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Abstract

The probability generating function (PGF) for a birth- death-immigration-
emigration (BDIE) Process with genocide incidence as a partial catastrophe is
developed. In this paper, a BDIE process is considered under the influence of
genocide incidence which, when it occurs, reduces the population size to a non-
zero state. Upon utilizing the generating function, the population mean and its
variance for BDIE processes with genocide can be found quite easily.
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1. Introduction

The stochastic process on birth-death type processes have been developed mostly Yule,
Feller, Kandal and Getz among others. Recently, Granita [1] modeled linear growth
birth and death processes with immigration and emigration using the stochastic
differential equation. Getz [2], modeled birth-death processes with positive and
negative controls using the probability generating function. The construction of the
transient probabilities for a simple birth-death-immigration process under the influence
of total catastrophe was constructed by Randall [3] and in his paper a total catastrophe
that wipes out the total population to size zero sate was taken into consideration. Di
Crescenzo [4] also worked on birth-death process subject to catastrophes using the
Laplace transform of its probability density function to obtain the mean and variance.
Moreover, Michael [5] modeled the immigration-emigration with catastrophe and
found the steady-state solution using the classic recursive methods. However, the
generating function model of birth-death-immigration-emigration process with
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genocide incidence as a partial catastrophe that depends on population size has not been
discussed in the previous works. In this paper, we shall consider a genocide which
occurs at a constant rate and when it occurs, reduces the population to a non- zero state.
The purpose of this paper is to analyze the BDIE processes by introducing a genocide
parameter depending on the size of the population like birth and death because genocide
is considered as a forced death. This led to the development of differential difference
equation and obtain the generating function for BDIE with genocide incidence by using
the probability generating function method which will further lead to the determination
of the mean and variance of BDIE with genocide incidence.

2. Development of The Model
Let N be the number of members in a population which is a stochastic variable taking

on the values 0,1,2, while R (t)denote the probability that the population is of size N
at time t. Also let At>0 denote a small increment in time. If the population is of size

N at time!, then during the interval [t.t+at]

eight events may occur:

, it is assumed that any of the following

(1) Each individual present at time t may give birth to an additional individual with

probability
A(t)At+0(At)
(2.) Anindividual may be added to the population (immigration)with probability
v(t)At+o(At)
(3.) Each individual present at time tmay die and leave the population with the
probability
1(t)At+0(At)

(4.) Also an individual may be removed (culling, emigration) from the population

with probability
a(t)At+0(At)

(5.) A genocide incidence occurs in a population of size Mand reduce the population
size to certain lower level 77 with a rate 7 .Therefore, the presence of genocide
changes the population size from a state " to a state”? with probability

7 (t)At+o(At)

(6.) None of the events (i)-(v) occur with probability

1-[A+p+v+a+y](t)At+o(At)

then the population level remains the same.
(7.) We also assume that under these conditions twins, triplets, etc occurrence is

o(At)
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(8.) Lastly, we assume that the probability of more than one event (i)-(v) occurring

i o(At)

The parametersﬂ(t),”(t),V(t),a(t) and 7(t)represent birth, death, immigration,
emigration and genocide rates respectively at time'.

As in the simple birth-death process, births and deaths occur proportional to the
population size with a birth rate 4>0 and a death rate 4> 0. Immigration and

emigration will occur independent of the population size with rates V>0 and @ >0
respectively. Further, the occurrence of genocide is also dependent of population size

and will occur at a rate 7 >0 Thus, using the idea of Getz, the above events can be
summarized in the following transitional rates:

Table 1: BDIE Transitional Rates with Genocide

Transition at time Rate

n—-n+l1 ﬂ,n+v, n>0
n—-n-1 mn+a n>1
n—n n, n>1

Whereﬂ“:zﬂ(t),”::'u(t), V::V(t), az:a(t)and r=r(t), Table 1 is the summary
of the transitional rates for the BDIE process with genocide incidence. Under these
conditions, we have the probability of transition for BDIE with genocide state in the

time interval [t't+At].
P (t+ At) = {(n +)u(t)At + a(t)At}P,, (t) + {(n —DA(t)At + v(t)ALIP, ,(t)
+n{r(OAUP 7 + - [n(ul(t) + A(t) + 7(t))At] - [e(t)At + v(t)AL]IP, (t)
(2.1)
The objective is to compute the generating function G(S't), first we consider the
transition probability from state 7to N in (v) above and we have;

n{rOALR, (1) + - n({t)a)}P, (t) = (7P, (1) - R, () (H)at + P, (1)

