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Abstract

Using convolution thegr for the Chelgshev transform due to Butzer and
Stens, continuous Chgthev wavelet transform (CWT) is defined.

A generareconstructia formula is establishedA discree versian of the
CWT is also given and some of its properties are investigated.
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1. Introduction

Integral transforms involving special functions as kernels have been yisednb
authors for the construction of wavelets and wavelet transforms. Pathakxan@Di
have constructed Bessel wavelets and Bessel wavelet transforms using aheor
Hankel convolution. Wavelets on finite intervals involving solution of certain Sturm-
Liouville system have been studieg¢ Depcxnski [5]. Motivated from these works
we wish to develop a thepoof wavelets and wavelet transforms involving Gstiev
polynomials. These pghomials have been usedtensivey by Butzer et al [2] in
apprximation theoy. From these papers we recall certain definitions and properties
of Chelyshev poynomial and Cheyshev transforms which form the basis of this
work.

Let X denoe the spae L° (-11), 1<p<o, or C[-1,1] endowed with the

norms
1/p

1 ; l
e M=l 1, = B}J’If(x) I W(X)dXH <o, lsp<o; (1.1)

IIf lle=sw [T(x)], (1.2)

-1<x<1
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where
w(x)=(1-x*)™"2.

An inner product on X is given by

<f,g>,= ljf (x) g(x) w(x) dx. (1.3)
LLE

As usual we denote the Chebyshev polynomial by
T.(x)=cosfp cos'x), nO Ny x0O[-1]]. (1.4)

T, is a polynomial of degree n, J|E = 1 and the {J} satisfy the orthogonality
relation

1 m=n=0

1 i

— [T 00 T () w(x) o= 5 m=n#0 (1.5)
g) m#n

The Chebyshev transform of a functibhl X is defined by

OIAK) =f (k) = %{}f (x) T )w(x)dx, k ONo. (1.6)

The operatort] associates to eadh 1 X sequence of real numbeﬁ(k)ﬁ , called
=0

Fourier — Chebyshev coefficients.
By putting t = co® in (1.6) and using the fact that

J’f(cose) sin k6 do6 =0,
we have

[TF](k) = %1 }f (cos 8) €° d8 =F[fo cos](K), (1.7)

where F[ f o cos] (k) denotes the Fourier transform of the function @cos
The inverse Chebyshev transform is given by

TF] (x) = (x) = (0) + 221‘5 (K)T. (). (1.8)
Lemma 1.1Assume f, d1X and cUR, then

M ) <NIflL, KO Ng
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() (F+0)°(K) = (k) +9(K), (ch)(K) =cf (K);
i) limf (k) =0,

iv)  f(k)=0,kON, iff f(x)=0 a.e.;

1 k=n=0
H

(V) (Tn)D(k):g— k=n#0
A
g) k #n.

For a proof we may refer to [1].
Let us now define the translation operatgrwhich plays an important role in our
investigation. Fof JX and |y| <1, the translation operatay is defined by

(ryf)(x):f(x,y):%{f(xy+[(1—x2)(1—y2)]”2)+f(xy—[(l—xZ)(l—yZ)]”)} (1.9)

The translation operatay possesses the following properties.

Lemma 1l.2.Letf X and|y| <1. Then
OJN R | [ |

i (r,F) ) =(f) V)

iy lim I, f ~f [l =0,

) [1,F1°(K) = T (y) f(K);
(V) (TyTn) (X) = Tn (y)Tn (X)7 n D NO
The proof can be found in [1].

As in [1], for functions f, g defined and measurable on [-1,1], the Chebyshev
convolution is given by

1 1
(f*9) (v) = J(@H ) g(x) wx)dx (1.10)
-1
Theorem 1.3.If f OX, gL', , then (f*g) exists (a.e.) and belongs to X. Moreover,
E*all < lIf lkllglL; (1.11)
O m]
(f*9)" (k) =f (k) 9(k). (1.12)

The proof can be found in [1].

For any f OL? (-11), the following Parseval identity holds for Chebyshev
transform:
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2+%§F(k)

In this paper, motivated from the work on classical wavelet transforms (cf. [4], [6])
and more recent works (cf. [7], [8]), we define the Chebyshev wavelets and
Chebyshev wavelet transform and study their properties.

