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Abstract

In this paper we discuss about a differential operator modeling using
multiwavelets as a tool to solve partial differential equations (PDES). It has
been argued here that the advantages of smooth multiwvavelets make them
more suitable for solving PDEs by multiwavelet methods. Multiwavelet
methods offer resolution at multilevels and higher approximation order in the
boundary for a given filter length. Emphasis is given on calculation of a
transition matrix for smooth multiwavelet bases. We propose a new multigrid
method in conjunction with a transition matrix approach for solving PDEs to
reduce the error near the boundary. The method is also applicable for any
general boundary condition. Numerical results are discussed for a second-
order PDE.
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1. Introduction
Partial Differential Equations (PDEs) are powerful tools for modeling physical
phenomena. Laplace’s equation, Poisson’s equation, Maxwell’s equations, and
diffusion equations are a few examples which find wide engineering applications.
Solving PDEs using wavelets has drawn a lot of research in recent years. The methods
used to solve PDEs are broadly divided into two types, algebraic methods and
numerical methods. Algebraic methods are suitable when the solution has a closed
algebraic form. Numerical methods are the most suitable when the solution does not
have a closed form. Wavelets and multiwavelets are among the latest tools used to
solve PDEs numerically [1, 2].

Solutions of PDEs using multiwavelets were developed by Alpert using Legendre
type multiwavelets and it is proved that Legendre multiwavelets reduce the error to a
level below that of scalar wavelets [3-5].
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Legendre multiwavelets are a mutation of Haar's wavelet; they are piecewise
linear and have short support, but they lack smoothness and are discontinuous. This
leads to higher error when a continuous function is represented in a given shace V
compared to those using smooth multiwavelets. Moreover Legendre multiwavelets are
localized in time but not in frequency due to their discontinuity. Smooth
multiwavelets have the advantage of being mostly simultaneously localized in time
and frequency, of course within the limit imposed by Heisenberg's uncertainty
principle.

Problems in semiconductor theory, electromagnetism and fluid dynamics have
smooth solutions. Thus the use of smooth multiwavelet bases provides a better
representation of these solutions. In this paper we use smooth multiwvavelets to solve
PDEs and propose a new approach for reducing the error near the boundary with the
help of new grid points of smaller size.

The use of multiwavelets offers distinct advantage over scalar wavelet based
systems, for which smoother the wavelet, longer the support needed. Multiwavelets
avoid this difficulty by the use of a set of short support filters, yielding smoothness
offered by wavelets with larger support, which leads to more compaction. In wavelets,
symmetry is not possible unless we give up one of the other property like
orthogonality. In multiwvavelet bases, symmetry is possible without giving up
orthogonality or other desirable properties. The linear phase symmetry property of
multiwavelets improves the performance in the boundary, compared to scalar
wavelets [6]. The interpolating property of multiwavelet bases, makes the coefficient
values to be the same as the values of the solution, a unique property not satisfied by
scalar wavelets.

Partial differential equations are often integro-differential equations. The
requirements for differential and integral operators are contradictory which results in
dense matrices, while modeling integral operators, when wavelet bases are used [3].
The use of multiwavelet bases leads to sparse representation for both of these
operators. Wavelet and multiwavelet systems make the numerical calculus of
operators practical, leading to exact linear part schemes for time discretisation of
operators [1, 2, 7, 8]. Multiwavelets have the extra advantage of accommodating
boundary condition without losing the order of approximation by virtue of their short
support. A multiwavelet base witm vanishing moments maintains convergence of
order m-1, up to the boundary. Boundary error due to large filter length is a major
problem in any signal processing applications, including those using scalar wavelets.
Multiwavelets provide a solution to this problem as they consist of a group of short
filters spanning a given support. This reduces the error at the boundary while
maintaining the order of approximation.

In summary, multiwvavelets have the ability to offer specified approximation order
near the boundary, apart from other advantages like real valued basis functions with
compact support, orthogonality, linear phase and symmetry simultaneously. These
properties bring a wider scope and advantages to multiwavelets, compared to scalar
wavelets.

The use of operator modeling converts differential equations to algebraic equations
in the transform domain. These algebraic equations are solved to obtain the solution in
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the transform domain. An inverse transform gets the actual solution in the time or
space domain. The methodology is illustrated by considering a simple first-order
Ordinary Differential Equation(ODE) in the time domain as follows

du_ sinwt (1)
dt

wheresinwt is the forcing function.
Taking multiwavelet transform of both sides of equation (1) yields

RU=F )

whereF is the multiwavelet transform of the forcing function &R is that of%.