_ n(% Py — PnJy(t)At +P(0)

(2.1a)
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750

(2.1a) for large N in Equation (2.1a), N and thus Equation(2.1a) can be
approximately

RN A
Hence Equation (2.1) becomes;
P (t + At) = {(n+1)u(t)At + a(t)AtIP,, (t)+ {(n —D)A(t)At + v(t)ALIP, , (t)
+ 1= [n(u(t) + A1)+ 7 (DAL= [at)at + v(E)AL]R, (1)
(2.1b)

Which upon simplifying and dropping the dependence of the parameters on time t and
also letting At >0 we get:

P/(t)=[u(n+1)+a |R, (t)+[ A(n-1)+v [P (1)
-[n(l+,u+7/)+v+a] P(t) n=123,..
2.2)
Where, the prime indicates the derivative with respect to timet. For"= 0 we have
R(t)=(uta)R(t)-(v+a)R(t)
(2.3)
as a boundary condition.

3. Probability Generating Function

Here, we derive the (PGF) of Equation (2.2). For that purpose, we apply the definition
PGF. By definition we let

G(s.t)=3 P, (1)s"

n=0

(3.1)
Using Equation (2.2) we obtain the PGF as

G'(st)= S P/(t)s" = :Zo[ﬂ(nu)m] P, (t)" +n°°zo[/1(n_1)+v] P (t)"

n=0

=A =B

-Z[n(ﬂ+y+y)+v+a] P (t)e"

=C

(3.2)
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For simplicity, we solve the right hand side of Equation (3.2) and we have
aG(S,t) o

A=u——>+—(G(s,t)-P
H s +S( (S ) o)
(3.3)
G(s,t
B:st(s,t)+szﬂM
0s
(3.4)
and
dG(s,t)
C=—(v+a)G(S,t)—(,u+ﬁ+;/)S .~
(3.5)
Using Equation (3.3), (3.4) and (3.5) in Equation (3.2) we get;
oG (s,t) oG (s,t) ( aj a
——2=|(As- —1)—ys|——= )| v——||G(s,t)——P,(t
= [(s—w)(s=1)-7s ] =+ (s-1) v=2 |6 (s) -2 Ry (1)
(3.6)
Attime £=0 the population has a distribution
P(0)=T,, n=012..
Sro1
n=0
1
P(0)=l, ==
(0)=T, ==
(3.7a)
Due to the fact that L (0) is a distribution,
Mean =n,
Variance = ¢%,
(3.7b)

Assuming R (0) is normally distributed for all M and no emigration expected at N =0

ZR(1). _
, hence the term S in Equation (3.6) can be neglected.

Hence Equation (3.6) becomes
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dG(s,t)

s [(As—u)(s=1)-rs] aGa(S’t) J{(S_l)[v_zﬂe (s.t)

S S

(3.8)

We now solve Equation (3.8), assuming}L (M @ vV and 7 are constants(do not depend
on 1).The auxiliary equation to Equation(3.8)is
ds _dt dG(.)

(28" —(A+u)s—ys+u) = (i‘vj(s‘l)G(')

(3.9
Considering the equality of the first part of Equation (3.9, we have
ds )
E=(ﬂs —(/1+,u)s—7/s+,u)
(3.10)
By separation of variables Equation (3.10) becomes,
[ . ds = Jt+K
52—7( +ﬂ+y)s+ﬁ
A A
(3.12)
Where, K is a constant of integration.
To solve Equation (3.11) we use the method of partial fractions
1 _ 1
o (Atuty)  u (s—(a-b))(s-(a+b))
A A
(3.12)
Where
_(ﬂ+u+7j
22
(3.13)
\/(A + U+ ;/)2 M
2
b= Z

2 (3.14)
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and

Thus Equation (3.12) becomes
1

A

B

(s-(a-b))(s—(a+b)) (s-(a-b)) (s—(a+b))

Which on solving we have

and

Am_ L
20
B— L
20

Thus on substitution and integration of Equation (3.11) we have

s—(a+b)
—b)

s—(a

Where K is a constant of integration.

