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Abstract 
 

In this paper we discuss about a differential operator modeling using 
multiwavelets as a tool to solve partial differential equations (PDEs). It has 
been argued here that the advantages of smooth multiwavelets make them 
more suitable for solving PDEs by multiwavelet methods. Multiwavelet 
methods offer resolution at multilevels and higher approximation order in the 
boundary for a given filter length. Emphasis is given on calculation of a 
transition matrix for smooth multiwavelet bases. We propose a new multigrid 
method in conjunction with a transition matrix approach for solving PDEs to 
reduce the error near the boundary. The method is also applicable for any 
general boundary condition. Numerical results are discussed for a second-
order PDE. 
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1. Introduction   
Partial Differential Equations (PDEs) are powerful tools for modeling physical 
phenomena. Laplace’s equation, Poisson’s equation, Maxwell’s equations, and 
diffusion equations are a few examples which find wide engineering applications. 
Solving PDEs using wavelets has drawn a lot of research in recent years. The methods 
used to solve PDEs are broadly divided into two types, algebraic methods and 
numerical methods. Algebraic methods are suitable when the solution has a closed 
algebraic form. Numerical methods are the most suitable when the solution does not 
have a closed form. Wavelets and multiwavelets are among the latest tools used to 
solve PDEs numerically [1, 2]. 
     Solutions of PDEs using multiwavelets were developed by Alpert using Legendre 
type multiwavelets and it is proved that Legendre multiwavelets reduce the error to a 
level below that of scalar wavelets [3-5].  
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     Legendre multiwavelets are a mutation of Haar’s wavelet; they are piecewise 
linear and have short support, but they lack smoothness and are discontinuous. This 
leads to higher error when a continuous function is represented in a given space Vn

k, 
compared to those using smooth multiwavelets. Moreover Legendre multiwavelets are 
localized in time but not in frequency due to their discontinuity. Smooth 
multiwavelets have the advantage of being mostly simultaneously localized in time 
and frequency, of course within the limit imposed by Heisenberg’s uncertainty 
principle.  
     Problems in semiconductor theory, electromagnetism and fluid dynamics have 
smooth solutions. Thus the use of smooth multiwavelet bases provides a better 
representation of these solutions. In this paper we use smooth multiwavelets to solve 
PDEs and propose a new approach for reducing the error near the boundary with the 
help of new grid points of smaller size.  
     The use of multiwavelets offers distinct advantage over scalar wavelet based 
systems, for which smoother the wavelet, longer the support needed.  Multiwavelets 
avoid this difficulty by the use of a set of short support filters, yielding smoothness 
offered by wavelets with larger support, which leads to more compaction. In wavelets, 
symmetry is not possible unless we give up one of the other property like 
orthogonality. In multiwavelet bases, symmetry is possible without giving up 
orthogonality or other desirable properties.  The linear phase symmetry property of 
multiwavelets improves the performance in the boundary, compared to scalar 
wavelets [6]. The interpolating property of multiwavelet bases, makes the coefficient 
values to be the same as the values of the solution, a unique property not satisfied by 
scalar wavelets. 
     Partial differential equations are often integro-differential equations. The 
requirements for differential and integral operators are contradictory which results in 
dense matrices, while modeling integral operators, when wavelet bases are used [3]. 
The use of multiwavelet bases leads to sparse representation for both of these 
operators. Wavelet and multiwavelet systems make the numerical calculus of 
operators practical, leading to exact linear part schemes for time discretisation of 
operators [1, 2, 7, 8].   Multiwavelets have the extra advantage of accommodating 
boundary condition without losing the order of approximation by virtue of their short 
support. A multiwavelet base with m vanishing moments maintains convergence of 
order m-1, up to the boundary. Boundary error due to large filter length is a major 
problem in any signal processing applications, including those using scalar wavelets. 
Multiwavelets provide a solution to this problem as they consist of a group of short 
filters spanning a given support. This reduces the error at the boundary while 
maintaining the order of approximation. 
     In summary, multiwavelets have the ability to offer specified approximation order 
near the boundary, apart from other advantages like real valued basis functions with 
compact support, orthogonality, linear phase and symmetry simultaneously. These 
properties bring a wider scope and advantages to multiwavelets, compared to scalar 
wavelets. 
     The use of operator modeling converts differential equations to algebraic equations 
in the transform domain. These algebraic equations are solved to obtain the solution in 



Smooth Multiwavelet Bases  127 

the transform domain. An inverse transform gets the actual solution in the time or 
space domain. The methodology is illustrated by considering a simple first-order 
Ordinary Differential Equation(ODE) in the time domain as follows 

t
dt

du
 sinω=  (1) 

where t sinω  is the forcing function. 
Taking multiwavelet transform of both sides of equation (1) yields 

FRU =  (2) 

where F is the multiwavelet transform of the forcing function and RU is that of 
dt

du
. 

