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Abstract 

In this article, we are interested in variable selection for nonparametric 

additive models with covariates being measured with errors. Without 

specifying any error model, a two-stage variable selection procedure is 

proposed with assistance of proper validation data. Briefly, each 

nonparametric component is approximated by a linear combination of basis 

functions, and the conditional expectations of these basis functions given the 

surrogate covariates are estimated via the validation data in the first stage. 

Selection of nonzero components using the group Lasso via the surrogate data 

is performed in the second stage. With appropriate selection of the tuning 

parameters, consistency of the proposed variable selection procedure and the 

oracle results are established. Some simulation studies will be used to 

demonstrate the finite sample performance of the proposed method. 

Keywords: group Lasso, additive models, component selection, measurement 

errors, nonparametric regression, validation data 

 

1. INTRODUCTION 

Consider the following nonparametric additive model 

                     Y = μ + ∑ fs(X
s)

p
s=1 + ε,                        (1) 

where Y is the response variable, Xs (s = 1, . . . , p) is the s’th component of the 
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explanatory variable vector X, μ is anunknown constant, f1, ⋯ ,  fp are unknown 

functions, and ε is an unobserved random variable with E(ε) = 0 and Var(ε) = σ2. 

It is not uncommon that X is measured with error and only its surrogate variable W 

can be observed instead. In this case, one observes independent replicates (Wi, Yi), 

1 ≤ i ≤ n, of (W, Y) rather than (X, Y), where the relationship between Wi and Xi 

may or may not be specified. If the relationship is not specified, the missing 

information for the statistical inference will be taken from a sample (Wj,  Xj), n +

1 ≤ j ≤ n +m, of so-called validation data independent of the primary (surrogate) 

sample. Suppose that some of the additive components fs are zero. It is of great 

practical interest to distinguish the nonzero components from the zero components 

and estimate the nonzero components via the surrogate data {(Yi, Wi)}i=1
n  and the 

validation data {(Xj, Wj)}j=n+1
n+m

. 

The non-parametric additive model given in (1) has been widely studied by many 

statisticians recently. For instance, Stone (1985) showed that additive spline 

estimators could achieve the asymptotically optimal L2 rate of convergence. Hastie 

and Tibshirani (1991) proposed a Backfitting method for estimating nonparametric 

additive models. Opsomer and Ruppert (1997), Mammen et al. (1999) and Opsomer 

(2000) have developed asymptotic theories for Backfitting estimator. Linton (2000), 

Horowitz and Mammen (2004) and Horowitz, Klemelä and Mammen (2006) adopted 

a two-step procedure to obtain oracle-efficient estimate of the fj
,s. However, none of 

the aforementioned papers discuss variables election in nonparametric additive 

models. 

Some variable selection procedures for nonparametric additive models include Zhang 

et al. (2004), Lin and Zhang (2006), Meier, van de Geer and Bühlmann (2009), 

Ravikumar et al. (2009), Huang, Horowitz and Wei (2010), and Fan, Feng and Song 

(2011). They mainly developed model selection criteria for nonparametric additive 

models with independent and identically distributed data. Zhang et al. (2004) 

proposed a likelihood basis pursuit approach to model selection and estimation in 

smoothing spline ANOVA. Lin and Zhang (2006) proposed the component selection 

and smoothing operator (COSSO) method for model selection and estimation in 

multivariate nonparametric regression models. Meier, van de Geer and Bühlmann 

(2009) adopted a Lasso-type penalty, proposed by Tibshirani (1996), for similar 
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purposes. Ravikumar et al. (2009) investigated sparse additive models (SpAM), which 

extend the advantages of sparse linear models to the nonparametric additive setting. 

Huang, Horowitz and Wei (2010) studied a two-stage approach that uses the group 

Lasso (Yuan and Liu 2006) for variable selection based on a spline representation of 

each component in additive models. Fan, Feng and Song (2011) proposed a 

nonparametric independence screening (NIS) procedure to reduce dimensionality in 

sparse ultra-high dimensional models. 