Making S the subject we have

Making K the subject we obtain

— Kefzb/u

. (a+b)-K(a=h)e™*

1_ Ke_ZbM

35

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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By solving the second part of the Equality of Equation (3.9)

dG(.) a
—2=lv——[(s-1)G(.
- [v-2s-ne0)
(3.20)
On integration we have
j—dG(') =|nG(S,t)=J.(vs—v—a+gjdt+C
G(.) s
(3.22)
G () _ Cej.o(vs—v—oﬁfjdt
Where C is the constant of integration.
At t=0 G(s,0)=C therefore,
G(s,t):G(s,O)epr;(vs—v—a+%jdt
(3.22)
And from Equation (3.7) we have
G(s,0)= il‘ns"
n=0
And thus Equation (3.22) becomes
G(s,t)zirns" expﬁ[vs—v—oﬁ%jdt
n=0
(3.23)

Which upon using Equation (3.18)

| (a+b)—K(a=b)e®* —1+Ke®* ]
Vj.o(( ) (l— K)ezmr de

G(s,t)=exp - x> T 8"
() i 1-Ke?™ —(a+b)+K(a-h)e?* nzz(;
+aI Ty dr
0 (a+b)-K(a-b)e

=h

(3.24)
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Solving d we have

1_ Ke—zbir

_ _ —2bAr _ —2bAr
Vj-t((a+b) K(a-b)e 1+ Ke de
d = 0

which can be rearranged into

tv(a+b-1) In/(1+b—a) Ke 24

d = 0 1_ Ke—Zb/lr + 0 1_ Ke—Zb/lr T
=d; =d,
(3.25)
Using the identity
dt 1 be*
_[ - =—log - -+ constant
c+be ac ~c+be
(3.26)
In the integration of Equation (3.25), we have
_v(a+b-1) nl 1= Ke
o 2ba (1-K)e™
(3.27)
1 b_a _ —2bA
d2=V( + )In 1-Ke
2b2 (1-K)
(3.28)
Combining d, and d, we have
_ -2bA |
d=d,+d,=In| | Z2KE |7 grlaren
1-K
(3.29)

Solving part h of Equation (3.24) we have

—2bAr —2bAr
He aJ. 1-Ke (a+b)+K(_2bE))e n
(a+b)-K(a—b)e™*

(3.30)
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Which can be split into

e o t 1—(a+b) —_dr+a t K(a—b—l) __de
ca+b-K(a—h)e™* 0—K(a—b)+(a+h)e™™
:hl :hz
(3.31)
Solving Equation (3.31) using the identity in Equation (3.26) we have;
a(a+b-1) |[(a+h)-K(a-b)]e™”
= In —2bat
2b(a+b)A a+b-K(a-bh)e
(3.32)
In solving the remained part of Equation (3.31) we have
_h_ K b_ b 2bAt
h, = a(a > 1) In I: ( a)+(a+ )]Sb,u
2bi(b-a) K(b—-a)+(a+b)e
(3.33)
Thus we have
(a+b)+K(b-a) |« @2
h=h+h, =1 atb
h+h, =In [(a+b)+K(b—a)e2“‘
(3.34)

Combining the solution for d and N as given in Equation (3.29) and (3.34) respectively
we have

(a + b) +K (b — a) “ 1- Keizb]Lt B e_a(Z:E_l)tJrv(aer—l)t
(a+b)+K(b—a)e®* (1-K)

d+h=In [
(3.35)

G(s.t)

Hence the generating Function becomes

a

_ » _ _71/ —a(a+b—l)t+v atb ©
G (s,1) = exp In{ (a+b)+K(b-a) ]f[ (1 K)} o e ST

(a+b)+K(b—a)e®™* | | 1-Ke™*
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ek P ofersafe-s

jt} X exp il‘ns”

n=0

(3.36)
Which can be written as
G(s,t) =W, "W, * exp{(a+b—1)(v— ¢ )t}epoFns“
a+b s
(3.37)
Where
(a+b)+K(b-a)
W, = =W, (s,t
! ((a+b)+ K(b—a)e‘MJ ()
and
1-K
W, = edn =W, (s:t)
Upon replacing K as given in Equation (3.19) into Equation (3.36) we have
2 2 2bat 2bAt
W (b*—a*+as)(1-e )+(1+e )
' 2bs 2
(3.38)
g ———
But A thus Equation (3.38) becomes
1| —u ), 1 2bat
1—2—bs|:7+a5i|(1—e )+§(1+e )
(3.39)
Upon substituting K into W, we have

