rt 22,/ (i
Suppose the set R[oq, a2, ..., 0,] = {ag + aja1 + apay + ... + ayo, : aj € R
and o;jo; = O for 1 < i, j < n}. Then R[ay, as, ..., a,] over the operations, addition

pointwise and multiplication defined by (ag + aj1 + axaz + ... + anoty) (bo + b1y +
brar+...+byoy) = agbo+ (apb1+a1bg)o + (agba +arbg)ar+. . .+ (agb, +a,bo)o,,
forms a commutative ring with unity 1. Furthermore, there is a ring isomorphism ¢
between R[x1, X2, ..., X,]/ (xixj>ll1<i,j and R[oy, a2, ..., a,] whichis given by ¢ (ag +

n .
aixi +axxy + ...+ anx, +(xixj), _; ) =ao+aiar +axaz+...+apay. As aspecial
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case, If n = 1, then the ring Rl 1] = R[x1]/ <x12> is precisely the ring of dual numbers.
Hence, Vasantha et.al in [7] have named R[«1, a2, ..., a,] as the higher dimensional
dual numbers ring.

There are connections between some of the results in this paper and the earlier work
of Asfahani et.al. [5], where some results in this paper are somewhat similar to those in
[5], but there are some key differences since we use different rings.

Throughout the paper, U (R) denotes the group of units of R , and Idem(R), Nil(R)
denote the set of idemptents of R and the set of nilpotents of R respectively. Any
undefined notation or terminology is standard, as in [1]. For more about the ring
Rlx1,x2, ..., x,] consult [6].

2. Ideal Structure of the ring R[«, o2, . . ., o]
In this section, we shall describe the ideals in the ring Ry, a2, ..., ®,] in terms of
those in R.

We start this section with the following lemma which is necessary to construct the
ideals of R[ay, aa, ..., ay].

Lemma 2.1. Let R be aring and n a positive integer. Then J = {ag + a1 + axan +
-+ ayay :a; € I;, where I; ideals of R with Iy C [; for 1 <i < n}is an ideal of R.
Moreover, we denote such ideal J as J = Iy + Loy + Loy + - - - + I,ay.

The nextlemma shows thatif / is anideal of R[«;, o2, .. ., «;,], then we can construct
a family of ideals of R depending on /.

Lemma 2.2. Let R be aring, and / is anideal of R[«1, a2, ..., a,]. Thenl; = {r € R :

there are ro, r1, ..., 7i—1,Fit1,---,0n € Rwithrg+rjoey +--- +rijoj—1 +ro; +
Fig1®it1 + -+ o, € 1} is anideal of R for 0 < i < n. Moreover, Iy C [; for
1<i<n.
Proof. Leta € I;, and r € R. So there are ag, ay, ..., di—1,di+1,...,d, € R with
x=ay)+ a1+ ---+a—1¢j—1 +ao; +aj+1i41 + -+ ayo, € 1. Since [ is an
ideal of R[a1, a2, ..., 0], rx =rag+rajx1+---+raj—1oj—1+rac; +raj+1oi+1 +
---+raya, € I. Hence, ra € I;. Now, let b € Ij. So there are ay, ap, ..., a, € R with
y=b+aya| +aay+---+a,a, € I. Then since [ is an ideal of R[o, a2, ..., ay],
yo, = (b+ a1 + apay + - - + apay)o; = ba; € 1. Thus, b € I;, and Iy C [;, for
1<i<n. [ |
Now we use Lemma 2.1 and Lemma 2.2 to describe the ideals of R[o g, o, ..., ay].

Theorem 2.3. Let R be a ring. Then each ideal I of R[«y, a3, ..., «,] has the form
I =1INJ,where J = Iy+ Loy + Loy + - - -+ I,a,, where I; is an ideal of R defined
asin Lemma 2.2 for0 <i < n.

