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Abstract 
 

An abnormal, continuous and unending growth process of cells, beyond the 
regulatory mechanism of human body is referred as cancer. In this paper the 
behavior of cancer cell growth is assessed and evaluated after developing a 
suitable stochastic model for it. Difference differential equations for number 
of normal and mutant cells in the tumor at a point of time are obtained; 
statistical measures for evaluating the tumor status are derived through the 
probability generating function. Sensitivity Analysis is carried out and model 
behaviour was studied at varying values of the parameters under study.  
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Introduction 
Cancer is a disease characterized as the un-controlled growth and endless division of 
cells. The formation of mutant cell is initiated spontaneously and it will grow through 
further proliferations. Cancer cells outlive normal cells and continue to form new 
abnormal cancer cells. Division, growth and loss of normal cells are regulated by 
physiological functions in healthy animals/ human beings. These mechanisms become 
order less among the cancer patients. The usual phenomenon of cell growth and 
division is disturbed and the cell division/proliferation becomes continuous among 
those patients. As most cancer cells continue to grow, they lump together and form an 
extra mass tissue referred as a malignant tumor and it damages the nearby tissues. 
Some cancers, like leukemia, do not form tumors. Instead, these cancer cells involve 
the blood and blood-forming organs and circulate through other tissues, wherever they 
grow. Cancer can begin in one part of the body and spread to others. This process 
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occurs as cancer cells break away from a tumor and travel through the blood stream or 
the lymph system to other areas of the body. Cancer cells continue to grow out of 
control and invaded to new locations so as they will form secondary malignant 
tumors. (www.faqs.org/nutrition/Ca-De/cancer.html)  
 There are many conventional methods to assess the severity of the cancer problem 
like measuring the volume of tumor through various medical screening procedures, 
counting the loss of White Blood Cells, Bio markers etc. The assessment of growth of 
cancer can be studied through models like mathematical, statistical, computational, 
stochastic etc. The cause of cancer growth cannot be attributed to a single reason. 
There may be million and reasons on the formation of mutant cells and influence the 
growth of cancer. Hence, the cancer cell growth is considered to be effected by 
several random and chance causes. The complexity in understanding and measuring 
the tumor growth made it necessary to formulate and integrate the classical, empirical 
and real life statistical models.  
 Modeling of tumor growth is essential in understanding its uses in optimal drug 
administration. The growth and loss rates of both normal and mutant cells are 
considered to be random variables rather than constants. Modeling the tumor growth 
through the conventional mathematical methods has shifted its paradigm to stochastic 
modeling as the phenomenon of uncertainty is playing an important role in 
understanding the complexities behind the problem. Time dependency is an important 
consideration in observing the dynamics of tumor growth. Spontaneous mutation, 
abnormal proliferation, changing rates of growth and loss of cells etc are some vital 
factors in growth process. Modeling cancer growth in homogeneous environment has 
lost its relevance and hence there is a need of constructing cancer cell growth under 
heterogeneous environmental factors. Measuring severity of a cancer through 
estimation is possible when structural model behind it is suitably formulated for 
physiological and environmental factors.  
 Much work has been reported from its pioneering efforts of modeling the tumor 
growth by considering the influences of random effects [1]. Pure linear birth process 
was considered for describing the growth of tumor [2]. Linear birth and death process 
have been used to describe the growth of tumor by assuming the probabilities of birth 
and death are constant and density independent [3], [4]. Stochastic models for the 
growths of solid tumors were developed by the physical characteristics of a tumor, 
which are dependent and influenced by uncertainties [5]. Birth and death processes 
were developed by considering the tumor growth as density dependent [6]. The 
diffusion limit of a continuous time density dependent branching process has been 
considered for modeling the tumor growth [7]. Time dependent parameters for 
carcinogenesis are considered for development of two stage stochastic model [8]. 
Stochastic differential equation were used for developing tumor immunology growth 
models [9]. Birth and death processes with spontaneous mutation are considered for 
developing stochastic model for cancer growth [10]. The environments like gene’s 
spontaneous mutation, proliferation, and inactivation of its alleles are modeled for 
stydy of cancer cell growth through Stochasticity [11],[12]. Differential gene pair co-
expression patterns in prostate cancer are identified by developing a stochastic model 
[13]. Cancer cell growth with spontaneous mutation and proliferation of mutant cell 