A general reconstruction formula is derived. A semi-discrete Chebyshev wavelet
transform is defined and a reconstruction formula, under a suitable stability condition,
is obtained. Furthermore, discrete Chebyshev wavelet transform is investigated. Using
Chebyshev wavelet, frame and Riesz basis [4] are also studied. A few examples of
CWT are given.

£(0) =|If IE - (1.13)

2. Chebyshev Wavelet Transform

For a functiony U X, define the dilation Rby
D, w(t) =y(at), o<ac<l. (2.1)

Using the translation operator (1.9) and the above dilation, the Chebyshev wavelet
Wp,a (t) is defined as follows

W, (1) =7, D, W) =T1,W(a) = Y(at b). (2.2)

1/2

= %{q;(abn [a-a2t2)a-b2)]"*) + (abt+ [1-a2t?)a- bZ)]”Z)}, 2.3)

where-1<b<1 and O<acx<l.

Now, using the wavelap,, ,the Chebyshev wavelet transform (CWT) is defined by

(O,f) (a) = <f(), w,.()>, (2.4)
=L IHOP,.0) Wt 25)
T
- % }f (0)T, W(@w(t)dt (2.6)

provided the integral is convergent.
Since by Lemma 1.2 (i) and (2.8), , X whenevenp X, by Theorem 1.3 the

integral (2.6) is convergent fdrC1L", (-1,1).

Corresponding to the usual admissibility condition for the classical wavelet, we
define the following admissibility condition for the Chebyshev wavelet,

o . k 2
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m]
From (2.7), we must havgs(0) = 0. Note that
u] 11
W(k) =—[w() T (Ow(D)dt.
L)
This and (2.7) together yield

0 1 1
T(0) = fw(t) To(Hw(t)dt= [y(t)w(t)dt=0.
-1 =1
Hence Y(t) changes sign in (-1,1). Therefore it represents a wavelet.

Theorem 2.1. If Y OX defines a Chebyshev wavelet apd L’ (-11), then the
convolution (J*@) defines a Chebyshev wavelet.
O
Proof. Let YOX and@OL',(-11). Then @ is a bounded function on
(-1,1). By Theorem 1.3p* @I X. We have
|[(W* @) (k) [
A, =
yre Z k
J 2 - 2
:le(k)l | (k) |
k

m]
2
< ole SIWROF _
oIk Z <
Therefore, (/* ¢) represents a Chebyshev wavelet.

Theorem 2.2Let f 0L, (-11) andpOX and (0,f)(b,a) be the continuous
Chebyshev wavelet transform. Then we have the following

@O0, < 1If k11wl

Proof. The above inequality follows from (1.11).

3. A General Reconstruction Formula

In order to derive a general reconstruction formula, we need the following Lemma.

Lemma 3.1. Let P be a basic wavelet which defines continuous Chebyshev wavelet
transform (2.6). Then

(0,F)°(k.a) = F (k) W(ak), (3.)
where
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W@k =" [1(@d T,(@w)dz. 32)
T
Proof. From (2.6), we have
(0,f) (b,a)= 1J’f ()T, Ww(atw(t)dt (3.3)
LIS
=(f(t)* w(ah) (b). (3.4)

From Theorem 1.3, it follows that

(0,17 (k,8) = (K)W(a, k),

which completes the proof of Lemma 3.1.

Theorem 3.2. Let Y be a basic wavelet which defines Chebyshev wavelet transform
(2.6) and q(a) > 0 be a weight function .
Assume that

Q9 = [ (@) w(a)da>0, 35)
where(a,k) is given by (3.2). Then

F(0)=1(0)+ [fala)(0, (0.2 (w(w (o) cad, 36)
where *?(t) is such that

b ()= 1,07 Q(K). (3.7)

Proof. From (3.1), we have

(0,F)°(k.a) = F (K)W(a.k);

so that

%J’(Dwt) (b,a) T, (b)w(b)db=fD(k)lJDJ(a, k).