     R is defined as the transition matrix used to model the differential operator and U 
is the multiwavelet transform of u. Equation (2) is easily solvable to obtain the 
solution U. The actual solution u is obtained by taking the inverse multiwavelet 
transform of U.  
     The same methodology applied to the ODEs is applied to solve PDEs also. We 
demonstrate this with an example  

, xt uxu −=    ]1,0[        ∈∈ Ωx                  (3) 

where 

 ,R   ),( n∈= txuu ]1,0[    ∈x   and  ]1,0[    ∈t . 

The initial conditions at t = 0 is  

,  )()0,( 0 xxuxu ==    ],1,0[        ∈∈ Ωx     (4) 

and the boundary condition is  

  [0,1].   t  0,t)(0, ∈=u                         (5) 

     The exact solution is txeu −= . We denote )( 0tU  as the multiwavelet transform of 

the left-hand side of the equation (3) at t = 0. We make use of the initial conditions 
)0,(xu , together with the procedure used to solve the ODE to obtain the solution of 

(3) at t = 0. The solution ),( txu is computed by discretising the time interval   [0, 1] 
into N subintervals [3] of length Nt /1=∆  and by repeatedly computing  

) U()(  
1 j

t
j tetU ∆−

+ = , for j = 0, 1, 2 … N-1. (6) 

     Multiwavelets provide additional flexibility to incorporate boundary conditions in 
the operator modeling. The computation of the transition matrix is directly obtained 
for multiwavelet bases having closed form equations such as Legendre multiwavelets 
[9]. In this paper we propose a new method for computing the transition matrix in 
multiwavelet bases such as the DGHM multiwavelets which do not have a closed 
form representation. The method is a generalized one and can be directly applied to 
other types of multiwavelets as well. The use of smooth bases results in a reduction of 
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the error in representing differential operators, since the solution is not discontinuous 
in most of the natural phenomena. The variation of the transition matrix for different 
sampling frequencies is computed, which reduces the computational requirement. The 
error in the boundary is reduced by incorporating boundary conditions into the 
operator. A new method using multigrid near the boundary is employed to reduce the 
boundary error further. 
     This paper is organized as follows. A brief review of multiwavelet theory and 
operator modeling concepts is presented in section 2. The new general method of 
operator modeling is described in section 3 and the new proposed method of error 
reduction with a numerical example follows in section 4. Concluding remarks are 
stated in section 5. 
 
 
2. Multiwavelet Bases and Differential operator Modeling 
Multiwavelets with scaling function -�W� and wavelet function ��W� are given by 

( ) ( ) ( ) ( )[ ]T
m tttt  

21     φφφΦ ⋅⋅⋅⋅⋅⋅⋅=                     (7.1) 

( ) ( ) ( ) ( )[ ]T
m

 
21 t t   tt ψψψΨ ⋅⋅⋅⋅⋅⋅⋅=                  (7.2) 

Figure 1 shows the scaling and wavelet functions for the Donovan, Geronimo, Hardin 
and Massopust (DGHM) multiwavelet system [10]. 
 

 
Figure 1:�'*+0�PXOWLZDYHOHW�VFDOLQJ�IXQFWLRQ�31 DQG�32 and corresponding wavelet 
IXQFWLRQV�%1�DQG�%2.  
 
 
The two-scale difference equations for multiwavelets are similar to those of the scalar 
wavelets. -�W� and ��W� can be expressed by the two-scale difference equations. 

31 3�2 

%1 %2 
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( ) ( )∑
∞

−∞=

−=
m

m mtHt 22 ΦΦ               (8.1) 

 ( ) ( )∑
∞

−∞=

−=
m

m mtGt 22 ΦΨ              (8.2) 

 
where mH  and mG  are k×k matrix filters.  

     Using fractal interpolation, Geronimo, Hardin and Massopust [10] constructed 
GHM multiwavelet functions with k = 2. The matrix filters mH  and mG are given for 

m = 0, 1, 2 and 3. 