R is defined as the transition matrix used to model the differential operatdy and
is the multiwavelet transform afi. Equation (2) is easily solvable to obtain the
solution U. The actual solutioru is obtained by taking the inverse multiwvavelet
transform ofU.

The same methodology applied to the ODEs is applied to solve PDEs also. We
demonstrate this with an example

u =-xu,, x0OQO[0]] 3)
where
u=u(xt) OR",xO[0] andt O[01]
The initial conditions at= 0 is
u(x,0) =u,(x) =x, x0Q O[01], 4)
and the boundary condition is
u(0,t) =0, t 0[0,1]. (5)

The exact solution i = xe™. We denoteJ (t, )as the multiwavelet transform of

the left-hand side of the equation (3)tat 0. We make use of the initial conditions
u(x,0), together with the procedure used to solve the ODE to obtain the solution of

(3) att = 0. The solutionu(x,t s computed by discretising the time interval [0, 1]
into N subintervals [3] of lengtiit =1/ N and by repeatedly computing

U(ti+1)=e?" U(), forj=0,1, 2 ...N-1. (6)

Multiwavelets provide additional flexibility to incorporate boundary conditions in
the operator modeling. The computation of the transition matrix is directly obtained
for multiwavelet bases having closed form equations such as Legendre multiwavelets
[9]. In this paper we propose a new method for computing the transition matrix in
multiwavelet bases such as the DGHM multiwavelets which do not have a closed
form representation. The method is a generalized one and can be directly applied to
other types of multiwavelets as well. The use of smooth bases results in a reduction of
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the error in representing differential operators, since the solution is not discontinuous
in most of the natural phenomena. The variation of the transition matrix for different
sampling frequencies is computed, which reduces the computational requirement. The
error in the boundary is reduced by incorporating boundary conditions into the
operator. A new method using multigrid near the boundary is employed to reduce the
boundary error further.

This paper is organized as follows. A brief review of multiwavelet theory and
operator modeling concepts is presented in section 2. The new general method of
operator modeling is described in section 3 and the new proposed method of error
reduction with a numerical example follows in section 4. Concluding remarks are
stated in section 5.

2. Multiwavelet Bases and Differential operator Modeling
Multiwavelets with scaling functiow(z) and wavelet functiot?(z) are given by

o(t)=[alt) @ t)mmm, )" (7.2)
W(t)=[w,(t) w,(t)mmmy,, &) (7.2)

Figure 1 shows the scaling and wavelet functions for the Donovan, Geronimo, Hardin
and Massopust (DGHM) multiwavelet system [10].

/\@1 ¢2
\’\/\7\/v J\%\f

Figure 1: DGHM multiwavelet scaling function ¢1 and @, and corresponding wavelet
functions y; and yo.

The two-scale difference equations for multiwavelets are similar to those of the scalar
wavelets.@(t) and¥(z) can be expressed by the two-scale difference equations.
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o(t)=+2 iHmcb(Zt—m) (8.1)
wi)=+2 3 G0 -m) (8.2)

whereH , andG,, arekxk matrix filters.

Using fractal interpolation, Geronimo, Hardin and Massopust [10] constructed
GHM multiwavelet functions withkk = 2. The matrix filtersH  and G are given for

m=0, 1, 2and 3.
[(3/10 22 /50
V2 V2 0

H, =20 9.1)
" TBEV2140 31208

_ 5810 00 ©2)

1TV He2/40 12 |

0 o0

H2:\/§D 0 (9.3)
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[0 oo

H, =2 O (9.4)
T+2/40 0
O-y2/40  -3/20U
F1/20 -3J2/20F
_1/20

01:\/5@*5/40 172 (10.2)
/20 0 f
(92140 -3/200

G :\/ED\/_ O (10.3)
F9/20  3J2/209
O 0

G3=\/§H J2140 of (10.4)
/20 0F

The two-scale difference equations (8.1) and (8.2) show thakkheatrix low
pass filter H , and thekxk matrix high pass filterG  require an input of vectors

during the convolution step. This needs a prefiltering step to convert the input data
samples to vectors of size Interpolating prefilters, quadrature based prefilters, and
Hardin-Roach prefilters [11, 12] are prefilter types that can be used with multiwavelet
bases.
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In summary, the data samples need prefiltering before they be given as input to a
multiwavelet transformation step. The use of prefilter minimizes the energy
compaction ratio of the multiwavelet coefficients. The energy compaction ratio is
defined as the total energy of the output from high pass portions of the analysis filter
bank divided by the total energy of the input signal [13]. Thus smaller the ratio, better
the energy compaction.