An essential assumption made in all aforementioned papers is that all data can be 

observed directly. However, measurement error data are very common in many 

research areas such as engineering, economics, physics, biomedical sciences and 

epidemiology. Carroll et al (2006) showed that simply ignoring measurement errors 

will result in biased or inconsistent estimators for various parametric or nonparametric 

measurement error models. Extension of existing variable selection methods to 

models with measurement errors is essential but by no means straightforward. Some 

model selection procedures have been proposed for measurement error data. For 

examples, Zhao and Xue (2010) considered variable selection for semiparametric 

varying coefficient partially linear errors-in-variables models. Liang and Li (2009) 

considered variable selection for partially linear errors-in-variables models. However, 

their methods are not applicable to nonparametric additive models with measurement 

errors. 

In this paper, we consider a two-stage variable selection procedure for model (1) with 

measurement errors. Each nonparametric component is approximated by a linear 

combination of basis functions. In the first stage, a sieve estimator is proposed to 

estimate the conditional expectations of basis functions given the surrogate covariates 

based on validation data {(Xj, Wj)}j=n+1
n+m

. In the second stage, with these sieve 

estimators, we use the group Lasso to achieve consistent selection based on surrogate 

data {(Yi, Wi)}i=1
n . Although the group Lasso method proposed by Huang et al. (2010) 

can select significant components in nonparametric additive models, their variable 

selection procedure cannot be used directly for such models with measurement errors. 

Furthermore, we show that our variable selection procedure is consistent, and the 

estimator of each component achieves the optimal convergence rate. 

This paper is organized as follows. Section 2 describes thet wo-stage variable 

selection procedure in nonparametric additive models with measurement errors. 

Theoretical properties of the procedure are given in Section 3. We propose an iterative 
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algorithm for obtaining penalized estimator in Section 4. Some simulation results are 

presented in Section 5. Section 6 includes conclusions. Proofs of the results stated in 

Section 3 are given in the Appendix. 

 

2. VARIABLE SELECTION VIA GROUP LASSO 

Suppose that the support of X is χ = [0, 1]p. To ensure unique identification of Efs′s, 

we assume that E[fs(X
s)] = 0, for s = 1,⋯ , p. Let {ϕk, k = 1,2,⋯ } be a basis for 

smooth on [0, 1]. For any positive integer kn, define Φkn(x) =[ϕ1(x),⋯, 

ϕkn(x)]
T. It can be shown that fs(x) can be approximated by 

                                fs(x) ≈ Φkn(x)
Tθs,        s = 1,⋯ , p,                    (2) 

for some θs=(θs1,⋯ , θskn)
T
 (see, Horowitz and Mammen, 2004). Here, conditions 

that those basis functions (i.e., {ϕk, k = 1,2,⋯ }) and the positive integer kn must 

satisfy can be referred to Section 3. In particular, kn → ∞ at an appropriate rate as 

n → ∞. 

When W is a surrogate of X, E(y|X) = μ + ∑ fs(X
s)p

s=1  implies that 

   E(y|W) = μ + ∑ E[fs(X
s)|W].

p
s=1                     (3) 

Denote ψsk(W) = E[ϕk(X
s)] (s = 1,⋯ , p; k = 1,⋯ , kn). Let Ψs(w) = (ψs1(w), 

⋯ ,ψskn(w)) 
T. Substituting (2) into (3), we get  

                  E(y|W) ≈ μ + ∑ Ψs(W)
Tθs

p
s=1 .                       (4) 

Denote H = ∫ Φkn(u)
1

0
Φkn(u)

Tdu. Let ‖α‖H = (α
THα)1/2 denote the ℓ2 norm of 

any vector α ∈ Rkn. Let ψ̂kn(∙) be estimate of ψkn(∙) and Ψ̂s(w) =  (ψ̂s1(w),⋯, 

 ψ̂skn(w))
T for (s = 1,⋯ , p;  k = 1,⋯ , kn). Equation (4) motivates us to adopt the 

following group Lasso penalized least-squares function  

1

2
∑ {Yi − μ − ∑ Ψ̂s(Wi)