−
=

3/20-       40/2

5/22             10/3
20H             (9.1) 











−
=

1/2           40/29

0                    10/3
21H             (9.2) 











−
=

3/20-         40/2

0                            0
22H             (9.3) 











−
=

0               40/2

0                           0
23H             (9.4) 








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



−−

−
=

 20/23      20/1

3/20-          40/2
20G            (10.1) 










=

0                     20/9

1/2-              40/29
21G            (10.2) 













−
=

20/23          20/9

3/20-           40/29
22G           (10.3) 









−=
0                        20/1

0                  40/2
23G           (10.4) 

     The two-scale difference equations (8.1) and (8.2) show that the k×k matrix low 
pass filter mH  and the k×k matrix high pass filter mG require an input of vectors 

during the convolution step. This needs a prefiltering step to convert the input data 
samples to vectors of size k. Interpolating prefilters, quadrature based prefilters, and 
Hardin-Roach prefilters [11, 12] are prefilter types that can be used with multiwavelet 
bases. 
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     In summary, the data samples need prefiltering before they be given as input to a 
multiwavelet transformation step. The use of prefilter minimizes the energy 
compaction ratio of the multiwavelet coefficients. The energy compaction ratio is 
defined as the total energy of the output from high pass portions of the analysis filter 
bank divided by the total energy of the input signal [13]. Thus smaller the ratio, better 
the energy compaction. 
     Due to the preprocessing step, a postprocessing is required after taking the inverse 
multiwavelet transform for the reverse process of converting the vectors back to 
scalar. The use of balanced multiwavelets, eliminates the need of prefiltering and 
postprocessing steps [14, 15]. 
 
 
2.1 Modeling the Operator dxd /  in Multiwavelet  Bases 
 
A function f  ∈ ])1,0([∞C  can be approximated by fPk

n  and its derivative by fT k
n  in 

the space k
nV  by a multiwavelet expansion [16, 17]. 

( )( )xfPk
n   is defined as 

( )( ) ( )          
12

0

1

0
∑∑

−

=

−

=

=
n

l

k

j

n
jl

n
jl

k
n xSxfP φ  (11) 

where n
jmS  represents the multiwavelet expansion coefficients of f(x) in the space 

k
nV [12]:          

    ( )           dx  )(
)1(2

2
∫

+−

−

=
l

l

n
jl

n
jl

n

n

xxfS φ  (12) 

In multiwavelet bases, a weak representation of the derivative operator is possible 
which makes it easy to apply boundary conditions without losing the approximation 
order.  
Let ( )( )xfT k

n   be the approximation of dxxdf /)(  in the space k
nV   

 
                                                              (13) 
 

where the coefficients n
ilS

~
 represent the multiwavelet expansion coefficients of 

dxxdf /)(  in the space k
nV :  

( )          .dx  )/)((
~

)1(2

2
∫

+−

−

=
l

l

n
jl

n
il

n

n

xdxxdfS φ  (14) 

Using (12) and (14) the kk ×  transition matrix 




 n

lm
r  is defined to satisfy 

[ ]∑∑
−

=

−

=

=
12
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          r
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where l, m = 0, 1, 2,…, 2n-1, 
 

and [ ] ( )( ) ( )          dx. d/dx r
)1(2

2

 ∫
+−

−

=
l

l

n
jm

n
ilij

n
lm

n

n

xx φφ         (16)   

We use the two-scale difference equations (8.1) and (8.2) to compute[ ]   r ij
n
lm from the  

kk ×  transition matrix representation of the differential operator ( )d/dx  on the 

coarsest scale kV0 .                  

[ ] [ ]               2 r  ijml
nd

ij
n
lm r −=    (17) 

where d is the order of approximation, and  

[ ] ( )( ) ( ) (         dx. d/dx  r
0
∫ +=
s

jil lxxij φφ   (18) 

 The kk ×  transition matrix [ ] ijl  r  is the representation of ( )d/dx  on the coarsest scale 

kV0  and [0, s] is the support of -�[�. 

For DGHM multiwavelets with k = 2, the value of d is unity. 
Since dxd /  is a local operator, lr = 0 for all values 1>l . 

Thus ∑
−

=
+−− ++=

1

0

1,101,1 )][][]([2
~ k

j

lj
n

ij
n
jlijlj

n
ij

nn
il SrSrSrS . (19) 

Equation (19) suggests that dxd /  operator modeling is the computation of block 
stencils ][ and][],[ 101 rrr − [3, 9]. 