Due to the preprocessing step, a postprocessing is required after taking the inverse
multiwavelet transform for the reverse process of converting the vectors back to
scalar. The use of balanced multiwavelets, eliminates the need of prefiltering and
postprocessing steps [14, 15].

2.1 Modeling theOperator d/dx in Multiwavelet Bases

A functionf 0 C*([01]) can be approximated bR*f and its derivative b f in
the spac¥ by a multiwavelet expansion [16, 17].
(Prt )(x) is defined as

2"-1k-1

ZZ%% (11)
where S represents the multiwavelet expansion coefficient$(Jfin the space
V¥ [12]:

27"(1+1)

= [1094] (x) dx (12)

In multiwavelet bases, a weak representation of the derivative operator is possible
which makes it easy to apply boundary conditions without losing the approximation
order.

Let (‘I’nk f )(x) be the approximation adf (x)/dx in the spac&/*

2"-1k-1

z Z Srap (x (13)

where the coefficientsaI represent the multiwavelet expansion coefficients of
df (x)/ dx in the space *:
_ 27"(1+1)

S = I(df (x)/ dX)¢j (x) dx. (14)

Using (12) and (14) th& x k transition matnxa n 0 is defined to satisfy

2"-1k-1

u—;Zh” (15)
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wherel, m=0, 1, 2,..., 2-1,

270 (1+1)

andlra ], = (a7 (<) (@/cx) g}, (x)ex. (16)

27"
We use the two-scale difference equations (8.1) and (8.2) to corlﬁlﬁxdiye from the

kxk transition matrix representation of the differential operafwidx) on the
coarsest scal¥,’ .

|.r|rr:1 Jij =2" [rl—m] i (17)

whered is the order of approximation, and
[ 15 = @ () (@/dx)g, (x+1)ax. (18)
0

The kxk transition matrix[rl] i is the representation dfl/dx) on the coarsest scale

V, and [0, is the support ofb(x).
For DGHM multiwavelets witlk = 2, the value ofl is unity.
Sinced/dx is a local operatom, = O for all valueg | | >1.

k-1

ThusS] = 23 (6] S * (1], S #r-d S (19)

Equation (19) suggests that/dx operator modeling is the computation of block
stencils[r,],[r,] and[r, I3, 9].

3. Computation of Transition Matrix for DGHM Multiwavelets

A Case Study

A very natural approach to generalize the differential operator modeling using smooth
multiwavelet bases is to use DGHM multiwavelet witks 2. A functionf can be

represented in the spalg with the expansion coefficients;, anddf (x)/dx by 5{‘

n |$0,0 S0,1 S0,2 D]]ISOZ” 1D
;.- )
o S S8,
g |-t S 52 Mg @)

In matrix form, S and 5{‘ are related by

) Jm
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[Sp]= R[S},

(22)

For the central difference operaly, the matrix R"[18] can be expressed as

(M, r, 0000 OID O
Bon 1 oooomm%
© r, r, 1,00 OD]]]IDD
R" = %] O O o0 Ej]
Eﬁ 00 00 [E
0 0 O Odr, ry, r,0O
oo omor 1=
%00 rOOlB’ _1 — é“-loo r—lOlEandrl — ['Tloo r101|:|
where 010 011D -110 r—lll|:| 110 rlllD‘

3.1 Computationof the Central Difference Operator
We propose a simple and direct method to computeandr .
Equation (19) can be expanded for an arbitrary vallievbere 14<2"-2:

~

Sy = 2'[110oS 02 +1l0sSis +lfolooS 01 +lMolosS, +1sooS 000 +[11losS )

S.I |-[r1]10S 0,/-1 +[r1]1lsl,|—1 +[ro]1oS 0.l +[ro]1lsl,| +[r—1]1os 0+1 +[r—1]1151,|+1]

In matrix form, equations (24) and (25) can be represented as

|$0 m100 o1 Tooo Toor M100 T00 T
L =2" o1 Sya So Sy Somu Sl|+1]
5B 10 M11 Toro Torr Ta0 Taaal]

The transition matrix is defined by the integral [9]

27" (1+1)

[n], = [d/dxp; (x+1); (x)dx

(23)

(24)

(25)

(26)

(27)