O
Multiplying both sides byy(a,k)w(a) and the weight function g(a) > 0 and
integrating both sides with respect to a from 0 to 1, we have

%iq(a) uDJ(a, k)%(ﬂwf )(0,a)T, (b)w(b)d b@v(a)da: aq(a) | ljDJ(a, K) [P w(a)daaj (k) (3.8)
Using (3.5), (3.8) gives

0

f (k) T[Q(k)J’q(a) l.|J(a k)%"(ﬂ f)(b,a)T, (b)W(b)db@\/(a)da
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nQ(k)J'q(a)%[(D f)(b, a)l]J(a K)T, (b)W(b)dbév(a)da (3.9)
We have from (2.2),

W, (1) = 1,0 (a).

From Lemma 1.2 (iv) it follows that

W, . (K) = (@, k)T, (b). (3.10)

Using (3 10) in (3.9) we get
f(k) = ﬁ [a@[E,NE. 3) W, , ()w(@)w(b)dadb

From (3.7) it follows that
O b,a

fD(k) = 1—1TJ’q(a)J’(Dwf )b,y (K)w(a)w(b)dadhb. (3.11)
Putting (3.11) in (1.8), we have
f(t) :1‘D(O)+EZTk (t)IJ’q(a)(Dwf)(b,a)qDJ | (k)w(a)w(b)dadb

11 O ba

—f(0)+ 1IIq(a)(D f)(b, a)ZZ qJ (K)T, (t)w(a)w(b)dadb

—f(0)+1 I J’q(a)(D f)(b, a)w"*(t)w(a)w(b)dadb, (3.12)

O
since P(0) = 0. This completes the proof of Theorem 3.2.

Theorem 3.3. Assume that there exist positive constants A and B such that
0<A<Q(k)sB<ow, [k No. (3.13)
Let P°(t) be a function defined by means of its Chebyshev transform.

(@k)

w
3.14
w() oK) (3.14)
Then
(O UR OERNUN(F (3.15)
@ "L s AT W, L (3.16)

Proof (i). In view of Lemma 1.2(iv)
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L ) =T K

_T.(0) w(ak)

Q(k)
From (3.10) and (3.7), it follows that

A\ 0 b.a
Ly =0 .
Taking inverse Chebyshev transform of both sides, we get
T (1) =W(1).

(i) From (3.7), we have

O b,a

v (k) <A’

u?b,a(k)\. (3.17)

From (3.17) and (1.13), it follows that
MWL < AW, L

4. The Discrete Transform

The continuous Chebyshev wavelet transform of the function f in terms of two
continuous parameters a and b can be converted into a semi-discrete Chebyshev
wavelet transform by assuming that a™% JZ and-1<b<1.

Now, we assume thgt I L%, (—1,1) satisfies the so called “stability condition”
o [
A< S |w(2TK) ’<B (4.1)

for certain positive constants A and B, 0 < AB<o. The function
( O L% (—-1,1) satisfying (4.1) is called dyadic wavelet.

Using the definition (2.4), we define the semi-discrete Chebyshev wavelet
transform of anyf L% (-1,1) by

(04 (b) =(0,f) (b,zim) = <f().W,,.0>, .2)
- %if (0T, P2 "W (b)dt (4.3)
=¢foy,), (4.4)

where
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Y. (2 =Y "2), mOZ.
Theorem 4.1.Assume that the semi-discrete CWT of driyi L?w (—1,1) is defined by

(4.2).
Let us consider another wavelpt defined by means of its Chebyshev transform.

o =—s 3 (4.5)
Y W@ P
Then
F(t)=f(0) + z }(Dﬂ;f )(b)%i* (27"K)T, (1) Ew(b)db. (4.6)

Proof. In view of (4.4), for anyf L (-1,1), we have

f@+ [ )o) Eﬂ @ K)T, (1) E w(b)db

1

=f(0+Y [(EE) X b (2"K)T, (O, (yw(b)db
=(0)+Y y2 b @0 T, O (O3 BT, (BYw(o)db
- +my ¥ 24 2 ITO() ()

=f(0)+ 1y > 2n0 F)WE™K) U (277K)

PE"K) P2K)

=f(0)+ Tf; Z 2T, () T (k) sk 2

—f(0)+ 3 2 (K)T. (1)
- (0.

The above theorem leads to the following definition of dyadic dual.

