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Abstract

Global pairwise sequence aignment is an important tool in many
bioinformatics applications. There are two main approaches for pairwise
sequence alignment: the standard dynamic programming approach and the
statistical alignment approach based on pair Hidden Markov models (HMM).
Standard algorithms implementing both approaches suffer from the high
storage demands needed to save the backtracking pointers needed to obtain the
actual sequence alignment. There are several aternative agorithms that deal
with the storage demands such as the alignment in linear space or using
divide-and-conquer methods. However, these methods either do not provide
the actual alignment or increase the implementation complicity. In this paper,
we present a new technique for global sequence alignment based on
combining the linear space implementation and Pair Hidden Markov models.
We demonstrate how the proposed method can be applied to global pairwise
alignment of DNA sequences, in addition to obtaining an approximate pair
HMM for the two sequences. Since the traceback step does not exist in
proposed approach, it may find application in the alignment of large biological
sequences.

Keywords. Global Sequence Alignment , Hidden Markov Models, Linear
Space.

Introduction

Alignment is the most basic component of biological sequence manipulation that is
mainly used to discover and measure the similarity between biological sequences. It
has several applications in sequence assembly, sequence annotation, structural and
functional predictions for genes and proteins. Researchers have formulated a large
number of various alignment problems that address different scientific goals including
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local alignment, global aignment, multiple alignment, alignment of proteins, or
nucleotides and many others[9], [12], [23].

In global parwise optimal aignment, two sequences X =x,,---,x,, and
Y =y,,-,Y,, (m<n), are aligned entirely, i.e, from end-to-end. Generally, the global
alignment problem is solved efficiently using the Needleman-Wunsch a gorithm [21]
and the more efficient version introduced by Gotoh [9]. In that work, the algorithm
builds up an optimal alignment using the previous solutions for optimal alignments of
smaller subsequences. The dynamic programming solution is based on using a matrix
F of size (m+)x(n+1), where in the horizontal and vertical directions lie the
sequences X and Y , respectively. Each cell F(i,j) in the dynamic programming
matrix F represents the highest scoring alignment between the initial segments of
both sequences, (X [L--+i],Y [1--j]).
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Figure 1: The two-dimensional dynamic programming alignment matrix used in the
standard alignment algorithm. The value of each cell F(i,j) isderived from one of its

three neighbors: diagonal F(i -1,j -1), left F(i,j-1),andtop F(i -1 j).

The values of F arefilled recursively starting from top left to bottom right. Each
cell F(,j) is computed based on the values of its three immediate neighbors
FGi-1j-1, F(i,j-2),and F(i -1 j) asshown in Figure (1).

There are three possible ways that the best score of an alignment up to residues
x,,y, could be obtained. First, the bases x, andy, arealigned. In this case, the scoreis
either increased if x,,y, are the same and decreased if they differ. Second, x, is
aligned with a gap (insertion). Third, y, is aligned with a gap (deletion). In case of
insertion and deletion the score is decreased by the imposed gap penalty. Therefore,
the corresponding recurrence for the score F (i, j) isgiven by:

FO-1j-D+s(x.y;)
F@,j)=max FGO-Lj)+7y 1)
FG,j-D+y
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Where s(x,,y,) is the score for each aligned residue pair and score y is the

imposed gap penalty. To reconstruct the best alignment, a pointer to the cell from
which F(i,j) was derived is stored. After the matrix F is computed, the score of the

best global alignment of sequences X ,Y is given in the final cell of the matrix
F(m,n). In order to find the alignment itself, the dynamic programming matrix F
must be traversed starting from the cell F(m,n) to the origin of the matrix F(0,0) in
order to find the path(s) that lead to the maximum score according to choices made by
(). The procedure is caled traceback and requires that the whole dynamic
programming matrix be in memory [9], [12], [23]. The above agorithm requires
O(mn) in both time and space. Given the quadratic amount of memory demand of the
algorithm, it becomes clear that the alignment of |arge sequences can be prohibitive.