W o s—a+b—[s—(a+b)]e2‘m

2 2b

(3.40)
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Thus Equation ( 3.36) becomes

G(s,t) =W1;W2% expi“rnsn exp{(a+b—1)(v—ﬁjt}

(3.41)

Where W, and W, are as given in Equations (3.39) and (3.40) respectively. Thus we
have obtained the form of generating function for the distribution of the size of the
population at any time tfor the BDIE process with genocide parameter.

4. Derivation of the Mean and Variance

The most important moments of a distribution are the mean and variance. It is possible
to find the mean and variance in sections 4.1 and 4.2 respectively.

4.1 Mean
Following the standards procedures for finding the mean we have:
oG (s,t)

—— —E((®)=n()

4.1)
Taking natural log of both sides of Equation (3.41) we have
a -V = a
ING(s,t)=—InW,——InW, + > ' s"+{(a+b-1)| v—— |t
(5)= = w371, | b3 v
(4.2)
Which upon differentiation with respect to S gives;
G _aw —%WLan“ns"’l =H(st)
G W, AW, =
(4.3)
prime—i
Where the 35 with® =G (5t) Thys,
G _g O‘V\’l—%Janrns”*1 =G(s,t)H (s t)
os W, AW, &
(4.4)

Where

W= 2blslzﬂ (1-¢7)
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__ a2bat
WZ,:l e
2b
(4.5)
Setting S =1 we have
(_'ll-i-a)(l—ezm) (1+e2b,u)
W1|s:1 = +
2b 2
' H 2bit
=2 (1-e
s=1 2bﬂ( )
(4.6)
1-a+b—(1-(a+h))e™
2|s:1 = 2b
’ 1_e2bﬂt
W2|s=l =
S 2b
4.7
Thus,
n(t) —W,“W # (awl W, +nOJexp{(a+b—1)(v—ijt}
LW AW, a+b
(4.8)
Wherer,Wll,W2 and 2 are given in Equations (4.6) and (4.7)respectively while

> onr, =n,
n=0 as shown in Equations (3.7a) and (3.7b). Hence Equation (4.8) is the
stochastic population mean for the BDIE process with genocide parameter.

4.2 Variance

2
We can now proceed to find the variance, e (t)by differentiating Equation (3.41)
twice. Thus,

%zG(s,t)H(s,t)

(4.9)
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Taking natural log of both Equation (4.9) we get
ING'=InG(s,t)+InH(s,t)

(4.10)
: : o s . H(s,t) -
Which upon differentiating with respect to > and denoting by H, we obtain:
GN B E] H !
G G H

G"=G[H’+H']

(4.12)
Thus Equation (4.11) becomes
9°G(s,t) ,
o~ =G(st)[H*+H’]
(4.12)
Where
" N2 " "2 -
H =% W W _Z(Wl) _v W, W, _2(W2) +Zn(n—1)1"ns”’2
H W A W, n=0
Following the standard procedure for finding the variance we have;
2
1
o (0= -y
os
=E(n(n—1))+(t)—-n*(t)
(4.13)
. 2
=E(n")-[E(n(V))]
(4.14)

Therefore, the stochastic population variance model for BDIE process with genocide
parameter is

o (t)=G| (Hz )

s=1

(4.15)
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Where
aW, W,
|, = + +n,
AN, AW,
W"W’— Wr 2 ' 2
H’s=1=g *z(l) _%(VWTZJ +0y" 1 =1y
H 1 2
A (t) =W W * Wy W, n, [exp (a+b—1)(v—ijt
LW, AW, a+b
- W,/ W, . : : : :
Additionally, "™ and ""2 is as shown in Equation (4.6) and (4.7) respectively while
"_ —H __ p2bat
W, —a(l e )
W,=0
and

> n(n-1)T, =0,>+n, —n?
n=0 , using Equation (4.13).

Thus, Equation (4.15) is the stochastic population Variance for the BDIE process with
genocide incidence. Next we will apply the developed stochastic models into the real
population data.
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