 
 
3.  Computation of Transition Matrix for DGHM Multiwavelets 
A Case Study 
A very natural approach to generalize the differential operator modeling using smooth 
multiwavelet bases is to use DGHM multiwavelet with k = 2. A function f can be 

represented in the space k
nV  with the expansion coefficients njmS  and dxxdf /)(  by n

ilS
~

 

[ ]








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

⋅⋅⋅

⋅⋅⋅
=

−

−
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n

n
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SSSS
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jm   (20) 
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
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
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

⋅⋅⋅

⋅⋅⋅
=

−

−

121,1,11,11,0

120,0,20,10,0

~
  

~
  

~
  

~

~
 

~
  

~
  

~

 
~

n

n

SSSS

SSSS
Sn

jm  (21) 

In matrix form, n
jmS and n

ilS
~

 are related by  
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][]
~

[ n
jm

nn
jm SRS =  (22) 

For the central difference operatorCD , the matrix nR [18] can be expressed as 



















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
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

⋅⋅⋅
⋅⋅⋅

⋅⋅⋅⋅⋅⋅
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⋅⋅⋅
⋅⋅⋅
⋅⋅⋅

=

01

1-01

1-01

1-01

1-0

      0      0    0    0   0

            0    0    0   0

                                      

                                      

0 0   0   0            0

0 0   0   0   0         

0 0   0   0   0   0      

rr

rrr

rrr

rrr

rr

Rn  (23) 

where         







=








=








=

111   110

101100
1

111-   110-

101-100-
1-

011   010

001000
0

  
 and  

  
  , 

  

rr

rr
r

rr

rr
r

rr

rr
r

. 

 
3.1 Computation of the Central Difference Operator 
We propose a simple and direct method to compute0r , 1r  and 1-r . 

Equation (19) can be expanded for an arbitrary value of l where 1<l<2n-2: 
 

[ ]  ][][][][][][2
~

1,10111,0001,1010,00001,10111,0001 +−+−−− +++++= llllll
n

ol SrSrSrSrSrSrS         (24) 

[ ]1,11111,0101,1110,01001,11111,01011 ][][][][][][2
~

+−+−−− +++++= llllll
n

l SrSrSrSrSrSrS  (25) 

     In matrix form, equations (24) and (25) can be represented as 

[ ]T
llllll

n

l

ol SSSSSS
rrrrrr

rrrrrr

S

S  
1,11,0,1,01,11,0

111110011010111110

100100001000101100

1
               

               
2~

~

++−−

−−

−−








=












 (26) 

     The transition matrix is defined by the integral [9] 

   [ ] ∫
+−

−

+=
)1(2

2

)().(/
l

l

ijijl

n

n

dxxlxdxdr ϕϕ  (27)  

     Note that in equation (27), [ ]
ijlr  depends only on the basis functions, and is 

independent of the signal. This fact is employed to compute[ ]
ijlr . Multiwavelet 

coefficients of a smooth function f(x) (may be a sinusoidal signal represented in 
space k

nV ) is computed to obtainn
jmS . The multiwavelet coefficients of dxxdf /)(  will 

yield n
ilS

~
. We use n

jmS and n
ilS

~
 in (26), to obtain the block stencils [r0], [r-1] and [r1] 

[18, 19]. Care must be taken while selecting l value in (26) so that the  function or its 
derivative does not  have any discontinuity or singularity near l, as one needs higher 
resolution space for their complete representation. 
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3.2 Computation of the Backward Difference Operator  
Backward difference operators also can be used to model using  

n
ilS

~
= bD n

jmS  (28) 

where 































⋅⋅⋅
⋅⋅⋅

⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅

⋅⋅⋅
⋅⋅⋅
⋅⋅⋅

=

01

01

01

01

c
0

      0      0     0    0   0

0            0     0    0   0

                                      

                                      

0 0   0   0   0          0

0 0   0   0   0    0      

0 0   0   0   0    0   0   

rr

rr

rr

rr

r

Db   (29) 

and c
0r  is the corrected stencil near the left boundary to reduce boundary error. 

Multiplication of the first row of bD  with the first column of n
jmS  gives 

[ ] 







=












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00 .~

~

S

S
r

S

S c
0  (30) 

or [ ] 







=

10

00c
 01 0

c
 00 000     

~
S

S
rrS and [ ] 








=

10

00c
 11 0

c
 10 010     

~
S

S
rrS  (31) 

     Equation (31) can be solved to obtain cr0 as described in section 3.1, by generating 
n

ilS
~

 and n
jmS  for two different signals satisfying the requirements given in section 3.1. 