Several techniques exist that can solve the dynamic programming alignment in
linear space [5], [12]. The best alignment score can be computed in a linear storage
requirement by saving just two columns of the dynamic programming matrix (i.e., the
current column and the previous one) as shown in Figure (2). However, obtaining the
actual optimal alignment of the two sequences is still a challenge because it requires
that dynamic programming matrix be stored in memory in order not to lose the
traceback pointers.
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Figure 2. lllustration of the needed dynamic programming matrix columns for
alignment in linear space. Observe that computing the alignment scores in each
column requires only the scores in the preceding column.

In order to find the explicit global pairwise aignment in addition to the optimal
score in linear space, a recursive divide and conquer procedure, introduced by
Hirschberg and applied to biological sequence alignment problem by Myers and
Miller [5], [7], [20] , is used. In the divide and conquer agorithm, the alignment
problem is divided into two smaller subproblems and the whole path is found
recursively. Although, this approach performs the alignment in linear space it doubles
the computational time and increases the implementation complexity. Other heuristic
approaches such as BLAST and FASTA and their variations [9], [12], [19] have been
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used to overcome the time and space requirements of the standard dynamic
programming agorithm. However, they are mainly used to perform local pairwise
alignment. In addition, heuristic approaches do not guarantee to produce an optimal
solution. The key to our proposed approach is the following: rather than storing the
whole dynamic programming matrix needed by the traceback step in order to find the
explicit alignment, a suboptimal alignment is then produced using a pair hidden
Markov model (pair HMM). The pair HMM parameters are estimated while sweeping
the dynamic programming matrix to compute the optimal global alignment score
using the linear space approach.

The paper addresses the background on pair HMM in Section (2), followed by our
proposed approach for global pairwise sequence alignment in Section (3). Finaly,
Section (4) presents examples on performing global pairwise alignment using the
learned pair HMM model parameters.

Review of Sequence Alignment Using Pair Hidden Markov M odels
HMMs have been used in several different areas of computational biology such as
gene finding, multiple sequence alignments, and profile HMMs used in modeling and
alignments of protein families[2], [10], [13], [14].
Formally, aclassica HMM 2 is characterized by the following parameters [22]:
e A setof N hidden states denoted by{Q =r,,7,,--, 7} . The state at position t
of the observed sequence is denoted by, .
e The state transition probabilities given by N xN matrix A where each
element in A denoted by
a; =P(q., =7, |q, =7) givesthetransition
Probability from state 7, to stater, . Each row of A should add to one (i.e,

M
,Zia” =1Vi).

e An alphabet of M distinct observation symbols per statex ={x,,x,,---,x,,} . For
example, = contains four letters in case of DNA frequencies. {A,C,G,T} or
twenty lettersin case of amino acids.

e The observation emission probability distribution in each of the model states,
the probability of emitting the symbol x, e = given that the HMM is in state

7, €Q a position t of the observed sequence.
e The emission probabilities e, (x,) form the elementsin an N xM matrix E .
The emission probabilities in each state should add to one (i.e,

N
D8 () =1V ).
k=1
e Aninitial statedistribution 7, =P(q,=7), 1<i <N

We will use the notation 1=(A,E,z,) to represent the full set of the HMM
parameters.
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An important application of HMM framework is in the statistical pairwise
alignment. This type of model is called pair HMM. The main difference between pair
HMMs and classical HMMs lies in the observation of a pair of sequences (the onesto
be aligned) instead of asingle one.

Pair HMMs provide an alternative formulation of the sequence alignment problem
in which alignment generation is directly modeled as a first-order Markov process
involving state emissions and transitions [1], [9], [13].

Figure 3: The pair hidden Markov model (HMM) used in statistical sequence
alignment. The Viterbi algorithm for this HMM produces the most likely alignment.