Stochastic Modeling on Stage Dependent Mutant Cell Growth 189 

 

under chemotherapy is approximated by stochastic process with Poisson parameters 
[14]. Two-stage stochastic modeling is developed for studying the cancer growth [15].  
 All the above-mentioned studies have assumed that the mutant cell once 
formulated either from mutant cell or from the normal cell will have abnormal growth 
irrespective of its parent cell. When observing the growth of mutant cells, the rate of 
growth of mutant cell is always influenced by the source of its generation (i.e. either 
from normal cell or from mutant cell) and the state of the mutancy (i.e. either Benign 
state or Malignant state). In this paper we have developed a stochastic model by 
considering the rate of growth of mutant cell originated from normal cell is as a linear 
combination of benign and malignant cells with indexing parameter i=0,1. (i=1 when 
the formulated mutant cell is benign and it is generated from normal cell; i=0 when 
the formulated mutant cell is malignant and it is generated from normal cell). We 
have also considered that the newly formulated mutant cells from mutant cell are at 
different rates of growth.  
 
 
Stochastic Model 
The stochastic model of cancer growth has considered that the rate of normal cell 
growth per unit time is ‘a’. The rate of mutant cell growth per unit time is ‘b’ depends 
on the existing number of normal cells. The rate of growth of mutant cells per unit 
time is ‘c’, and depends on the existing size of mutant cells in the tumor. The model 
considered that d, g are the rates of death of normal and mutant cells respectively.  
 Let the events occurred in non-overlapping intervals of time are statistically 
independent. Let  be an infinitesimal interval of time. Let there be ‘n’ normal cells 
and ‘m’ mutant cells initially at time‘t’. Let ‘a’,’b’,’c’,’d’,’g’ be the rates of 
generation of normal cell from normal cell; generation of mutant cell from normal 
cell; generation of mutant cell from mutant cell; death of normal cell; and death of 
mutant cell respectively. While generating a mutant cell from normal cell, the normal 
cell may generate a mutant cell either of Type-I (benign mutant) or Type –II 
(malignant mutant) with rates of b1, b2 respectively such that b = i.b1+(1-i)b2 for 
i=0,1. A mutant cell may generate two mutant cells with rates of c1,c2 of Type-I, 
Type-II respectively so that the total rate of arrival of mutant cell from mutant cell is 
‘c’, where c = λ1 c1+ λ2c2, for λ1≥0; λ2≥0. Also it is assumed that all the parameters 
follows Poisson process.  
 With these assumptions, the postulates of the model are as below. The probability 
of generation of one normal cell during , provided  ‘n’ normal cells at‘t’ is 

 0 ; the probability of generation of one mutant cell from a normal cell 
during  provided  ‘n’ normal cells at ‘t’ is  0 ; the probability of 
generation of one mutant cell from a mutant cell during  provided  ‘m’ mutant 
cells at ‘t’ is  0 ; the probability of death of one normal cell during 

 provided  ‘n’ normal cells at ‘t’ is  0  ; the probability of death of one 
mutant cell during  provided  ‘m’ mutant cells exits already at time ‘t’ is  
0 ; the probability of no generation of normal cell from a normal cell, no 
generation of mutant cell from a normal cell, no generation of mutant cell, no death of 
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normal cell, no death of mutant cell during an infinitesimal interval of time  is 
1  0 ; the probability of occurrence of other 
than the above events during an infinitesimal interval of time  is 0 Δt . 
 Let , (t) be the joint probability of existing ‘n’ normal cells and ‘m’ mutant 
cells in a tumor at time‘t’. Then the difference-differential equations of the model are: 

,  1  , 1 ,  
1 , 1  , 1  ,  

for n,m≥1   (2.1) 
,    1 ,  , 2  , t                             2.2   

,   1  , 2  ,  ,                               (2.3) 
,    ,  ,                                                                                   (2.4) 

 
 With the initial conditions , 0 1,  , 0, where ,  are the 
initial sizes of normal and mutant cells in the tumor. 
 