Definition 4.2. A function Lb OL% (-11) is called a dyadic dual of a dyadic wavelet
, if everyf OL%w(-11) can be expressed as
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1

f(t):fD(O)+ZJ'

m -1

(5 )(b)ETDJ(Z'm K)Ti (D) H(b)w(b)db (4.7)

So far we have considered semi-discrete Chebyshev wavelet transform of any
f OL?w(-11) discretizing only variable a. Now, we discretize the translation
parameter b also by restricting it to the discrete set of points

b, . :Zimbo, mOZ, nONo , 4.8)

whereb, O[-1]] is a fixed constant. We write
l'|Jb0;m,n (t) = LIme,n?am (t) = l'|J(2_mt’2_m n bo) (49)
Then the discrete Chebyshev wavelet transform of &myL’.(-11) can be

expressed as
(L, 1) (bypan) =<f,W, n >u mJZ, nJ No. (4.10)

The “stability” condition for this reconstruction takes the form

2
AIIFIES 3 [<F W, >u| <BIIFIE UL (-1D), (4.11)
mLl
nONg

where A and B are positive constants such thatA < B < .

Theorem 4.3. Assume that the discrete CWT of ahylL®.(-11) is defined by

(4.10) and stability condition (4.11) holds. Let T be a linear operator on
L%,(-1,1) defined by

Tf = ; < f ’LIJbO;m,n >wl'|Jb0;m,n . (412)

nONg

Then

f=5 <t Wm0 > UL, (4.13)
where

ngqoqn = T_ll'IJbo;m,n; mUZ, nCNo.

Proof. From the stability condition (4.11), it follows that the operator defined by
(4.12) is a one-one bounded linear operator.

Set
g=Tf, fOL%(-1)).

Then, we have
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<Tf,f>= ; <f, Wy e >W|2.

nONg
Therefore

AT gIE= Al IE < <Tff >, =<g,Tg>, < lglLIIT glL;
so that

IT gl < ligll.
Hence, everyf OL?w(-11) can be reconstructed from its discrete CWT given by
(4.10). Thus

f=T7Tf = ;<f,¢b0;m,n > T Wy e (4.14)

nONg
Finally, set
Py =T Py es MOZ, nONo.
Then, the reconstruction (4.14) can be expressed as
f= m;<f’l'|-,bo;m,n 2w qumon )

nON,
which completes the proof of Theorem 4.3.

5. Frames and Riesz basis in4,(-1,1).

In this section, usingy, ..., a frame is defined and Riesz basis of
L%,(-1,1) is studied.

Definition 5.1. A function YOL?w(-11) is said to generate a frame
{quo;m,n}of L’ (-11) with sampling rate if (4.11) holds for some positive
constants A and B. If A = B, then the frame is called a tight frame.

Definition 5.2. A function YL (-11) is said to generate a Riesz basis of
{W,,.n} With sampling rate §if the following two properties are satisfied.
® The linear spar< ., 1M 0z > is dense in f,(-1,1) (5.1)

(i)  There exist positive constants A and B with (B < such that
2

(5.2)

2
(2

Al{C,aHE < > ConWima| < Bf{c,,.}

nONg 2

for all {c,,,} 0/*(N7). Here A and B are called the Riesz boundglof .., .} .
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Theorem 5.3.Let Y O L% (—11), then the following statements are equivalent.
() {Wyma} is aRiesz basis ofl(-1,1);

(i) {l'lJbO;m,n} is a frame of By(-1,1) and is also a® - linearly independent

family in the sense that if Y, ..c,,=0 and {c,}0¢",
then 6, » = 0. Furthermore, the Riesz bounds and frame bounds agree.

Proof. It follows from (5.2) that any Riesz basis/%-linearly independent.
Let {Y, ..} b€ a Riesz basis with Reisz bounds A and B, and consider the matrix
operator

M= I_yr,s,m,n J(r,s),(m,n)DNOXN0
where the entries are defined by

yr,s,m,n = <L|Jb0;r,s’l'|Jb0;m,n> . (53)
Then from (5.2), we have
A ”{Cm,n} ”(22 S zcr,syr,s,m,ncm,n S B ”{Cm,n} ”;’

rns,m,n

so that M is positive definite. We denote the inverse of M by

-1 _
M= [ur,s,m,n ](r,s),(m,n)DNS ! (54)
which means that both
Z ur,s;t,uyt,u;m,n = 6r,mas,m; r’sim7n DNO (55)
t,u
and
_ 2 ) 2
B ' |(Cm,n} 2 S Zcr,s ur,s,m,n Cm,n SA 1||{Cm,n} (2 (56)
are satisfied. This allows us to introduce
l'IJr’S(X) = Z ur,s;m,nl'l"bo;m,n (X) - (57)