Figure(3) shows the basic pair HMM for global sequence alignment between two
sequences: X andY . The model has three states: match state (M ), insert state (1, ),

and delete state (1, ). The match state generates aligned pairs of bases x; and y; .
State |1, generates residue x; aligned to a gap and, similarly, state |, emits residue

y, aligned to agap.

The pair HMM model that we adopt in thiswork is slightly different from the one
proposed in [9] in the sense that transition probabilities for the insert and del ete states
are not equal. Also, the transition probabilities from the match state to either the insert
or delete states are not the same. The reason behind that is because these parameters
will be estimated from the dynamic programming matrix to approximate a pair HMM
representing the actual optimal alignment path as will be explained in Section (3). The
most probable path z*, (i.e., the path of the optima alignment) through the pair
HMM is retrieved by employing the Viterbi agorithm for pair HMMs which
calculates the state path with the highest probability. Similar to the standard dynamic
programming approach, the Viterbi algorithm determines the most probable state path
through two main steps [1], [9], [13]. In the first step the elements of three dynamic
programming matrices are iteratively calculated. In the second step the optimal
alignment is found by atraceback process.
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The Viterbi recurrences are given by the following equations [9]:
V™ (i =1 -1

ML) =ey, (x,y)maxy v -1 -1 2
z, v -1i-D

L ﬁMlva(i—lj)
v(i,g) _e,X(Xi)maX{ﬁlxlxle(i -1j) X
iy ”MIyVM (i,j-1
v (I,J)—ely(yi)max{fr.ylyv'y(i,J' -1 !

Where v'(i,j) isthe probability of emission of the aligned subsequences x,,---,x,
and y,,--,y, by the pair HMM with sub aignment ending with (a) aligned pair x;
andy, (vV'(i,j)=v"(i.j)), (b) resdue x, alignedtoagap (v'(i,j)=v*(.j)), and (C)
residue y, aligned to agap (v (i,j)=v'(,j)). The maich state M has emission
probability distribution e,, (x;,y,) for emitting an aligned pair x,,y, . States |, and I,
have distributions e, (x;) and e, (y,), respectively, for emitting residue x, and vy,
against a gap.

The probability of the optimal path P(x .y ,z*) (and ,hence, the optimal global
alignment) is found at the termination step of the Viterbi algorithm by taking the
maximum of the computed probabilities; v" (i,j),v"(,j),and v" (,j).

New approach to global pairwise alignment in linear space

In this framework, we combine the two approaches to the sequence alignment
problem: the standard dynamic programming in linear space, and the statistical
pairwise sequence alignment using pair HMMs. The linear space algorithm generates
the optimal alignment score only. The traceback step can not be done when the linear
space algorithm is used since it requires the whole dynamic programming matrix to be
saved. Instead, we propose using Pair HMM model in order to replace the traceback
step needed to generate the explicit alignment of the two sequences. In this approach,
alignment is generated through three main steps as illustrated in Figure (4). First, the
linear space alignment algorithm is used to estimate the pair HMM model parameters
as will be presented in Section (3). Next, the probability of most likely alignment is
obtained using the Viterbi algorithm for pair HMM in its linear space implementation.
Finaly, since linear space implementation does not allow constructing the actual
alignment, a suboptimal alignment is obtained using the trained par HMM as a
generative model that generates aligned pair of sequences.



Global Suboptimal Pairwise Sequence Alignment 153

Alignment in Linear Linear Viterbi Optimal Path Probability

Space ™ (PO) —l
Cptimal Pair HMM . Pnster.ior Pru:nbﬂt_)iliry of Generated Yes
Score | _ Parameters Sampling alignment (PG)

Figure 4. An overview of the proposed new global suboptimal alignment approach
combining both standard and statistical alignment algorithms. The dashed arrow
represents a repeated step.

