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Abstract

HP (R)-boundedness of Hausdorff operator is obtained by using the method of

atomic decomposition, molecular characterization and wavelet transform
for0<p<1.
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Introduction
E.Liflyand and F.Moricz [1] investigated the boundedness of Hausdorff operator
H,f of a function f € L'(R) generated by ¢ € L'(R) on Hardy space of type H'(I)

by using the theory of Hilbert transformation and Fourier Transformation.
Kanjin [2] obtained the HP(F)-boundedness of the Hausdorff operator and Cesaro

operator by using the method of atomic decomposition, molecular characterization
and Fourier transform for 0< p < 1.
From [2] the real Hardy space HP () is defined to be the space of boundary

distributions f{x)=Re(F(z)) of the real parts of function F(z) as z = x+it in the Hardy
space HP(R2)={F(z):F is analytic inR2%} and ||F||HP(R2):supt>0(f:';°|F(x+
+

it|? dx) /b for 0 < p < 1 on the upper half plane R% with the norm
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Now we recall the definition of Hausdorff operator from Y.Kanjin [2].
Let £, € L'(R). Then, the Hausdorff operator H, of a function f'in R generated

by ¢ is defined in such a way that its Fourier transform satisfies the following:

Ho )" (O)=" f tOp(&)dé, t € R. (1.2)

For a =1, 2, 3... the Cesaro operator C, of order « is given by
= [ H© (-8t dg (¢ 0)
f(0) (t=0)

Here C,= H,, when ¢,(&) = a(1-8)*" x1(§) where xqq) is the
characteristic function of the interval (0, 1).

Now we recall the definition of continuous wavelet transform from [3, pp-366-
367].

If p € L*(R) N L*(R), then ¢, (¢) is defined by the following way:

Yap(t) = \/%ll} (52) where a € R*,b € R. (1.3)

C,f(D =

Then the wavelet transform W, of a function f € L'(R) n L*(R) is defined by
Wy )b, @) = {f ¥ap) = | f()hap(t) dt fora € R*and b € R.

Using the Parseval formula for the Fourier transform we have
(Wll)f) (b' Cl):<f, l)lja,b) = (f' l:lja,b) _
= Jlal [__ exp(ibw) f W) (aw)dw. (1.4)

Let € L'(R). Then the wavelet transform of a function H,f € L'(R) n L*(R)
is defined by

Wy (Hof)(b,a) = [ exp(ibw)(H,, f)(w)ih(aw)dw. (L.5)

Now we give the definition of atomic decomposition and molecular
characterization of HP (R) from [2, p p.38-39]

Definition1.1 Let 0 < p < 1and k be an integer such that k > % — 1. A real valued

function a®(x) is called a (p, 2, k) atom if
(1) a®(x) is supported in an interval [c, c+h]
oo 1 P2

) lla®llz = (J_,la’()[>dx)z < k2w

(3) ffooo x/a®(x)dx = 0 for j = 0,1,2,3,....k.Then the atomic decomposition says
that for f € HP(R) there exist a sequence (a]‘-)) of (p, 2, k) atoms and a sequence
{4} of real numbers with Z,-|Aj|p < C||f||§p(R)such that f = ¥;4; a) the series
converging to f € HP(R) and also in the sense of tempered distributions.
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A real valued function M (x) is called a (p, 2, b) molecule centred at x,, if
(1) N(M) = [[MII37° 1M (. =x0)"1I5 < o
where b > 22 g = 22
2p 2pb
@ [* I M@E)dx=0,j=0,1,2,3,..... [% - 1].
N(M) is called the molecular norm of M(x).

The molecular characterization asserts that if f =3;M;with (p,2,b)
molecules M; as tempered distributions and ZjN(Mj)p < oo, then f € HP(R) and

p
If ey < CXN(M;)".

Hausdorff Operator
In this section we study the boundedness property of Hausdorff operator on Hardy
space HP(R) by using the theory of wavelet transformation

Theorem 2.1 Let 0 < p < 1 and r be the smallest integer such that » > Zz;pp.Suppose
that ¢ € L'(R) satisfies the following conditions

j (€D 21 p()|d € < o,

@ € C?7(R) with supy|x|"|@7 (x)] < o0, sup,|x|*" |9 (x)| < oo.

Let y be a wavelet of which derivatives of Fourier transform satisfy the following
condition
|DL P (aw)| < C.(1+ aw)™ 1> 0.

Then for a%(p, 2,r — 1)-atom a®, Wy,H,a® is a®(p,2,r)-molecule centered at 0
and N(WyH,a®) < C, where C is independent of the atoms a®.

Proof: Let0 < p < 1 and r be the smallest integer such that r > Zz;pp then we begin

with estimating the molecular norm N(WyH,f) for a (p,2,r —1) atom of a
function f, Using (1.5) we get
(ib)"(WyH,a®) (b, @)= [ Dy (e?®™)(aw) (H,a)(aw) dw.

By integration by parts we have
(ib)" (WyHya®) (b, )= (=1)" [, (™) D}, [ (aw)(H,aY(aw)] dw
= (=1)"F[Dy, [ (aw) (Hpa®Y(aw)]] (b).

Therefore,
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|@b)" (WyH,a®) (b, @), = ||F Dy (aw) (Hya) (aw) ()],

By Plancherel formula, the right hand side gives

@)™ (WyHypa®) (b, )|, = || D% [1(aw) (Hya®) (aw) |12

= [[25e0 () D5 [Hp @ 105 Paw)||

=%, [Zeo (1) D5 [Hpa®) 1D [ aw)]|” dw)s.