Tp
s=1 θs}

2
+ n∑ λl‖θl‖H

p
l=1

n
i=1 ,              (5) 

where λl (l=1,⋯ , p) are tuning parameters. Here, the tuning parameters λl's are not 

necessarily the same for all θl. Such flexibility will allow significant components to 

have smaller penalties and insignificant components to receive larger penalties. 
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Let μ̂ and θ̂s=(θ̂s1, ⋯ , θ̂skn)
T
 be the solutions by minimizing (5). The estimators 

of μ and fs(x) are then given by 

μ̂ =
1

n
∑ Yi
n
i=1   and  f̂s(x) = Φkn(x)

Tθ̂s,  s = 1,⋯ , p.            (6) 

To complete our variable selection procedure, we need to specify the estimators 

ψ̂sk(∙)  (s = 1,⋯ , p; k = 1,⋯ , kn) based on validation data {(Xj, Wj)}j=n+1
n+m

. Here, 

we consider the sieve estimator for illustration purpose. Without loss of generality, we 

assume that the support of W is χ = [0, 1]p. For each fixed Xj
s (s = 1,⋯ , p; j = n +

1,⋯ , n + m) , we approximate E[ϕk(Xj
s)|Wj] = ψsk(Wj)  by ψsk(Wj) ≈ 

∑ γslql(Wj)
Jm
l=11 , where ql  are some known fixed basis functions and Jm → ∞ 

slowly as m → ∞. Let QJm(w) = [q1(w),⋯ , qJm(w)]
T
 and  Q = [QJm(W1),⋯, 

QJm(Wm)]
T. For s = 1,⋯ , p and k = 1,⋯ , kn, we have 

ψ̂sk(W) = ∑ ϕk(Xj
s)QJm(Wj)

T(QTQ)−QJm(W)

n+m

j=n+1

, 

where (QTQ)− denotes a generalized inverse. 

 

3. SOME THEORETICAL RESULTS 

In this section, we study the asymptotic properties of the estimators proposed in 

Section 2. For this purpose, we need to define some additional notations. Let θ =

(θ1
T, ⋯ , θp

T)
T
 and θ0 be the true value of θ. Without loss of generality, we assume 

that fs(x) are identical to zero for s = p0 + 1,⋯ , p, and fs(x) are all nonzero 

components for s = 1,⋯ , p0.  Denote an = maxl{λl, l = 1,⋯ , p0}  and bn =

minl{λl, l = p0 + 1,⋯ , p}. 

To establish asymptotic results, we need the following conditions. 

Assumption 1. The validation data {(Xj,Wj): j = n + 1,⋯ , n + m} are i.i.d., the 

support of (X,W) is contained in χ2; and Var(ϕk(X
s)|W = w) is bounded and 

bounded away from zero for all w ∈ χ for s = 1,⋯ , p and k = 1,⋯ , kn. 

Assumption 2. The support of W is a Cartesian product of compact connected 
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intervals on which W has a probability density function that is bounded away from 

zero. 

Assumption 3. E[ϕk(X
s )|W = w] = ψsk(w) is continuously differentiable of order 

rm on the support of W for all s = 1,⋯ , p and k = 1,⋯ , kn. 

The following uniform convergence results for the first-stage series estimators are 

obtained by applying Theorem 7 in Newey (1997). 

Theorem 3.1. If Assumptions 1-3 hold, then as m → ∞, for s = 1,⋯ , p and k =

1,⋯ , kn, 

sup
w∈χ
|ψ̂sk(w) − ψsk(w)| = O(

Jm

√m
+ Jm

1

2
−
rm
p ). 

If Jm = O(m
p

2rm+p), then 

sup
w∈χ
|ψ̂sk(w) − ψsk(w)| = O (m

p−2rm
2(2rm+p)).               (7) 

In order to obtain the consistency of the estimators reported in (6), we impose the 

following additional conditions: 

Assumption 4. The surrogate data {(Yi,Wi): i = 1,⋯ , n} are i.i.d., and Efs(X
s) = 0 

for s = 1,⋯ , p. 

Assumption 5. The support of X is a Cartesian product of compact connected 

intervals on which X has a probability density function that is bounded away from 

zero. 

Assumption 6. For each s, fs(∙) is r-times continuously differentiable on χ. 