 Let , ;  be the joint probability generating function of ,  

Where , ;   
,                                                      … 2.5  

 
 Multiplying the equations (2.1) to (2.4) with   and summing overall m and n, 
we obtain 
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Simplifying the equation (2.6) and reorganizing the terms we get, 
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 Further simplification of the equation (2.7) gives  

, ;    , ;  

 c    , ;  …                                                      2.8  

 
 We can obtain the characteristics of the model by using the joint cumulant 
generating function of , (t). Taking  =  and  =  and denoting , ;  as the 
joint cummulant generating function of , (t), eq. (2.8) becomes 

, ;   b  d   

     g                                                                                  2.9  
 
 
Differential Equations and Statistical Measures of the Model 
Let , (t) denotes the moments of order ( ,  of a bivariate Poisson process for 
normal and mutant cells at time ‘t’ 
Then the differential equations governing  , (t) are obtained as: 

 ,  ,  …                                                           3.1
,

 

 , ,                                                                                  3.2   
 , , 2 ,  …                                               3.3  
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 , ,  ,  …                                      3.4  

,

2  ,   ,  ,
 2 ,  …                                                                                                3.5   

 
Solving the relations (3.1) to (3.5),  
The Expected number of normal cells at time‘t’ is  

, e                                                                                                          3.6  
 
The Expected number of mutant cells at time‘t’ is  

,  e   e   e  
 here   …                                                                                            3.7   

 
The Variance of normal cells at time‘t’ is 

,  e e 1   

 
Where   …                                                                                     3.8  

 
The Covariance between normal cells and mutant cells at time ‘t’ is 

, e
e a g d c

 e  

 Where  

 …                                                                                        3.9  

 
The Variance of mutant cells at time‘t’ is 

,   e e e e  
  e e  e e  
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2
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     (3.10) 



Stochastic Modeling on Stage Dependent Mutant Cell Growth 193 

 

Numerical Illustration and Sensitivity Analysis 
In order to verify the model behavior a simulated data set based on the assumptions 
were generated and presented in tables 4.1&4.2. From equations (3.6), (3.7), (3.8), 
(3.9) and (3.10) the values of , , , , , , ,  and , are 
computed for various values of the parameters and presented in the tables. 
 
Table 4.1: Values of Statistical Measures for i=0 (Formulated Mutant cell is 
Malignant) 
 

N0 M0 a i b1 b2 c1 c2 d g λ1 λ2 t m10 m01 m20 m11 m02 
100 80 0.8 0 0.2 0.4 0.3 0.5 0.6 0.9 2 3 2 149.1820 1263 513.6010 492.3580 24380 
102             152.1660 1271 523.8730 502.2050 24430 
104             155.1500 1278 534.1450 512.0520 24470 
106             158.1330 1286 544.4170 521.8990 24520 
108             161.1170 1294 554.6890 531.7460 24560 
100 83 0.8 0 0.2 0.4 0.3 0.5 0.6 0.9 2 3 2 149.1820 1296 513.6010 492.3580 25210 

 86            149.1820 1329 513.6010 492.3580 26040 
 89            149.1820 1362 513.6010 492.3580 26870 
 92            149.1820 1395 513.6010 492.3580 27690 

100 80 0.82 0 0.2 0.4 0.3 0.5 0.6 0.9 2 3 2 155.2710 1268 553.9240 525.5940 24250 
  0.84           161.6070 1274 597.3730 561.0040 24100 
  0.86           168.2030 1279 644.1910 598.7310 23950 
  0.88           175.0670 1285 694.6390 638.9250 23790 

100 80 0.8 0 0.2 0.5 0.3 0.5 0.6 0.9 2 3 2 149.1820 1358 513.6010 615.4470 23570 
     0.7        149.1820 1549 513.6010 861.6260 20310 
     0.8        149.1820 1644 513.6010 984.7160 17860 
     0.9        149.1820 1740 513.6010 1108.0000 14850 

100 80 0.8 0 0.2 0.4 0.4 0.5 0.6 0.9 2 3 2 149.1820 1814 513.6010 596.8230 52660 
      0.5       149.1820 2621 513.6010 730.9170 112400 
      0.6       149.1820 3806 513.6010 904.2230 239100 
      0.7       149.1820 5548 513.6010 1130.0000 509300 