Note that in equation (271r,]ij depends only on the basis functions, and is

independent of the signal. This fact is employed to conﬁp]dte Multiwavelet
coefficients of a smooth functiof(x) (may be a sinusoidal signal represented in
spac&/*) is computed to obta@}‘m. The multiwavelet coefficients adif (x)/dx will
yield 5{‘. We useS;, and 5{‘ in (26), to obtain the block stencilg]} [r.1] and 4]

[18, 19]. Care must be taken while selectinglue in (26) so that the function or its
derivative does not have any discontinuity or singularity heas one needs higher

resolution space for their complete representation.
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3.2 Computation of the Backward Difference Operator
Backward difference operators also can be used to model using

S'=D, Sjnm (28)

0 000 o
&, f, 0 0 0 0 OMD

%)rlrooooommg

whereD, = 0O O Udm (29)
500 00
M 0 0 O dr, r, OO

andr, is the corrected stencil near the left boundary to reduce boundary error.
Multiplication of the first row ofD, with the first column ofS] gives

=[] (30)
@10 0 D
or §00 = [rOCOO 001] @ Dand %0 [rOlO Oll] @OO |:| (31)

Equation (31) can be solved to obtafras described in section 3.1, by generating

5{‘ and S; for two different signals satisfying the requirements given in section 3.1.
For any value df 0 <l < 2"-1, using (28) and (29) we obtain

o=l ]s .+ s (32)
@u
Equation (32) yields two linear equations:
S)I = rlll SO,I—:L + r112 %,I—l + r011 SO,I + I’012 %,I (33)
Sy TSyt S TSy 022 Sy (34)

The matrices, and r, are obtained by solving (33) and (34)
Table 1 shows the values obtained forr, and r, using DGHM multiwavelets.

Table 1: Block stencils of the transition matrices for first-order derivative using D
(DGHM multiwavelet and Hardin-Roach prefilter with approximation order2 (ap2)
[12, 13], for k=2)

r.OC r.0 rl
0-2 2\/55 BNE ~0587741| 0 -3.42513
H2  _ossum| [0 -23880

0O
N
N
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The block stencils can be computed directly for the subsgadey multiplying

r, ,f, andr, by the factor ¥ whered is the degree of homogeneity of the operator.

A similar method can be used for forward difference operators to model d/dx
using multiwavelets to satisfy the following relation (35)

S'=D; S, (35)
O, r, 0 0 0 O aJ
%) r, r, 0O 0 O @@ (%
g) 0O r,r, 0 0 OO cg

whereD, = 0O 0O 0 0O M (36)
h oo 00 0
m 0 0 oW o r,0
5) 0O 0 omm O 0;5

A similar procedure for computing, is used to obtaib; .

The method described in section 3 can be employed for other types of
multiwavelets with corresponding prefilters and also for balanced multiwavelets.

4. Reduction of the Error in Boundaries
The reduction of the boundary error is illustrated using the PDE

u, =@/(m*-Y)u,, xt 0Q 0O[0,1] (37)

whereu =u(x,t) O R", x 0[0,1] andt 0J[0,1].

The initial conditions are

u(x,0) = u,(x) =sin(T x), (38)
and the boundary conditions are

u(0,t) =u(1,t)=0. (39)
The exact solution is = e ™ @ Dtgingrx ). (40)

The solution obtained by using the transition matrix approach described in section
3 at timet = 0.15608 and 0.9002 is shown in Figure 2. The transition matrix shown in
Table 1 is used to solve the equation (37), to obtain the solutiagtfalf0,1] with 2"
sample points.

The algorithm for obtaining the solution is as follows. The right-hand side of
equation (37) can be expressed in terms of multiwavelet expansion coefficients in the
spaceV.©.
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We denote the multiwavelet transform (with necessary prefiltering) of x as
MWT{x} and use equation (22)

MWT {u_} = R[RU]=R?[U] (41)

where RU is the MWT ¢ } and R[RU]Jor R’[U] is defined as the MWT
{u,}.The error in modeling the second order derivative can be reduced by using the
relation

RU =(D/D,+D[D,)/2 (42)
Equation (37) can be represented in the multiwavelet transform domain, with the use
of (41) at timeto= 0 as

U (t,) = /(1> -1D)R?U (x,0) (43)

whereU (x,0)in the MWT {u(x,0) }.

We use the equation (43) to computé, atj = 0. The values ob (t, ht time
t, = At is obtained by the use of (6)

U(t,) =e ™" u,) (44)
The value ofU (t, ¥an be used to solve the equation
U(t,) = @/(m* -D))R%U (x,t,) (45)

to obtain the new value df (x,t, .)The inverse multiwavelet transform bf(x,t, , )
followed by the necessary postfiltering, gives solution atteample pointsi(x,t, )

The procedure is repeated to obtain the values @r the timet, = 2At,
t, =34t,..., t,., = (N -DAt.