The estimated pair HMM starts from the initia state z, which is known from the
model parameter estimation stage (i.e., the backtracking pointer of the last cell F(m,n)
in the dynamic programming matrix). Then, the suboptimal global alignment path is
generated by sampling the posterior distribution of the alignments given the learned
pair HMM. The alignment generation step is not completely random as it takes into
consideration the maximum indel length in the alignment learned during the pair
HMM training step.

A major feature of the proposed approach is that the generated globa sequence
alignment can be assessed by comparing the probability of the obtained suboptimal
alignment generated by the par HMM model and the probability of the optimal
alignment computed through the Viterbi algorithm implemented in linear space. In
case that the relative error between both probabilities is large, then one can repeat the
alignment generation process until a satisfactory result is obtained.

Pair HMM Training

The most difficult part in the application of HMMs is the estimation of the model
parameters. Usually, the parameters are unknown and should be estimated from the
underlying data. In order to be able to find the optimal alignment of two sequences
using the Viterbi agorithm for par HMM, the following pair HMM model
parameters must be specified:

e Thetransition probabilities matrix
Tum i, Py,
A=z =, =, |Wwhichisinthiscase
Tom T, T,
of size 3x3 since the used model has three states. Note that the transition
probabilities 7, , and 7, , areequal to zero since the adopted alignment model does
not allow gaps in one sequence to follow gapsin the other.
e Theinsert state |, 1, emission probabilitiesmatrix E, =[P, R. P, R]

X
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e Thedeletestate 1, emission probabilitiesmatrix E, =[P, R, R F/].
e Thematch state M emission probabilities matrix

F)AA PAC PAG F)AT
P, P. Pg P . -
E,=| " = | where P_, isthe probability that the match state ™
PGA PGC PGG PGT e
PI'A PI'C P'I'G I:’TT

emitsresidues x, , vy, .
e Themodsd initia state

Similar to the classica HMMs, there are two main cases when dealing with the
par HMM parameter estimation problem. The first case is when the state path
corresponding to the optimal pairwise aignment z* =z, x,,---,z, 1S unknown. The
other case is when the optimal alignment path is known. When the optimal path is
unknown then the model parameters are usually estimated using Baum-Welch
algorithm which is an iterative agorithm. Baum-Welch algorithm is a special version
of the general expectation-maximization algorithm [1], [14], [22]. The agorithm
starts by a random initial guess for the model parameters i=(A,E, ,E, .E, ,7,) and

then iteratively refines the model parameters to improve the total probability of the
underlying data. The algorithm stops when the estimated parameters of the current
model, 1, change only insignificantly or the maximum number of iterations is
exceeded. one major drawback of the Baum-Welch algorithm is that the accuracy of
the estimated model parameters and the convergence speed depend on the initial guess
of the model parameters [8],[19]. In addition, training par HMM using the most
efficient algorithms for Baum-Welch is too memory-consuming [18].

Motivated by the above facts, our approach to the pair HMM parameter estimation
problem is based on estimating the pair HMM model parameters using maximum
likelihood estimators. The presented approach is based on the observation that while
computing the optimal alignment score in linear space, some of the visited dynamic
programming matrix cells are actually those that hold backtracking pointers for the
actual optimal or suboptimal alignment paths.

The maximum likelihood estimators for the state transition probabilities a, and

the match state emission probabilities e, (x;,y,) are obtained by counting the number
of times each transition or emission is used. If A, isthe number of transitions from
Sate i to j and E, (x;,y;) iSthe number of times symbols x;, and y, are emitted
from the match state M , then the estimators for both a; and e, (x;,y;) are given by:

A,
3 “SA, ®)
a=Q
_ Eu(X.y)
eM(Xi’yj)_m (6)

oeX

Similarly, the maximum likelihood estimators for the emission probabilities of the
insert and delete states can be obtained by counting the number of times a symbol is
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emitted from each state. If E, (x;) and E, () denote the number of times the
symbols x, and y, are emitted from the insert and delete states respectively, then the
maximum likelihood estimators for their respective emission probabilities e, (x;) and
e, (y,) aregiven by:
E,, (X))

e|x (Xi)= ZEIX (O') (7)
E, (Vi)
ely(yi)=ZEly(o_) 8

oeX

As each new cell in the matrix is entered, there exist three possibilities for the
state transition. First, if the current cell F(i,j) is derived through its diagona

neighbor F(i -1j -1 then the current model state is match state(M ). Second, if the
current state F(i,j) is obtained through its left neighbor F(i,j-1) then the current
model state is insert state (1,) . Findly, if the current state F(i,j) is derived through
its top neighbor F(i -1,j) then the current model state is delete state (1,). Once the

right transition is determined, equation (5) should be updated to reflect the right count
for the underlying transition. Emission probabilities for the various states are
computed once that state of the underlying cell is determined. If the state is
match(M ), the two matched residues in that cell are used to update the count in

equation (6). Similarly, if the determined state is insert, then the base from sequence
X is used to update the count in equation (7). Finaly, if the determined state is
delete, then the base from sequence Y is used to update the count in equation (8).
Two important points should be considered when estimating the model parameters
while running the standard alignment algorithm in linear space. First, recall that the
traceback for the standard alignment algorithm works by building the alignment in
reverse starting from the final cell of the dynamic programming matrix F(m,n) and

moving back through the predecessor neighbor until the origin of the matrix F(0,0) is

reached. Consequently, the occurred state transitions should be considered in reverse.
In other words, the state transition is counted as it occurs from the current cell F(,j)

to one of its three neighbors which were used in deriving the current cell's score. For
example, if F(i,j) is produced through its diagonal neighbor F(i —-1,j -1) then the
state transition is considered to be a match state M to its diagona neighbor's state
(i.e, M >stateof F(i —-1,j -1)).

The other issue is regarding which of the dynamic programming matrix cells
should be involved when estimating the model parameters. Using every single cell in
the matrix in the computation of the model parameters will lead to overestimation. It
iswell known that the optimal alignment path exists in a certain band of cells around
the main diagonal of the matrix especialy if the two sequences are of nearly equal
lengths. Also, suboptimal alignment paths do exist in cells that are located in the close
vicinity (above or below) of cells associated with the optimal alignment path.
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Consequently, we impose a moving window of size w_ on each of the alignment

matrix columns as illustrated in Figure (5). The optima window size is determined
empiricaly asit will be detailed next.

F=T= =

SN L5

Figure 5: Illustration of the window imposed on each column being processed by the
standard agorithm in order to select those cells from which the pair HMM model
parameters are estimated.

Training Step Perfor mance

To see the effect of the window size w, on the estimated model parameters, the full
matrix version of the global sequence aignment algorithm is used to produce the
actual optimal alignment path for various random pair of DNA sequences with equal
length. The true alignment model parameters are computed based on the generated
actual optimal alignment path for each sequence pair. In addition, for each sequence
pair, the pair HMM model parameters are learned based on the proposed approach for
various window sizes.

In both cases, the likelihood estimators given by equations (5-8) are used. The
square error between the true model parameters 2 computed based on the actual
alignment path and the ones obtained using the proposed approach 1 is then
computed using:

Approximation Error = | A— A II_ 9

Where the norm in equation (9) represents the matrix norm in case of A and E,,
and the vector normin caseof E, ,E, .

Figure 6 (a-d) plots the average approximation error given by equation (9) for
various window size in the range [2-N], where N is the length of each of the two
sequences to be aligned. The average of the approximation error is computed based on
several random DNA sequence pairs (generated by Matlab randseq). Observe that in
the case of the transition probabilities matrix A the window size is critical. The error
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is large for large window sizes and then decreases as the window size decreases. This
suggests that smaller window size will lead to better transition probabilities. For the
remaining model parameters,E, ,E, ,E, the estimation error is almost constant

regardless of the chosen window size.