Assumption 7. lim
m

n
= γ for some constant 0 < 𝛾 ≤ 1. 

Theorem 3.2. Suppose that Assumptions 1-7 hold and kn = O(n
1

2r+1). If rm ≥

(2r +
1

2
)p and n

r

2r+1an → 0 then we have 

‖f̂s(∙) − fs(∙)‖ = OP (n
−

r

2r+1),     s=1,⋯ , p. 

With proper choice of tuning parameters, Theorem 3.2 tells that our proposed group 

Lasso estimators are consistent. Next, we establish the consistency of the group Lasso 

estimator as a variable selection method. 
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Theorem 3.3. Suppose that Assumptions 1-7 hold and kn = O(n
1

2r+1). If rm ≥

(2r +
1

2
) p,  n

r

2r+1an → 0 and n
r

2r+1bn → ∞, then we have 

P(f̂s(∙) ≡ 0) → 1,        s = p0 + 1,⋯ , p. 

According to Theorem 3.3, we know that all the zero additive components must be 

estimated exactly as zero with probability converging to one. That is, the proposed 

variable selection procedure can identify the true model consistently. The proofs of all 

the theorems are reported in the Appendix. 

 

4. COMPUTATION 

4.1. Computation algorithm 

We develop an iterative algorithm based on local quadratic approximation of the 

penalty function given in Fan and Li (2001). Specifically, for any given initial value 

θl
(0)

 with ‖θl
(0)
‖
H
> 0, 𝑙 = 1,⋯ , 𝑝, we can obtain 

λl‖θl‖H ≈ λl‖θl
(0)‖

H
+

λl

2‖θl
(0)‖

H

(θl
THθl − θl

(0)THθl
(0)). 

Let  θ = (θ1
T, ⋯ , θp

T)
T

 and Σ(θ(0)) = diag {λ1‖θ1
(0)‖

H

−1
H,⋯ , λp‖θp

(0)‖
H

−1
H} . 

Except for a constant term, (5) can be rewritten as the following quadratic form: 

1

2
∑ {Yi − μ − ∑ Ψ̂s(Wi)

Tp
s=1 θs}

2
+
n

2

n
i=1 θTΣ(θ(0))θ.            (8) 

We outline our algorithm as follows 

Step 1. Initialize (μ(0), θ(0)T). 

Step 2. Set θ(0) = θ(k), solve (μ(k+1), θ(k+1)T) by minimizing (8). 

Step 3. Iterate Step 2 until the convergence of θ, and denote the final estimate of θ 

as θ̂. 

In the initialization step, we obtain an initial estimator (μ̃(0), θ̃(0)T)  of 

(μ, θT) using the ordinary least-squares method based on the first term on the 

right-hand side of (8). 

 

 



748 Zanhua Yin and Fang Liu 

4.2. Choosing the tuning parameters 

To implement the proposed procedure, the smoothing parameters kn's and Jm's, and 

the tuning parameters λl's should be determined. In our simulation studies, we use the 

generalized cross-validation (GCV) method to choose the smoothing parameters. Let 

A  be the smoothing matrix such that ŷ = Ay . The generalized cross-validation 

estimate of the risk is 

GCV =
‖ŷ−y‖2

{n−1tr(I−A)}2
. 

Tibshirani (1996) proposed a GCV-type criterion to decide the values of the tuning 

parameters. However, this computationally intensive method can hardly be useful for 

group Lasso since there may be too many tuning parameters in our penalty functions. 

To overcome this difficulty, we consider 

λl = {

λ
‖θ̃

l

(0)
‖
H
 ,            if ‖θ̃

l

(0)
‖
H
> 0,⁄        

       ∞,                        if ‖θ̃l
(0)
‖
H
= 0.         

               (9) 

Thus, the p-dimensional tuning parameter selection problem for (λ1, ⋯ , λp) reduces 

to a univariate problem for λ only. In addition, if λl = ∞, then θ̂l = 0. As a result, 

we can drop the nonparametric component fl from the model. Thereafter, the tuning 

parameter λ can be selected by GCV. We also consider the following BIC-type 

selector (Huang {\it et al.}, 2010) 

BIC = log(RSSλ) + log (n) × df/n. 