Clearly, " 0L? (-1,1) and it follows from (5.3) and (5.5) that
<qu'S;Lpb0;m,n>W =9, ,,0.,; ,S,m, NN,

which means that"$} is the basis of £.(-1,1), which is dual t§W, ot -
Furthermore, from (5.5) and (5.6), we conclude that
(W= W™ =l

and the Riesz bounds af)f%} are B* and A™.
In particular, for anyf O L% (-1,1) we may write
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f (X) = z <f ’quo;m,n >w qu’n (X)

and B2 S |<f, W, ., > < IFIESA* S|ty 00> (5.8)

Since, (5.8) is equivalent to (4.11), therefore, statement
(i) implies statement (ii). To prove the converse part, we recall Theorem 4.3 and we

have for anyg 0 L% (-11) and f = T'g,
g(X) = ;<f ’l'IJbo;m,n >w l'IJbO;m,n -

m
nONg

Also, by the/” —linear independence qﬂpbo;m,n}' this representation is unique.

From the Banach-Steinhaus and open mapping theorem it followfyihat .} is a
Riesz basis of 4(-1,1).

6. Example of Chebyshev Wavelet

In this section the Chebyshev wavelet corresponding to the function
P(t) =t® ;t0O[-1]] is given.
Using representation (2.3), we have

P, ()= %{w(abw [(1— a’t?)(1- bz)]%) +(abt-[(1-a’t*)(1- bz)]l’z)}
= %{(abt+[(1—a2t2)(1— b?)]")? + (abt-[(1-a’t?)1-b>)]"?)°}
=a’b’t® + 3ab(1-b?)(t —a’t®). (6.1)

7. Example of Chebyshev wavelet transform

In this section an example of Chebyshev wavelet transform is given.

Let f(t)=t; Q(t)=t%t0O[-11].

Now, using representation (2.5) the Chebyshev wavelet transform of the function f(t)
with respect to the waveldt, {t) given by (6.1) obtained as follows:

_1
O,Hka)= Tlef (O, (WD)t

1 L @0t +3ab(1- b*)(t*- azt“)gd
== t
md, V1-t2
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==@’b dt+3ah(l-b*) [———dt-3a’b(1-b*) ——dt[
T _Il«/ —t2 J;Vl—t2 v1-t*> [
= 2 &b(db? -3) dt + 3ab(1- b?) dty

U ‘c[\/l—t2 't])’\/l—tz E

Making the substitution t = sih and evaluating the above integral, we have

(0,f)(b.3) = gba3(4b2 _3 +gab(1— b?).

8. Order of Approximation

In this section following the technique of Depczynski [5] a discussion on the
expansion off (L% (=1,1) in wavelet series is given and order of wavelet coefficient

Is obtained.
Let Nn,, m L N, be a strictly increasing sequence of natural numbers and denote by
Vm the space

Vv, = span{f, : i0A}, (8.1)
where A = { 1, ---, Ny} is any index set and {f is the basis of Hilbert space
L% (=1).

The spaces ) are linear and closed subspaces df, (-11) and
V., UV, .Moreover,

UV, =2 (-10). 8.2)
The ort;n]olgonal complement of\n V41 is denoted by W, i.e. we have

V. .=V, OW_ (8.3)
From (8.2) and (8.3), we have

vV, OW,0W, 0---=L2(-1)). (8.4)

Now, we study the approximation properties of the spages V
Let us consider the Chebyshev differential equation

. 2
(=) = =1 (8.5)
V1-x?

together with the following homogeneous boundary conditions

U, (f)=af(-D+a,f (1) =0,

U (f)=bf(-)+b,f(1)=0.

The eigenvalues of the above boundary value problem are given by

A, =n? nON.
Let To, Ty, T2, --- be the corresponding eigenfunctions.
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Now, we introduce the space
D ={f IW2[-11;U,(f)=0 and U,(f)=0}
whereW2[-11] ={f DC[-11];f"OL2 (-11)}.