     For any value of l, 0 < l < 2n-1, using (28) and (29) we obtain 

[ ] [ ] ll

l

l SrSr
S

S
  ~

~

 01 1

1

0 +=











−  (32) 

Equation (32) yields two linear equations:  

lllll SrSrSrSrS ,1 012,0 0111,1 1121,0 1110

~ +++= −−  (33) 

lllll SrSrSrSrS ,1 022,0 0211,1 1221,0 1211

~ +++= −−  (34) 

The matrices  0r and  1r are obtained by solving (33) and (34)  

Table 1 shows the values obtained for cr0 ,  0r and  1r using DGHM multiwavelets. 

 
Table 1: Block stencils of the transition matrices for first-order derivative using Db 

(DGHM multiwavelet and Hardin-Roach prefilter with approximation order2 (ap2) 
[12, 13], for k=2) 

c
0r  0r  1r  










−
−

22

222
 









−
−

38115.02

58774.022
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






−
−

388.20

4251.30
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     The block stencils can be computed directly for the subspace k
nV  by multiplying 

c
0r , 0r and 1r by the factor 2nd where d is the degree of homogeneity of the operator.  

     A similar method can be used for forward difference operators to model d/dx  
using multiwavelets to satisfy the following relation (35) 
 

n
ilS� = fD n

jmS  (35) 

where 

l l
0 -1

0 -1

0 -1

      0     0    0    0   0  0

0            0    0    0   0  0

0     0           0    0   0 0

                                      

                                  
f

r r

r r

r r

D

⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅

= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

0 -1

r
0

    

0    0     0       0      0      

0    0     0       0      0   0   

r r

r







 ⋅ ⋅
⋅⋅ ⋅


⋅⋅ ⋅  

           (36) 

 
     A similar procedure for computing bD  is used to obtain fD . 

     The method described in section 3 can be employed for other types of 
multiwavelets with corresponding prefilters and also for balanced multiwavelets. 
 
 
4. Reduction of the Error in Boundaries 
The reduction of the boundary error is illustrated using the PDE 

xxt uu ))1/(1( 2 −= π ,  [0,1]     , ∈∈Ωtx                 (37) 

where nRtxuu     ),( ∈= ,  [0,1]   ∈x  and [0,1]   ∈t . 

The initial conditions are 

)  sin( )()0,( 0 xxuxu π== ,          (38) 

and the boundary conditions are 

010 == ,t)u(,t)u( .                 (39) 

The exact solution is ). sin( ))1/(( 22

xeu t πππ −−=  (40) 
     The solution obtained by using the transition matrix approach described in   section 
3 at time t = 0.15608 and 0.9002 is shown in Figure 2. The transition matrix shown in 
Table 1 is used to solve the equation (37), to obtain the solution for ]1,0[, ∈tx  with 2n 
sample points.  
     The algorithm for obtaining the solution is as follows. The right-hand side of 
equation (37) can be expressed in terms of multiwavelet expansion coefficients in the 
space k

nV . 
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     We denote the multiwavelet transform (with necessary prefiltering) of x as 
MWT{x} and use equation (22) 

MWT { xxu } ][RR[RU]= 2 U=           (41) 

where RU  is the MWT { xu } and R[RU]or ][R2 U  is defined as the MWT 

{ xxu }.The error in modeling the second order derivative can be reduced by using the 

relation  
2/)(2

f
T
fb

T
b DDDDUR +=                          (42) 

Equation (37) can be represented in the multiwavelet transform domain, with the use 
of (41) at time t0 = 0 as  

)0,())1/(1()( 22
0 xURtU −= π                     (43) 

where )0,(xU in the MWT { )0,(xu }. 

     We use the equation (43) to compute )( 0tU  at t = 0. The values of )( 1tU  at time 

tt ∆=1  is obtained by the use of (6)  

) U()( 0
))1/((

1

22

tetU t∆ππ −−=  (44) 

The value of )( 1tU can be used to solve the equation  

),())1/(1()( 1
22

1 txURtU −= π        (45) 

to obtain the new value of ),( 1txU . The inverse multiwavelet transform of ),( 1txU , 

followed by the necessary postfiltering, gives solution at the 2n sample points ),( 1txu . 