Proof. Let I be an ideal of R[a1, a2, ..., a,]. Then by Lemma 2.1 and Lemma 2.2,
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J =1+ Loy + hay, -- -+ I,a, is an ideal of R[aq, as, ..., a,]. It is also clear that
I C J. Therefore, I =1NJ. |

Corollary 2.4. Let R be aring. Then any ideal I/ = I N J of R[ay, a2, ..., a,] where
J =1y+ Loy + hay + - - - + I, is uniquely determined by Iy, Iy, >, ..., I,.

The following example shows that, for an ideal I of R[«q, oo, ..., ], it is un-
necessary that J = Iy + Loy + hay + - -+ + I,a, € 1. That means, an ideal I of
Rlag, as, ..., a,], need not have the form I = Iy + Liay, oo, ..., L,a,.

Example 2.5. Let I = (| + 22) be an ideal of Z[«, a2] generated by o1 + 20 It is
clearthat Io =0, Iy = Z, I, = 27Z. Hence I C Za + 2Zo». The other inclusion is not
correctsince oy € Za1+2Zog anday ¢ I otherwise ) = (a1 +2w2)(a+ba+car) =
aa| + 2acy. Hence a = 1, and 2a = 0, which is a contradiction.

Also the following example shows thatif I = I N (Iy + Loy + hoy + - - - + Lay)
is an ideal of R[a, a2, ..., @], then it is not true in general that Iy C 1.

Example 2.6. Let ] = (24« ) be anideal of Z[«1] generated by 24-«1. Then itis easy
to show that 7 has the form I = (2 + 1) N (2Z + Za1). Suppose that 27Z € (2 + o),
then 2 = (2 4+ a1)(a + ba;) for some a + ba; € Z[ay]. Thus we have 2a = 2 and
2b 4+ a = 0. Solving these two equations produces a = 1 and 20 = —1 which is a
contradiction. Hence 27 g (24 oq).

By adding some suitable assumptions on the ideals of R[oy, a2, ..., ®,]. one can
prove the next result easily.

Lemma 2.7. Let Rbe aring, andlet I = I N (Ip + Loy + oy + - -+ + I,a,) be an
ideal of R[oy, axp, ..., a,]. If @; € I, forall 1 <i <n, then

1. Iy € I, and

2. I =Iy+ Ra; + Rap + -+ - + Ray,.

3. Prime and Maximal ideals of the ring R[« |, a>, ..., a,]

In this section, we will describe the prime and maximal ideals of the ring R[« 1, 2, . .., &y ].
We also prove some elementary results concerning the Nilradical and the Jacobson radical
of Rlaq, o, ..., 0,].

Lemma 3.1. Let R be aring, and let Iy be an ideal of R. Then
Rlay, az,...,a,]/(Io+ Ray + Roy + - - + Ray) = R/
Proof. Define the mapping

0 : Rlay, a2, ...,a,] — R/
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As O(ap + ajay + axar + - -+ + ayo,) = ap + Ip. It is clear that 6 is an onto ring
homomorphism with kernel, ker(6) = Iy + Ry + Raz + - - - + Ra,. Then the result is
obtained by applying the first isomorphism theorem for rings. |

Theorem 3.2. Let R be a ring. Then

1. P is prime ideal of R[oy, a2, ..., ®,], if and only if P = Py + Roy + Ray +
-+ 4+ Ray, for some prime ideal Py of R.

2. M is maximal ideal of R[a1, a2, ..., ay], if and only if M = Mo+ Ra + Ray +
.-+ 4+ Ra, for some maximal ideal M of R.

Proof.

(1) Suppose that P is prime ideal of R[x1, a2, ..., a,]. By Theorem 2.3, P = P N
(Py+ Ra1+ Rapy+---+ Ray). Now sinceozl-2 =0¢€ P, forl <i <n, wehave
o; € P.Thus by Lemma 2.7, P = Py + Ro; + Ray + - -+ + Ra,,. The rest of
the proof obtained by applying Lemma 3.1, and using the fact R/I is an integral
domain if and only if / is a prime ideal.