Here, RSSλ is the residual sum of squares for a given λ, and the degree of freedom 

df = p̂ × kn, where p̂ is the number of nonzero estimated components for a given λ. 

The complete algorithm for our proposed procedure is summarized as follows: 

Step 1. Initialize (μ(0), θ(0)T). 

Step 2. Compute ψ̂sk(Wi) for all s = 1,⋯ , p, k = 1,⋯ , kn and i = 1,⋯ , n. 

Step 3. Solve μ and θ by applying the algorithm proposed in Section 4.1, and tune 

 λ according to GCV or BIC.  

Step 4. For each fixed kn, apply Steps 1-3 with kn. Choose the best kn according 

to GCV. 
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5. SIMULATION STUDIES 

In this subsection, we conduct simulation studies to evaluate the finite sample 

performance of our procedure for nonparametric additive models. First, we choose the 

B-splines as basis for all the functions fs, s = 1,⋯ , p. In our simulation examples, 

for all s = 1,⋯ , p, and k = 1,⋯ , kn, we consider two methods to compute the 

conditional expectation estimators ψ̂sk(∙), namely the COSSO (Lin and Zhang 2006) 

and the MARS (Friedman 1991). When we compute ψ̂sk(∙) applying the COSSO or 

MARS methods, the algorithm proposed in Section 4.2 is then called the group Lasso 

with the COSSO (denoted as gLasso-COSSO) or the group Lasso with the MARS 

(denoted as gLasso-MARS), respectively. 

 

Example 1: We generate data from the model 

Yi = f1(Xi
1) + f2(Xi

2) + f3(Xi
3) + f4(Xi

4) + ∑ fs(Xi
s)10

s=5 + εi, 

where f1(x) = −sin(2πx), f2(x) = x
2 − 1 3⁄ , f2(x) = x − 1 2⁄ , f4(x) = exp(−x) 

+  exp(−1) − 1, fs(x) = 0 if s ≥ 5 and εi i.i.d. N(0, 0.22). 

To perform this simulation, we generate X from a multivariate normal distribution 

with covariate matrix Σij = 0.5
−|i−j| , i, j = 1,⋯ ,10, and assume that W = X + v 

with v~N(0, σvv
2 I10), where  I10 is a 10 × 10 identity matrix. For all s = 1,⋯ ,10, 

trim Xs and Ws in [−2.5, 2.5] and scale to [0, 1] respectively, where Xs and Ws 

are respectively the s-th components of X and W. We take σvv
2 = 0.22and 0.62 to 

represent different levels of measurement errors. Simulations were run with different 

primary and validation data sizes (m, n) = (100, 300), (150, 300) or (150, 450), 

respectively. 

 

Example 2: The model is 

Yi = 5f1(Xi
1) + 3f2(Xi

2) + 4f3(Xi
3) + 6f4(Xi

4) + ∑ fs(Xi
s)10

s=5 + εi, 

where f1(x) = x, f2(x) = (2x − 1)
2, f3(x) = sin(2πx) (2 − sin(2πx))⁄ , f4(x) = 

0.1 sin(2πx) + 0.2 cos(2πx) + 0.3sin2(2πx) + 0.4cos3(2πx) + 0.5sin3(2πx),  

fs(x) = 0 if s ≥ 5 and εi i.i.d. N(0, 1.74). 

The covariates X = (X1, ⋯ , Xp)T are simulated according to  

Xs =
ξs+tη1

1+t
,   1 ≤ s ≤ 4,  and  Xs =

ξs+tη2

1+t
,   5 ≤ s ≤ p, 

where ξ1, ⋯ , ξp, η1 and η2 are i.i.d. Uniform(0,1). For t = 0, all covariates are 

independent. For t = 1, the correlation coefficients between all covariates of nonzero 
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components and between all covariates of zero components are both 0.5, but the 

covariates of nonzero components and zero components are independent. Moreover, 

we assume that Ws = 0.8Xs + 0.2v, for s = 1,⋯ , p, where v is Uniform(0,1). We 

consider t = 0, 1  and three different number of predictors p = 20  or 50. 

