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Abstract 
 

Finding important nodes in complex networks has broad theoretical 

significance and vast application. The k-shell index, which is the structural 

position of a node in a network, is a very efficient measure to find importance 

of a node. But in the k-shell decomposition, corresponding to each index, 

there are too many nodes. Here we present an improved method for 

calculating the k-shell structure of unweighted networks. We assign the sum 

of the degrees of end nodes as the weight of the edge. We show that the new 

method is able to rank the nodes of a network in a more refined way. In 

addition, we compare our improved k-shell decomposition with ordinary k-

shell decomposition. 
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1. Introduction 

Complex systems in different scientific fields can be modeled as complex networks of 

inter-acting elements and their interactions. Such networks are modeled using graphs - 

a Mathematical object - in which the nodes represent the systems interacting elements 

and links represent their interactions [4]. A complex network undergoes changes over 

time the importance of nodes in the network varies. Some nodes, which were less 

important in the beginning, may become more important and some other nodes which 

enjoyed key position in the network may lose its status over time. This change of 

node's importance is a fundamental issue in the study of complex networks. We know 
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that degree, betweenness and closeness are three widely used measures to find node 

importance. There are many other centrality measures which are developed recently. 

PageRank [2], LeaderRank [5, 6] etc. are examples. The above measures are proved 

to be effective only to some extent. 

However, develop an efficient method to identify the node importance is still an open 

problem. 

Some individual nodes play very vital role in the dynamics of the networks. For 

example, stars or hubs - nodes having degree near and around maximum in a network 

are known as popular. They attract the attention of other members and tend to 

increase their connections further [7, 8]. Ordinary members who have relatively small 

connections may prefer to establish links with the stars because they expect that such 

activity would increase their connections in the network and that will help to improve 

their status in the network. 

Now we focus on the centrality measure k-shell(k-core), which is based on the degree 

of each node. 

 

 

2. Definitions and Basic Ideas 

Definition 1. Consider the unweighted Graph (complex network) G = (V, E), where V 

is the collection of nodes and E is the collection of edges. Let eij represents the 

connection between nodes i and j. Then the degree of node i is the number of edges 

incident to the node i. 

 

Definition 2. Let G1 be a graph with node set V(G1) and edge set E(G1), and let G2 be 

a graph with node set V(G2) and edge set E(G2). Then G1 is a subgraph of G2 if V (G1)

⊆ V (G2) and E(G1) ⊆ E(G2). 

 

Definition 3. A node deleted subgraph of a graph G is the subgraph G\{v} obtained 

by deleting from G, the node v and all the edges incident to it. 

Using the k-shell decomposition, we can partition the set of all nodes of the network 

into subsets and assigns integer value ks to each subset. The low integer value means 

that the collection of nodes lies in the periphery and the high integer value represent 

the collection of nodes lies in the center or core. Thus we can represent the network as 

a layered structure, reveling the full hierarchy of the nodes of the network. 

 

A detailed description of the k-shell decomposition is given below. 

First we remove all nodes of the network whose degree k = 1. This process is repeated 

till there are only nodes with degree k ≥ 2. Then we assign the integer value ks = 1 to 

all these nodes. 

In the second step, we remove all the nodes with degree k = 2. We repeat this step 

again and again till there are only nodes with degree k ≥ 3. We assign ks = 2 to all 

these nodes. We repeat the above process, till all nodes of the network have been 

assigned to some k-shell. Thus we partition all nodes of the network into different 

shells with an integer value. In this method, we are not considering the weight of the 



An Improved k-shell Decomposition for Complex Networks 165 

 

links of the network. Therefore, we call this method unweighted k-shell 

decomposition. 

Consider the graph given in the fig 1. The usual k-shell decomposition gives ks = 1 for 

the nodes in the set {1, 2, 3, 4, 7, 9,14,15}. If the node v belongs to the set {5, 6, 13}, 

then ks = 2 and if it belongs to the set {8, 10, 11, 12} then ks = 3. 

 

 
 

Figure 1 
 

 

Here, it is simple to observe that node 4 is more important than 1 or 2, but they are 

present in the same shell. Thus this decomposition does not distinguish all nodes 

according to their relative importance. So we propose the following improved k-shell 

decomposition. 