The obtained result is compared with the actual solution and the error is computed
and is shown in Figure 3. Using Figures 2 and 3, it is inferred that the six
left-most samples and six right-most samples are giving a boundary error even after
using the corrected stengjf at the boundaries.

The error in the boundary has a maximum value of 0.1605 att tam@.9002,
whereas that at the interior pointslisl0°. The maximum error at the interior points,
if we use the same algorithms with Legendre multiwavelets, is of the ordeof 10
This indicates the advantage of smooth basis functions. The error at these six points
near the left and right boundary at titne 0.9002 can be further reduced by using an
algorithm using new grid as follows.

Step 1. The initial condition u(x,0) =u,(x) =sin(fTx ) is approximated in the
space&/ X, by taking the multiwavelet transform. We use the multiwavelet coefficients
obtained in equation (15) to compute the valués(gf . )
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4

X—»

Figure 2: Solution of the PDH), = (1/(7T* —1))u, . obtained using the transition matrix
(DGHM Multiwavelet with ap2 prefilter type) at time t = 0.15608 and 0.9002

0.2 f|Error|
0.16 .
0.12
0.08

0.04

0 0.2 0.4 0.6 0.8

Figure 3: Magnitude of the error in the solution of the PDE = (1/(77° -D)u,,
obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2
prefilter type).

Step 2. The values ol (t, Jobtained irstep 1is used to compute the solutioix,t)
with a new grid size of 172" by a similar procedure discussed in section 4. The new
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boundary conditions arg(0,0.9002)= 0 in the left and that on right is the value of
u(x,0.9002 obtained ak = 7/2" andt = 0.9002 in the spacé”. The right boundary of

the new grid will still produce an error but the calculation for > 5/2' need not be
done again because the solution is already obtained from the first grid itself. This
reduces the extra computation required.

The steps 1 and 2 can be repeated again by reducing the grid by a factor of 2 each
time, with the proper boundary conditions until a desired error tolerance or maximum
resolution needed foris met. A similar procedure is applied to the right boundary as

well.
|Errorx10f|

14.0 -

le.o 1
10.0 -
8.0 -
6.0 -
4.0 -
2.0 -

X—»
0-0 T T T
0.000 0.002 0.004 0.006

Figure 4: Magnitude of the error in the solution of the PDE, = (1/(7r* -1))u,,

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2
prefilter type) near the left boundary for the first multigrid with a grid size 1/4 of the
actual size.

The same algorithm can be used if the grid size is reduced by a factonstead of

2, wherep is an integer. Figure dhows the error in the left boundary using a
multigrid of size 1/2*2 It may be noted that the error for 2to 5/2' is reduced to a
maximum of 8.5 x18. The process of introducing new grids on the left boundary
may be done until the boundary error is below the maximum permissible limit or a
maximum resolution ix is reached.

A similar procedure can be done at the right boundary also until the error is below
the maximum error permitted or a maximum resolutiorx iis reached. Figure 5
shows the error in the left boundary for a multigrid of siz&*1/2 may be noted that
the error for 6/2* to 5/2*? is reduced to a maximum of 6.1 x0
Figure 6 shows thaby reducing the size of the grid by a factor of 4 near the
boundaries only after two iterations the error near the boundaries has reduced to a
value even less than that of the interior points.
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Figure 5: Magnitude of the error in the solution of the PDE, = (1/(1r* -1))u,,

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2
prefilter type) near the left boundary for the second multigrid with a grid size 1/16 of
the actual size.
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Figure 6: Magnitude of the error in the solution of the PDE, = (1/(7r* -1))u,,

obtained at time t = 0.9002 using the transition matrix (DGHM multiwavelet with ap2
prefilter type) after a two-step multigrid correction near both left and right boundaries.

5. Conclusion

We demonstrated a general method to compute transition matrices required to solve
PDEs. The smooth multiwavelet bases give less error compared to scalar wavelets and
Legendre-type multiwavelets. The method proposed improves the error by 2 orders of
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magnitude, for the same computational requirement when smooth multiwavelets are
employed. The error near the boundary can be made smaller than that in the interior
points by the new approach of introducing multigrids near the boundary alone. The

method can be extended to 2-dimensional and 3-dimensional cases also.
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