Simulations were run with different primary and validation data sizes  (m, n) =

(100, 300), (150, 300) or (150, 450), respectively. 

The simulation results are reported in Tables 1, 2 and 3 based on 100 replications. The 

columns are the mean number of variables selected (NV), the percentage of 

replications in which all the correct additive components are included in the selected 

model (IN), the percentage of replications in which precisely the correct components 

are selected (CS) (see, Huang et al., 2010) and the empirical prediction mean square 

error (MSE). The corresponding standard errors are in parentheses. Letting f̂ be the 

estimator of f, MSE is defined as the average of 1 n∑ |f̂(xi) − f(xi)|
2n

i=1⁄  over the 

100 replications. 

Table 1 compares, for various sample sizes and different levels of measurement errors 

in Example 1, the performance of the gLasso-COSSO and gLasso-MARS variable 

selection procedures, with the naive group lasso variable selection procedure, say 

Naive-gLasso. The latter neglects the measurement errors, and uses the group lasso 

variable selection procedure with the primary dataset. Table 1 shows that the 

differences among the Oracle, gLasso-COSSO, and gLasso-MARS cases are nearly 

negligible. For large sample sizes, the MSE of the gLasso-COSSO is obviously closer 

to that based on the Oracle procedure as the level of measurement error decreases. 

From Table 1, we can see that all variable selection procedures perform better in terms 

of model error and model complexity as the level of measurement error decreases. 

When the level of measurement error is small, all methods perform similarly. 

However, when the level of measurement error is large, both the gLasso-COSSO and 

gLasso-MARS are significantly better than Naive-gLasso in all of the settings, which 

implies that the estimators based on the Naive-gLasso procedure are biased. Table 1 

also shows that the gLasso-COSSO performs better than the gLasso-MARS in terms 

of model error and the percentage of the correctly selected models. In many cases, the 

percentage of correct selection from BIC is less than that from GCV. 

For various sample sizes and different number of predictors in Example 2, several 

observations can be made from Tables 2 and 3. First, the performances of the 

gLasso-COSSO, gLasso-MARS and Naive-gLasso procedures become better in terms 
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of model error and selection accuracy as the dimension of the model decreases. 

Second, when (m, n)=(150, 450) and p=10, all methods have similar performance in 

terms of model error and selection accuracy. However, for smaller (m, n) and larger p, 

the performances of both the gLasso-COSSO and gLasso-MARS are significantly 

better than the Naive-gLasso. Finally, all methods perform better with independent 

covariates than with correlated ones. This is not surprising since correlation among 

covariates increases the difficulty of component selection. In addition, as expected, 

the performance of the Oracle procedure is the best in all cases in terms of model 

error. 

 

6. DISCUSSION 

In this paper, we have proposed a two-stage variable selection procedure for 

nonparametric additive models with measurement errors. The covariates are measured 

with errors while we do not assume any error model structure between the true 

covariates and the surrogate variable. We have shown that the proposed method is 

consistent in variable selection. Our simulation results indicate that our variable 

selection procedure works well for the models under consideration. Most importantly, 

although we assume that the covariates in nonparametric components are all measured 

with errors, our procedure can easily extend the case that only some of the covariates 

are measured with errors. In addition, we consider GCV and BIC for penalty 

parameter selection, which are not applicable to the case where the penalty parameters 

are selected based on the surrogate data and validation data. This is an important and 

interesting topic of further research. 
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8. APPENDIX 

8.1. Proof of Theorem 3.2 

Let Ψ(w) = (Ψ1(w)
T, ⋯ , Ψp(w)

T)
T

and Ψ̂(w) = (Ψ̂1(w)
T,⋯ , Ψ̂p(w)

T)
T
. Define 

Q̃(θ) =
1

2
∑ {Yi − μ − Ψ̂(Wi)

Tθ}
2
+ n∑ λl‖θl‖H

p
l=1

n
i=1 . 

Let αn = n
−

r

2r+1 + an . We first show that for any given δ > 0 , these exists a 
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sufficiently large constant C such that 

P { inf
‖μ‖=C

Q̃(θ0 + αnu) > Q̃(θ0)} ≥ 1 − δ.              (10) 

This implies, with probability at least 1 − δ, there exists a local minimum in the ball 

{θ0 + αnu: ‖u‖ ≤ C}. Hence, there exists a local minimize θ̂ such that ‖θ̂ − θ0‖ =

OP(αn). 