100 80 0.8 0 0.2 0.4 0.3 0.6 0.6 0.9 2 3 2 149.1820 2179 513.6010 659.6340 76980 
       0.7      149.1820 3806 513.6010 904.2230 239100 
       0.8      149.1820 6707 513.6010 1267.0000 744000 
       0.9      149.1820 11900 513.6010 1813.0000 2329000 

100 80 0.8 0 0.2 0.4 0.3 0.5 0.62 0.9 2 3 2 143.3330 1258 489.9820 474.5320 24380 
        0.64     137.7130 1253 467.4180 457.2940 24380 
        0.66     132.3130 1248 445.8660 440.6310 24380 
        0.68     127.1250 1243 425.2840 424.5270 24380 

100 80 0.8 0 0.2 0.4 0.3 0.5 0.6 0.9 3 3 2 149.1820 2179 513.6010 659.6340 76980 
          4   149.1820 3806 513.6010 904.2230 239100 
          5   149.1820 6707 513.6010 1267.0000 744000 
          6   149.1820 11900 513.6010 1813.0000 2329000 

100 80 0.8 0 0.2 0.4 0.3 0.5 0.6 0.9 2 4 2 149.1820 3156 513.6010 811.9510 163900 
           5  149.1820 8115 513.6010 1425.0000 1088000 
           6  149.1820 21230 513.6010 2646.0000 7341000 
           7  149.1820 56150 513.6010 5160.0000 50440000

100 80 0.8 0 0.2 0.4 0.3 0.5 0.6 0.9 2 3 3 182.2120 4319 1049.0000 2608.0000 291200 
            4 222.5540 14490 1909.0000 11750.0000 3287000 
            5 271.8280 48300 3270.0000 49740.0000 36480000
            6 332.0120 160600 5392.0000 205200.0000 403000000
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Table 4.2: Values of Statistical Measures for i=1 (Formulated Mutant cell is Benign) 
 

N0 M0 a i b1 b2 c1 c2 d g λ1 λ2 t m10 m01 m20 m11 m02 
100 80 0.8 1 0.2 0.4 0.3 0.5 0.6 0.9 2 3 2 149.1820 1072 513.6010 246.1790 24340 
102 152.1660 1076 523.8730 251.1020 24380 
104 155.1500 1080 534.1450 256.0260 24430 
106 158.1330 1084 544.4170 260.9500 24470 
108 161.1170 1088 554.6890 265.8730 24520 
100 83 0.8 1 0.2 0.4 0.3 0.5 0.6 0.9 2 3 2 149.1820 1106 513.6010 246.1790 25170 

86 149.1820 1139 513.6010 246.1790 26000 
89 149.1820 1172 513.6010 246.1790 26830 
92 149.1820 1205 513.6010 246.1790 27650 

100 80 0.82 1 0.2 0.4 0.3 0.5 0.6 0.9 2 3 2 155.2710 1075 553.9240 262.7970 24320 
0.84 161.6070 1078 597.3730 280.5020 24300 
0.86 168.2030 1081 644.1910 299.3660 24270 
0.88 175.0670 1083 694.6390 319.4630 24250 

100 80 0.8 1 0.3 0.4 0.3 0.5 0.6 0.9 2 3 2 149.1820 1168 513.6010 369.2680 24630 
0.5 149.1820 1358 513.6010 615.4470 23570 
0.7 149.1820 1549 513.6010 861.6260 20310 
0.9 149.1820 1740 513.6010 1108.0000 14850 

100 80 0.8 1 0.2 0.4 0.4 0.5 0.6 0.9 2 3 2 149.1820 1565 513.6010 298.4120 51110 
0.5 149.1820 2292 513.6010 365.4580 107600 
0.6 149.1820 3367 513.6010 452.1110 227500 
0.7 149.1820 4958 513.6010 564.8370 483100 