< (|20 (1) Dl [(Hp@®) »W)ICa (1 + law) ™

< Cosup (1 + 1awD (7 [Zhco (0) () 7 [¢Hpa o1l|| dw)

2 1
dw)z

Applying [2, Lemma2.1pp.40-41] we have
[|(ib)" (WyHypa®) (b, @), < Caylla®ll. (2.1)
=L < oo,

Now, by (1.5) we have
| (W, a®) b, )|, = IF I (aw) (tH,a®) " w)IB)],
=||ll7(aW)(Hwao)“(W)||2
< [|Co(1 + lawD ™' (Hya®) W),
< Cosupy, (1 + |aw]) ™ ||(Hq,,a0)"(w)||2
< Co [|(Hpa®) )],

From [2, p.40] we have
|(WyHya®) (b, )|, < CoDy l1a°ll,
=M< w©

where Do = [ (1€D™Y2|p(&)|d &, which yields
N(WyH,f) < (M)'°||Dy [ (aw) (Hpa®S @], ”.

From (2.1) and using the definition 1.1 we can find
N(WyH,f) < M7 1% <C

where C is a constant and independent of function f.

Theorem 2.2: Let 0<p<Lgel'(R)and f=X2,4a €L'(R)NL*(R)
satisfies the same conditions as in the theorem 2.1.Then the wavelet transform

WyH, f is bounded on HP (R).

Proof: We first discuss about the definition of W,,H,f for f € HP(R),0 <p <

1. We use the fact that a function of Lipschitz space Ax_, (R) defines a continuous
P
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linear functional on H? (R).
Let0<p<1andr> % —% be the smallest integer and suppose that ¢ satisfies

the same conditions as in the theorem 2.1.
We put
@(x) = P(tx).

Then for usual calculation we have

NS .
() | < 4; 1l
where
Aj = sup,|@’ (x)| and the constants 4; are finite.
Hence,

1Pell n, < CCL+ T¢I,
14

Let m(t) = < @,(W), P, (W) >. Then, by Schwartz inequality we have
Im(1 < @ellz||[apll,-

By the isometry of wavelet, the above expression yields

Im(®)] < [1@cll2119ll2.

Hence, we can write
Im()| <@+ [t ,.

This implies that,
m()={Pew), Pqp(w)) € ALy (R).

For every t € R,the function m(t)defines a continuous linear functional on
HP(R) and satisfies the following inequality
I{f (@), m)M < C+ [tIDNPI 2 fIl weegy s

where <., .> is the duality paring between H?(R) and Ax1_, (R) and C is independent
P

of f and t.
Now we define the wavelet transform of Hausdorff operator of a function f by

(WII)H(pf) (b,a) = (H(pf' l/Ja,b )
= ((Hp)"(W), Pap(W))
= ({f, @) Vap)
= {f (Pt Dap))
= (f(6), m(D)).
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Now we turn to the proof of the theorem.
Let 0 <p<1land rbe the smallest integer such that r > 1 —lLet fe

HP(R),we have an atomic decomposition f = ¥%2.¢4; a?, where 2 o |47 <

ClIf Ipryand @}’ is @ (p, 2,7 — 1) atom. From the theorem 2.1, we have
Y2 o N(GWyH,ad)P = X2, |4 N(WwH al)?
= CZ]=0 |’11|
< C I gy-

Thus, the series Y72, 4; Wy, H,,a; converges to a tempered distribution g in S" and
lgll apwry < CllIf Il gp(w), Where S is the Schwartz space.

Now it is enough to show that g = W, H,,f in S". Let h(b) € S, it follows that
< g,h>= %04 (WyH,a), h)
<g,h> Z, oA (WyH,ap, h)
2ol [ Wy Hya?(b,a)h(b)db
= 2 j:oﬂ, 2 (al(£), m(t)) h(b)db,

where (, ) is the duality paring between S and S’.
By the fact that|(a19(t),m(t))| < Cllm®llr, ®-
=1
P

We can change the order of sum and integral in the last term, it follows that
< g h>= f ZA (a?(t), m(£)Vh(b)db

= f_oo<f(t) m(t))h(b)db
= | (Wy Hy f) (b, a)h(b)db

Therefore,
g = Wqu,f in S,.

This completes the proof of the theorem.

Theorem 2.3: The wavelet transform of Cesaro operator is bounded on HP(R) for

2
(2a+1) <psl

Proof: We put ¢, (&) = a(1 — &) x(01) ().
Then,
Ca = H‘Pa = WwCa = Wl[)H(pa
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To prove ¢, € L*(R) we have
L2 1 @@l de = [Z |al = Oy (©)| dE
= [y a(t -9 df <o,

Next, ¢, (x)=/"" exp(—ix&)a(l — E)* Xy, (£)dE
= exp(~ix§)a(l — §)* " d&.

Now we put 1 — & = t, then
Py (x) = fol exp(—ix(1 — t))at* ! dt
. 2 ) 3
= [[[1—ix(1—1t) + (”‘(12_0) B CIC2) R U

6
1 —ix (=ix)? = (-ix)3
— | [—
Aot t ey Taag ]
(_lx)]]

= a! (—ix)"*[exp(—ix) — X, i

Hence ¢, satisfies both the conditions of theorem 2.1. Now using the theorem 2.1,
.. . . p 2
theorem 2.2 and Kanjin [2], we find that W, H,_is bounded on HP(R) for GeiD) <
p<1
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