Let D(u)=kn
−1{Q̃(θ0 + αnu) − Q̃(θ0)}, then we have 

D(u) =
1
2kn

∑ {Yi − μ − Ψ̂(Wi)
T(θ0 + αnu)}

2
−
1
2kn

∑ {Yi − μ − Ψ̂(Wi)
Tθ0}

2
  n

i=1           n
i=1  

+
n
kn
∑ λl
p
l=1

[‖θl0 + αnu‖H − ‖θl0‖H]                                                                

 ≥
αn2

2kn
uT[∑ Ψ̂(Wi)Ψ̂(Wi)T

n
i=1 ]u −

αn
kn
uT{∑ Ψ̂(Wi)[Yi − μ − Ψ̂(Wi)Tθ0]

n
i=1 }      

+
n
kn
∑ λl
p0
l=1

[‖θl0 + αnu‖H − ‖θl0‖H]                                                                 

 ∶= Δ1 − Δ2 + Δ3.                                                                                                                  
                                                              

 

Notice that 

1
n
∑ Ψ̂(Wi)Ψ̂(Wi)

T =
1
n
∑ Ψ(Wi)Ψ(Wi)

T +
2
n
∑ [Ψ̂(Wi) − Ψ(Wi)]Ψ(Wi)

Tn
i=1

n
i=1

n
i=1

                          +
1
n
∑ [Ψ̂(Wi) − Ψ(Wi)][Ψ̂(Wi) − Ψ(Wi)]

Tn
i=1 .

 

By strong law of large numbers, it follows that 

1

n
∑ Ψ(Wi)Ψ(Wi)

Tn
i=1

a.s.
→ EΨ(W1)Ψ(W1)

T.              (11) 

In addition, by (7) in Theorem 3.1, it is easy to show that 

|
1

n
∑ [Ψ̂(Wi) − Ψ(Wi)]Ψ(Wi)

Tn
i=1 | = OP (m

−2rm+p

2(2rm+p)),           (12) 

and 

|
1

n
∑ [Ψ̂(Wi) − Ψ(Wi)][Ψ̂(Wi) − Ψ(Wi)]

Tn
i=1 | = OP (m

−2rm+p

2rm+p ).        (13) 

Hence, if rm ≥ (r + 1/2)p, (11), (12) and (13) together prove that 

∆1= OP(nαn
2kn
−1‖u‖2).                            (14) 

We now analyze the term ∆2. Clearly, ∆2 can be decomposed as 
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∆2=
αn
kn
uT{∑ Ψ̂(Wi)[Yi − μ − Ψ̂(Wi)

Tθ0]
n
i=1 }                                                          

=
αn
kn
uT{∑ [Ψ̂(Wi) − Ψ(Wi)]εi

n
i=1 }                                                                     

+
αn
kn
uT{∑ [Ψ̂(Wi) − Ψ(Wi)][∑ fs(Xi

s) − Φ(Xi)Tθ0
p
s=1 ]n

i=1 }                 

+
αn
kn
uT{∑ [Ψ̂(Wi) − Ψ(Wi)][Φ(Xi) − Ψ(Wi)]T

n
i=1 }θ0                          

+
αn
kn
uT {∑ [Ψ̂(Wi) − Ψ(Wi)][Ψ(Wi) − Ψ̂(Wi)]

Tn
i=1 } θ0                       

       +
αn
kn
uT{∑ Ψ(Wi)εi

n
i=1 } +

αn
kn
uT{∑ Ψ(Wi)[∑ fs(Xi

s) − Φ(Xi)Tθ0
p
s=1 ]n

i=1 }

+
αn
kn
uT{∑ Ψ(Wi)[Φ(Xi) − Ψ(Wi)]T

n
i=1 }θ0                                               

+
αn
kn
uT {∑ Ψ(Wi)[Ψ(Wi) − Ψ̂(Wi)]