 

 

3. The improved k-shell decomposition method 

In this section, we improve the k-shell decomposition method in unweighted complex 

networks and propose a modified method for unweighted complex networks. In 

unweighted net-works, we consider all edges equally. But, here we take the sum of 

the degrees of the end nodes as the weight of the edge. The basic idea of this 

weighting method is that an edge becomes more important when its end nodes have 

greater degree. Here, we find the importance of each node by considering its degree 

and weights of incident edges. 

 

Definition 4. [1] The weight of the edge eij, denoted by wij, is defined as wij = ki + kj. 

Then we give each node, a weighted degree by 
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where iΓ  is the collection of neighboring nodes of i, and α  =
q

p
 is a parameter 

between 0 and 1. When this parameter is close to 0, then the edge weight is taken as 

favorable. If α  = 1, then only node degree will be taken into account. 

 

 
 

Figure 2 
 

 

Let G be the new weighted graph given in fig. 2. We calculate total weight T(G) =q

∑
=

n

i
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1

using the formula (1). Here n=15. We multiply the right hand side by q to make 

T(G) an integer. We are using the exact value for ki
w
, not round off to the nearest 

integer. Here, T (G) = 149. Consider vertex 1. We delete the vertex 1, to obtain the 

new graph G1 = G \ {1}. Then we calculate the total weight T (G1). We get T (G1) = 

140, by using the above formula (1), where one vertex and one edge were deleted. 

Consider vertex 2. We delete the vertex 2, to obtain the new graph G2 = G \ {2}. Then 

we calculate total weight T (G2), we get T (G2) = 140, by using the same formula. 

Likewise T (G3) = 140. Similarly the total weights calculated for T (Gi)’s are given 

below. 
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i T(Gi) . i T(Gi) 

1 140 . 9 136 

2 140 . 10 112 

3 140 . 11 101 

4 121 . 12 101 

5 114 . 13 120 

6 120 . 14 137 

7 142 . 15 144 

8 77    

 

Then we calculate T (G) - T (Gi), which is the strength of the node i. This is used to 

rank all the n nodes as given below. 

 

i T (G) T (Gi) T (G) T (Gi) Ranking 

1 149 140 9 9 

2 149 140 9 9 

3 149 140 9 9 

4 149 121 28 6 

5 149 114 35 4 

6 149 120 29 5 

7 149 142 7 10 

8 149 77 72 1 

9 149 136 13 7 

10 149 112 37 3 

11 149 101 48 2 

12 149 101 48 2 

13 149 120 29 5 

14 149 137 12 8 

15 149 144 5 11 

 

 

The nodes {1, 2, 3} are isomorphic, so they have equal strength and rank. Similarly, 

nodes 11 and 12 are isomorphic, so they have equal rank. Thus we partition the set of 

15 nodes into 11 shells. 

 

 

4. Ranking effectiveness 

To find the effectiveness of the new method, we compare Kendall's value of the new 

method with usual k-shell ranking. The Kendall's value considers two sets of 

observations X and Y. Two pairs of observations (xi, yi), (xj, yj ) ∈  (X,Y ) are said to 

be concordant if the ranks of both elements agree: xi < xj and yi < yj or if both xi > xj 

and yi > yj. They are said to be discordant if xi < xj and yi > yj or if both xi > xj and yi 

< yj. If xi = xj or yi = yj, the pairs are neither concordant or discordant. The Kendall's 

coefficient is defined as 
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where nc is the number of concordant pairs and nd is the number of discordant pairs 

respectively. If the value is near 1, the more accurate the ranked lists. 

Comparing usual k-shell decomposition with our proposed method gives, τ = 0:64. 

 

 

5. Conclusions 

In this paper, we give an edge weight equal to the sum of the degrees of the end nodes 

to form a weighted network. We find the node rank, by finding the shortfall in the 

total weight of the graph when deleting that node. If two nodes are isomorphic, they 

have equal rank. The only limitation of the new method is that two nodes will have 

equal rank, if they have equal degree and their sum of weights of incident edges are 

same. The ranking results given above shows that Improved k-shell decomposition 

gives a more refined ranking than the usual k-shell decomposition for unweighted 

networks. 
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