We will always assume that zero is no eigenvalue of (8.5). From [5.p 236] we know
that the Green's function g(x,.y) of (8.5) is given by

g(x.y) = ZW () D[-L4 x[-11]

andG: L% (-11) D - L2 (-11) defined by

G(f) = fa(x,y) f(y) w(y) dy

is a compact operator with range D.
For r LN, set
G'=Go---0G(rtimeg
The iterated spaces,Ir [J Ng, are then defined by

D' ={G'(f):f OL2 (-11)}.

Note thatD® =L2 (-11) andD*=D andD' O D™.
From [5, p. 237], we also note that

fOD" = 2)& <f,T, > [P<oo (8.6)

We recall the following result from [5, p.237] about approximation with the spaces
Vi =span {h, T2 ----Tn}, Nm < Npsa.

Nl‘ﬂ
Theorem 8.1.Let P f = Z<f , T, >, T, denote the orthogonal projection of f onto

Vm. Then forr ON and £1 D',

—2r+k

If -P.f ||2:o(|\| z)mm] - o, (8.7)

m

Let Y, .. be the discrete Chebyshev wavelets defined by (4.9). Then for any
f OL2 (-1]), there exists a sequence,{§ such that

Ml‘ﬂ
me = Zcm,n l'I"bo;m,n ’ (88)
n=1

where My = Nps1— Ny .
SupposeQ,, : L% (-11) 0 - L2 (-11) be the operator such that,&G Py — P,

where R, is the projection operator defined in Theorem 8.1. The range=QW\p,
where Vipia =V, OW,_.
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Following Chui [4], we have the following definition for the Riesz basis of the
spaces W which will be used in sequel.
The discrete Chebyshev wavelpf ., , forms a Riesz basis of the spaces, Wthere

exist constants A and B with< A < B <o such that

2
A Z | Cm,n |2S Z Cm,nl'IJbO;m,n = BZ | Cm,n |2 (89)
n n 2 n

for all sequences {g.} such thatz |Copn I < 0.

Theorem 8.2.Let {W,....} be a Riesz basis of the spaceg With Riesz bound A >
0. Then for every [ON and fID',

1/2

@ZNM |2§ :o(N;f”i) M - co. (8.10)

Proof. [Quf|, =lPuaf = Puf ILSIIf —Puf I +IIf —Po.f [
From (8.7), it follows that

1Q,f IL.=0N;). 8.11)

Using the Riesz stability condition (8.9) and relation (8.8), we have
2
”me ”2: zcm,nwbo;m,n 2 AZICm,n |2’
n 2 n

so that

S 1Con P< - 11Q,F IE

4 m,n - A m 2 "
From (8.11), it follows that

1/2
@Z 1Con I @ - O(N _mz”é) : (8.12)

which completes the proof of Theorem 8.2.

Theorem 8.3.Let Y, ..., be a Riesz basis of the spaces With upper Riesz bound

B<w.  Assume that N * <o forsomed>0.Ifr0 N  and
1/2

fOL2 (-11) with @me |2§ =0(NZ)n D - «, thenf OD".

m
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Nm+1
Proof. Let us consider the partial sum Z)\an I<f,T. > |° of series
n=N+1

AR, 2L

For A, = r’, we obtain

Nm+1 Nm+1
Z}\an I<f’Tn >W|2 S N::+l Zl<f’Tn >W|2 * (813)
n=N_+1 n=N,+1

NOW, an = Pm+1_ me .
Therefore
” me ”; :” Pm+1f - me ”;

N
= ST > F .(8.14)

I‘ﬂ+l

Using the Riesz stability condition (8.9), we have

Nm+1

Z <E.T, > =QLFIE < B Slc,, I (8.15)
n=Np+1 n

/2

1
Next using the assumptdézmmn |2§ <C,N >, from (8.13), (8.14) and
(8.15), it follows that

r
N+ N
2r 2 ar 2 -4r-20 2 m+1 =20
Z )\n |<f’Tn >W| SNm+1C:2 Nm _CZB N g I\Im '
n= m+1

m

Let C>0 withC2 B I\Il\lmﬂg < C for all mON.

m

Then from the covergence & N > <o, it follows that
m=
o Ny o0
Z Z N <f, T,> P <C $N¥ <.
m=1n=N+1 m=

From (8.6) it easily follows that [1D".
This complete the proof of Theorem 8.3
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