(2) Similar to part (1), but we use the fact that R/I is a field if and only if / is a
maximal ideal. u

In commutative ring theory, the Jacobson radical (Nilradical) of the ring R is the
intersection of all maximal (prime) ideals of R (see [1]).

Corollary 3.3. Let R be aring. Then

l. J(R[ay, a2, ...,a,]) = J(R) + Ray + Raz + -+ + Ray,

2. Nil(Rlay,ap,...,a,]) = Nil(R) + Ray + Ror + - - - + Ray,.

Proof.
1.
J(R[ay, a2, ...,a,]) = Intersection of all maximal ideals of R, oy, ..., ;]
= N (M + Ray + Rag + -+ - + Ray)
M eMax(R)
= ( N M )+ Ray+ Roy + - -+ Ray,
M eMax(R)

= J(R)+ Ra; + Rar + -+ Ra,
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2.
Nil(R[ay, a2, ...,a,]) = Intersection of all prime ideals of R[a, a2, ..., ay]
= N (P+ Rai+ Rap+---+ Ray)
PeSpec(R)
= ( N P )+ Ra;+ Roap +---+ Ray,
PeSpec(R)

= Nil(R) + Raj + Raz +--- + Ray,

Corollary 3.4. Let R be aring. Then R is local ring if and only if R[a1, a2, ..., a,]is
SO.

Recall that a ring R is called a PM-ring if for each prime ideal in R is contained in a
unique maximal ideal, for more see [2].

Theorem 3.5. Let R be a ring. Then R is PM-ring if and only if R[a, a3, ..., ay,] 1S
PM-ring.

Proof. Suppose that R is PM-ring and let P be a prime ideal of R[«1, 2, . . ., o] then by
Theorem 3.2, P = Py+Ra 1+ Ror+- - -+ R, for some Py aprimeideal of R. Since R is
Gelfand ring, Py is contained in a unique maximal ideal, say M Also, again by Theorem
32, M = My+ Ray; + Rap + -+ - + Ray, is maximal ideal of R[a 1, a3, ..., a,]. Note
that, P is contained in M . Now, If there exists a maximal ideal N of R[a1, a2, ..., o]
that contains P, then by Theorem 3.2, N = No + Ra; + Ras + - - - + R, for some
maximal ideal Ny of R such that

Py+ Roy+ Ray+ -+ Ray =P C N =No+ Ray + Rar +--- + Ray,

It is clear that Py is contained in Ny which is a contradiction except if No = M(. Hence,
No = My.Therefore, R[o1, a2, ..., «,]is PM-ring. By the same argument we can prove
the converse direction. [ |

4. Finitely Generated Ideals of R[«, ay, ..., a,]

In this section, we will study and describe the finitely generated ideals of the ring

Rloy, s, ..., a,]. Then we will characterize when R[aq, oo, ..., o] is a principal
ideal ring.
Theorem4.1. Let Rbearing, andletag+ajo1+arar+- - -+ana, € Rlay, o, ..., o).

Then the ideal generated by ag + a1 + axar + - - - 4+ a, o, has the form
I ={ap+ajay +axay + -+ +ayay) =10 Uy + Loy + hay + -+ - + Lay),