100 80 0.8 1 0.2 0.4 0.3 0.6 0.6 0.9 2 3 2 149.1820 1893 513.6010 329.8170 74130 
0.7 149.1820 3367 513.6010 452.1110 227500 
0.8 149.1820 6021 513.6010 633.6030 705200 
0.9 149.1820 10810 513.6010 906.6900 2207000 

100 80 0.8 1 0.2 0.4 0.3 0.5 0.62 0.9 2 3 2 143.3330 1070 489.9820 237.2660 24330 
0.64 137.7130 1067 467.4180 228.6470 24310 
0.66 132.3130 1065 445.8660 220.3160 24300 
0.68 127.1250 1062 425.2840 212.2640 24290 

100 80 0.8 1 0.2 0.4 0.3 0.5 0.6 0.9 3 3 2 127.1250 1880 425.2840 285.3060 73950 
4 127.1250 3348 425.2840 392.3360 227000 
5 127.1250 5996 425.2840 551.4890 704000 
6 127.1250 10780 425.2840 791.4010 2204000 

100 80 0.8 1 0.2 0.4 0.3 0.5 0.6 0.9 2 4 2 127.1250 2760 425.2840 351.9330 156000 
5 127.1250 7287 425.2840 620.6640 1029000 
6 127.1250 19420 425.2840 1158.0000 6957000 
7 127.1250 52050 425.2840 2266.0000 47960000

100 80 0.8 1 0.2 0.4 0.3 0.5 0.6 0.9 2 3 3 143.3330 3579 766.0280 1024.0000 287900 
4 161.6070 11940 1228.0000 4221.0000 3242000 
5 182.2120 39710 1848.0000 16410.0000 35960000
6 205.4430 131900 2672.0000 62310.0000 397100000

 
 
 From Table 4.1 it is observed that expected number of normal cells, expected 
number of mutant cells, variance of normal cells, covariance between normal cells 
and mutant cells and variance of mutant cells are increasing functions of initial 
number of normal cells(N0) and time (t) when all the other parameters are constants. 
Also it is observed that expected number of normal cells, variance of normal cells and 
covariance between normal cells and mutant cells are invariant, whereas expected 
number of mutant cells, variance of mutant cells are increasing functions of initial 
number of mutant cells (M0) when all the other parameters are constants. It is also 
observed that expected number of normal cells, expected number of mutant cells, 
variance of normal cells, covariance between normal cells and mutant cells are 
increasing functions, and variance of mutant cells is decreasing function of rate of 
arrival to normal cell from normal cell (a) when all the other parameters are constants. 
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Further it is observed that expected number of normal cells, variance of normal cells 
are invariant, the expected number of mutant cells, covariance between normal cells 
and mutant cells are increasing functions and variance of mutant cells is a decreasing 
function of rate growth of Type-II mutant cell from normal cell (b2) when all the other 
parameters are constants. It is observed that expected number of normal cells, 
variance of normal cells are invariant, expected number of mutant cells, covariance 
between normal cells and mutant cells and variance of mutant cells are increasing 
functions of rate of growth of Type-I mutant cell from mutant cell(c1), rate of growth 
of Type-II mutant cell from mutant cell(c2) and the parameters λ1 and λ2. It is also 
observed that expected number of normal cells, expected number of mutant cells, 
variance of normal cells and covariance between normal cells and mutant cells are 
decreasing functions, variance of mutant cells is invariant of rate of death of normal 
cell (d). 
 From table 4.2 it is observed that the overall behavior of normal and mutant cells 
is similar when i=1 in all the cases except in one case that is when i=0 variance of 
mutant cells is invariant with respect to the rate of death of normal cells (d) when all 
the other parameters are constants whereas when i=1, variance of mutant cells is an 
increasing function of rate of death of normal cells(d) when all the other parameters 
are constants. Also it is observed from Tables 4.1 and 4.2 that expected number of 
normal cells, expected number of mutant cells, variance of normal cells, covariance 
between normal cells and mutant cells and variance of mutant cells are comparatively 
less or equal in the case of i=1 than i=0. It may be interpreted that the behavior of 
cancer growth is more rigorous in malignancy mutant formation than benign mutation 
formation. Further we may interpret that the formation of malignant mutation from 
the existing normal or mutant cell has more impact on the cancer growth.  
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