In order to study the effect of the window size on the accuracy of the generated
global pairwise alignment, the model parameters 1 are estimated using the proposed
approach for various window sizesin the range [2-N].
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Figure 6: Effect of the window size on the accuracy of the estimated model parameters given
by (9): (a) the transition probabilities matrix; (b) the emission probabilities matrix; (c) and (d)
the delete and insert states emission probabilities, respectively.

The probability of the optima global pairwise aignment is obtained using the
Viterbi algorithm for pair HMM given in equations (2-4) based on the two types of
model parameters. the actual parameters 4 computed based on the optimal alignment
path generated by the full matrix standard alignment algorithm and the estimated
model parameters 1 learned through the proposed approach. The relative alignment
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error between the probability of the optimal alignment generated based on both types
of the estimated model parametersisthen computed using:
[P(X.Y |A)-P(X.Y D)
P(X.Y |2)
Where P(X Y |4) and P(X.)y |1) refer to the probability of the most probable
alignment obtained based on the two sets of the model parameters: the true parameters
and the estimated, respectively.

Alignment error = (10)
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Figure 7: Effect of the window size on the accuracy of the obtained global alignment.

Figure (7) plots the obtained alignment relative error for various random pair of
DNA sequences. The relative alignment error decreases as the window size decreases.
It is clear that the error behavior is consistent with the observed performance for the
estimated pair HMM model parametersin the previous figure.

Alignment Examples

In this section we present global alignment examples generated through the proposed
technique. For the purpose of comparing the produced suboptimal alignments based
on the proposed method to the optimal alignments produced by both the standard
alignment and the Viterbi alignment algorithms, the full matrix version of both the
standard alignment algorithm and the Viterbi algorithm is used. Once the pair HMM
model parameters are learned based on the proposed method using the optimal
window size, the Viterbi algorithm is used to generate the probability of the
suboptimal alignment based on the trained pair HMM. Then, the posterior sampling
step of the proposed algorithm is used iteratively until a suboptimal alignment is
generated with a satisfactory probability.
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Figure (8) shows two sets of experiments: the alignments of two sequences of
lengths 200; panels (a,b,c).

The optimal alignments generated using the standard dynamic programming
algorithm is shown for both experimentsin panel (a). The optimal alignment based on
the Viterbi algorithm is shown in panel (b). Finally, panel (c) shows the suboptimal
alignments generated by “random walk” through the trained pair HMM based on the
proposed approach. In this experiment, the posterior sampling step of the proposed
algorithm for suboptimal alignment was terminated when the computed relative
alignment 34%.

The space complexity of the proposed approach is linear. The time complexity is
till linear but depends on number of iteration needed to reach satisfactory alignment
accuracy.

Identities = 122/233 (52%) Identities = 78/204 (38%)

001 ==T==TAT--GA-CGT-TATTCTACTTTGATTGTGCGAGACAATG-CTA-CCTTACCGGTCGGA

L N [ e A AR
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I T 7 4 A [N N B R
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Figure 8: Comparison of alignments for sequences of length 200 produced by: the
standard dynamic programming: pane (a) Viterbi algorithm for pair HMM with
parameters estimated by the proposed method: panel (b) and a suboptimal alignment
produced using the pair HMM as alignment generative model: panel (c).

Conclusions
In this paper, we have proposed a new approach for globa pairwise DNA sequence
alignment. The proposed approach combines both the standard alignment algorithm
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and the probabilistic sequence alignment using pair HMM. We demonstrated through
some examples that the proposed method can be applied for the global alignment of
large biological sequences. The biological significance of the obtained suboptimal
global alignment should be investigated by expertsin the field.

Another application of the proposed method is in modeling the global alignment
of two sequences by a pair HMM. Given the initial alignment parameters such as the
scoring matrix and the gap penalty model, the linear space implementation of the
standard alignment algorithm is used to estimate the pair HMM model parameters.
The produced pair HMM model can be employed in severa bioinformatics
applications such as multiple sequence alignment and gene finding.
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