where Iy = {ag), and I; = (ag, a;) for1 <i <n.
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Proof. Suppose that [ is an ideal of R[«1, o, ..., o,] generated by ap + a1 +azor +
-+ ++aya,. Thenby Theorem2.3, I = IN(ly+ 11+ hor+- - -+ 1,0,). Now letx € Ij.
So there exist by, by, ..., b, € Rsuchthat (x+bjot;+---+byo,) = (ag+ajo+-- -+
a,oy,)(co + cray + - - - + cpay) for some cg + cray + -+ - + ¢, € Rlag, oo, ..., ayl.
Thus, x = agcg and hence Iy C (ag) . Also since ag +ajo1 +arar+---+a,a, € I we
have (ag) C Ip. To prove that I; = (ag, a;) for 1 <i < n. Let x € I;. Then there exist
bO,bly .o.ybi—1.biy1, ..., b, € R such that (by + biay+ -+ xa; + ...+ byay,) =
(ap+ a1 +aroy + -+ - +ayay)(cop +cro) + croep + - - - + ¢, for some co + craq +
oy + -+ cpa, € Rlag, aa, ..., a,]. Hence we have x = agc; + ajco € {ag, a;) .
That is I; < (ao, a;) . To prove the other inclusion, let x € (ag, a;) . So x = apt + a;s
for some s, € R. Thus, there exist ags, ais, as, ..., a;—15, aj+15, ..., a,s € R with
aos +aisay + axsop + - -+ xa; + - - - +ays o, € 1. Therefore, (ag, a;) C 1. |

Corollary 4.2. Let R be a ring. Then R is principal ideal ring if and only if R[o,
o), ..., 0] 1S so.

Proof. Let I be an ideal of R, a2, ..., «,]. Then by Theorem 2.3, I = I N (Ip +
Lo+ hoy+ -+ -+ I,ay,). Since R is principal ideal ring, I; = (a;) for 1 <i < n. Also
since Ip C I; for 1 <i < n we have b € R such that q; divides b for 1 <i < n. Thus,

I = IN{b)+ (ar)ay +(ax) oz + -+ {(an) ap)
= INb)+ (a1, b)oay + (a2, b)ar + - - - + (a,, b) o)
= (b+aja; +arar + -+ apay)

Therefore, R[a1, a2, ..., a,] 1s a principal ideal ring. The other direction is obvious.
[ |

The following corollary describes the form of the finitely generated ideal of the ring

R[a19a27 e 9an]-

n
Corollary 4.3. Let R be aring, and let x; = {Zai joei} be a family of elements of
i=0
Rlay, ap, ..., a,]. Then the ideal generated by the finite set {x; }';’zl has the form

I = (x1,x2,...xp) =1 N o+ Loy + Doy + -+ -+ Lay),

where Iy = <{a0j}'}1=1> ,and I; = <{a()j, a,-j}’}1=1> forl <i <n.

5. The Pure ideals of the ring R[o 1, oy, ..., a,]

In this section, we will exhibit the relationship between the pure ideals of R and the pure
ideals of R[o1, a2, ..., oy ]. Recalling that an deal 7 of R is said to be pure if for every
element x € I, there exits y € [ such that xy = x.
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Lemma 5.1. Let Rbearing,andlet/ = 1N (Iyp + Loy + hoay + - -+ + I,a,) be an
ideal of Rla, ¢, ..., f lp =11 =1, =---=1,, then

1. Iy € I.and

2. I =1y+ Ipay + Ipay + - - - + Ipoy,.

Proof. 1t is clear that I C (g + lpay + lpoa + - -+ + Ipa,). Now let ag + ajo; +
axor + -+ aya, € (o + lIpay + lpay + - - - + Ipa,). Hence by the assumption
a; € Ipforall 0 <i < n. So there exist by, b3, ...,b,; € Rsuchthata; + by ;a1 +
by o 4+ -+ 4+ by i, € 1. Since [ is an ideal of R[ay, a2, ..., a,], we have g;a; =
(@i + by o1 + brjor + -+ by joy)e; € [ forall 1 < i < n. Using the same
argument and since I € (lo + loo1 + Ipaa + - - - + Ipety,), we deduce b; ooy € I for
all 1 <t < n. Thus, a9 € I. Therefore, agp + ajo; + aroy + -+ + a,a, € I, and
(Io + Ipay + Ipay + - - - + Ipay,) < 1. This proves (2). |

Lemma 5.2. Let Rbearing,andlet/ = 1N (Iyp + Loy + bhoay + --- + I,,) be an
ideal of R[a1, a2, ..., a,]. If I is a pure ideal, then