     The procedure is repeated to obtain the values of u for the time tt  22 ∆= , 

tt  33 ∆= ,…, tNtN  )1(1 ∆−=− . 

     The obtained result is compared with the actual solution and the error is computed 
and is shown in Figure 3.  Using Figures 2 and 3, it is inferred that the six  
left-most samples and six right-most samples are giving a boundary error even after 
using the corrected stencil c0r at the boundaries. 

     The error in the boundary has a maximum value of 0.1605 at time t = 0.9002, 
whereas that at the interior points is 1x10-5. The maximum error at the interior points, 
if we use the same algorithms with Legendre multiwavelets, is of the order of 10-3. 
This indicates the advantage of smooth basis functions. The error at these six points 
near the left and right boundary at time t = 0.9002 can be further reduced by using an 
algorithm using new grid as follows. 
 
Step 1. The initial condition )  sin( )()0,( 0 xxuxu π==  is approximated in the 

space k
nV 1+ by taking the multiwavelet transform. We use the multiwavelet coefficients 

obtained in equation (15) to compute the values of )( 0tU . 
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Figure 2: Solution of the PDE xxt uu ))1/(1( 2 −= π  obtained using the transition matrix 

(DGHM Multiwavelet with ap2 prefilter type) at time t = 0.15608 and 0.9002. 
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Figure 3: Magnitude of the error in the solution of the PDE  xxt uu ))1/(1( 2 −= π  

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2 
prefilter type).  
 
Step 2.  The values of )( 0tU  obtained in step 1 is used to compute the solution ),( txu  

with a new grid size of 1/2n+1 by a similar procedure discussed in section 4. The new 

x  

u 

|Error| 

x  
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boundary conditions are u(0,0.9002) = 0 in the left and that on right is the value of 
u(x,0.9002) obtained at x = 7/2n and t = 0.9002 in the space knV . The right boundary of 

the new grid will still produce an error but the calculation for    x > 5/2n need not be 
done again because the solution is already obtained from the first grid itself. This 
reduces the extra computation required.  
     The steps 1 and 2 can be repeated again by reducing the grid by a factor of 2 each 
time, with the proper boundary conditions until a desired error tolerance or maximum 
resolution needed for x is met. A similar procedure is applied to the right boundary as 
well.  
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Figure 4: Magnitude of the error in the solution of the PDE  xxt uu ))1/(1( 2 −= π  

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2 
prefilter type) near the left boundary for the first multigrid with a grid size 1/4 of the 
actual size. 
 
The same algorithm can be used if the grid size is reduced by a factor of 2p instead of 
2, where p is an integer. Figure 4 shows the error in the left boundary using a 
multigrid of size  1/2n+2. It may be noted that the error for 6/2n+2 to 5/2n is reduced to a 
maximum of 8.5 ×10-8. The process of introducing new grids on the left boundary 
may be done until the boundary error is below the maximum permissible limit or a 
maximum resolution in x is reached. 
     A similar procedure can be done at the right boundary also until the error is below 
the maximum error permitted or a maximum resolution in x is reached. Figure 5 

shows the error in the left boundary for a multigrid of size 1/2n+4. It may be noted that 
the error for 6/2n+4 to 5/2n+2 is reduced to a maximum of 6.1 ×10-10.    
Figure 6 shows that by reducing the size of the grid by a factor of 4 near the 
boundaries only after two iterations the error near the boundaries has reduced to a 
value even less than that of the interior points.   

x  

|Error×10-8| 
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Figure 5: Magnitude of the error in the solution of the PDE  xxt uu ))1/(1( 2 −= π  

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2 
prefilter type) near the left boundary for the second multigrid with a grid size 1/16 of 
the actual size. 
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Figure 6: Magnitude of the error in the solution of the PDE  xxt uu ))1/(1( 2 −= π  

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2 
prefilter type) after a two-step multigrid correction near both left and right boundaries. 
 
    
5. Conclusion 
We demonstrated a general method to compute transition matrices required to solve 
PDEs. The smooth multiwavelet bases give less error compared to scalar wavelets and 
Legendre-type multiwavelets. The method proposed improves the error by 2 orders of 

|Error×10-12| 

x ×10-6 

x  

  |Error×10-5| 
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magnitude, for the same computational requirement when smooth multiwavelets are 
employed. The error near the boundary can be made smaller than that in the interior 
points by the new approach of introducing multigrids near the boundary alone. The 
method can be extended to 2-dimensional and 3-dimensional cases also. 
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