1. Ip =1 foralll <i <n.

2. Iy is a pure ideal of R.

Proof. Supposethat ] = IN(lp+1a1+ oo+ - -+1,a,)isanideal of Rloey, oo, ..., ay].
Now

1. By the costruction of the ideal I in Theorem 2.3, we have Iy C [; forall <i < n.
Hence, it is enough to prove the other inclusion. Leta € I forany 1 < k < n.
So there are by, by, ...,bi—1,bit+1,...,b, € R such that by + bjo; + --- +
adg + -+ + bya, € 1. Since [ is a pure ideal of R[a, a3, ..., ay], there exists
cot+cro+- - +erap~+- - -+cpo, € Isuchthat bg+bja+- - -+aog+- - -+byo, =
(bo+bia1+---+aap+---+byoy)(co+cray+---+crop + - - -+ cpor,). That
is, a = bocy + aco € Ip. Hence, Iy = Ii.

2. Let x € Iy. So there exist y;, ---, y, € R such that x + yjo; + - - - + ypa,, € 1.
Hence, there is zg + z11 + - - - + zpa, € [ such that x + yjoy + -+ - + ypa, =
x+yi1+ -+ o) (zo+ 2101 + - - - + Zpy), So x = xzo and this ends the
proof since zg € 1. [ |

De Marco [3] has studied purity and projectivity of ideals. Among many results he
has proved that is if A is an ideal of the ring R, and if {a;, a2, ..., a,} is a finite subset
of A, then there exists b € A such that a; = q;b for all 1 < i < n. This result will be
used in the following lemma.

Lemma 5.3. Let R be aring, and let I = Iy + I,y + I,00 + - - - + Ipr,, be an ideal of
Rlay, ag, ..., a,]. If Iy is a pure ideal of R, then [ is pure ideal of R[« 1, oo, ..., o).



8 Basem Alkhamaiseh

Proof. Let Iy be a pure ideal of R. If a9 + aj1 + axar + - - - + apa, € I, then exists
b e Iy € Isuchthata; = a;bforall0 <i < n.Hence,ap+ajx;+aror+---+a,a, =
(ap + a1y + axay + - - - + aya,)b which completes the proof. |

Gathering the results in Lemma 5.1, Lemma 5.2 and Lemma 5.3 produces the fol-
lowing theorem.

Theorem 5.4. Let R be aring, and let / be an ideal of R[«, a2, ..., a,]. Then [ is pure
ideal of R[aq, a2, ..., ] if and only if I = Iy + Ipa + lpoa + - - - 4+ Tpar,, with I a
pure ideal of R.

The following result is a direct consequence of Theorem 3.2 and Theorem 5.4.

Corollary 5.5. Let R be a ring, and let / be a pure ideal of R« {, a2, ..., ¢, ]. Then I
never be maximal nor prime ideal.

References
[1] Atiyah MF, MacDonald IG. Introduction to Commutative Algebra. Boston, MA,
USA: Addison-Wesley Publishing Company, 1969.

[2] G. De Marco, A. Orsatti, Commutative rings in which every prime ideal is contained
in a unique maximal ideal, Proc. Amer. Math. Soc., 1971, 30 (3): 459-466.

[3] G. De Marco. Projectivity of pure ideals, Rend. Sem. Mat. Univ. Padova,1983, 68:
289-304.

[4] Kai Long, Qichuan Wang, Lianggui Feng. Morphic property of a quotient ring over
polynomial ring. Bulletin of the Korean Mathematical Society 2013, 50: 1433—-1439.

[5] Nasr-Isfahani A., Moussavi, A. On a quotient of polynomial rings, Commun Algebra
2010; 38: 567-575.

[6] Thomas Hungerford, Algebra, Graduate Texts in Mathematics, vol. 73, Springer-
Verlag, New York-Berlin, 1980.

[7] Vasantha Kandasamy W.B., Smarandache F., Dual Numbers, Zip publishing,
Ohio,2012.