Tn
i=1 } θ0                                           

≔ ∑ Δ2i
8
i=1                                                                                                                  

 

By (7) in Theorem 3.1, it is easy to show that 

∆21= oP(√nαn kn
−1‖u‖).                        (15) 

From Assumptions 4-6 and Corollary 6.21 in Schumaker (1981), we have 

‖fs(∙) − Φkn(∙)
Tθs0‖ = O(kn

−r),   s=1,⋯ , p.            (16) 

This together with (7) proves that 

∑[Ψ̂(Wi) − Ψ(Wi)] [∑fs(Xi
s) − Φ(Xi)

Tθ0

p

s=1

] = O(nkn
−rm

−2rm+p
2(2rm+p))

n

i=1

 

Hence, by Assumption 7 and rm ≥ (2r + 1/2)p, we have 

∆22= o(nαn kn
−r−1‖u‖).                      (17) 

Similar to (15), by Assumptions 1-3 and 5, we can get that 

∆23= oP(√nαn kn
−1‖u‖),                     (18) 

∆25= OP(√nαn kn
−1‖u‖),                     (19) 

and 

∆27= OP(√nαn kn
−1‖u‖).                     (20) 

 

By (7) in Theorem 3.1, we get that 

∑ [Ψ̂(Wi) − Ψ(Wi)][Ψ(Wi) − Ψ̂(Wi)]
Tn

i=1 =  O (nm
−2rm+p

2rm+p ). 
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Then, we have 

∆24= O(nαn kn
−1m

−2rm+p

2rm+p ‖u‖).                (21) 

By (16) and Assumptions 1-3, we can prove that 

∆26= OP(nαn kn
−r−1‖u‖).                     (22) 

By (7), Assumptions 2 and 3, we can prove that 

∆28= OP (nαn kn
−1m

−2rm+p

2(2rm+p)‖u‖).               (23) 

From (15) and (18)-(23), we have 

∆2= OP(√nαn kn
−1‖u‖) + OP(nαn kn

−r−1‖u‖) + OP (nαn kn
−1m

−2rm+p

2(2rm+p)‖u‖). 

Invoking kn = O(n
1

2r+1) , αn = n
−r

2r+1 + an , rm ≥ (2r + 1/2)p  and n
r

2r+1an → 0 , 

then we have 

∆1= OP(‖u‖
2),      ∆2= OP(‖u‖).                   (24) 

Hence, by choosing a sufficiently large C, ∆1 dominates ∆2 with an arbitrary large 

probability. Next, we prove that ∆3 is also dominated by ∆1. After some simple 

calculations, we have 

∆3≤ p0nαn kn
−1‖u‖. 

Then, by n
r

2r+1an → 0, it is easy to show that ∆3= oP(‖u‖) which is dominated by 

∆1 uniformly in ‖u‖ = C. This implies (10). 

Note that 

‖f̂s(∙) − fs(∙)‖
2
= ∫ {f̂s(x) − fs(x)}

21

0
dx                                                                       

= ∫ {Φkn
T θ̂s −Φkn

T θs0 + fs(x) − Φkn
T θs0}

21

0
dx

                     ≤ 2 ∫ {Φkn
T θ̂s −Φkn

T θs0}
21

0
dx + 2∫ {fs(x) − Φkn

T θs0}
21

0
dx

                   = 2(θ̂s − θs0)
T
H(θ̂s − θs0) + 2∫ {fs(x) − Φkn

T θs0}
21

0
dx.

 

Using ‖H‖ = O(1) and ‖θ̂s − θs0‖ = OP (n
−r

2r+1),  we have 

(θ̂s − θs0)
T
H(θ̂s − θs0) = OP (n

−2r

2r+1).                  (25) 

In addition, by (16) and kn = O(n
1

2r+1), it is easy to show that 

∫ {fs(x) − Φkn
T θs0}

21

0
dx=OP (n

−2r

2r+1).                  (26) 
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Hence, (25) and (26) together prove Theorem 3.2. 

 

8.2. Proof of Theorem 3.3 

Without loss of generality, we show in detail that P(θ̂p ≡ 0) → 1 . Using 

supx‖Φkn(x)‖ = O(1), and f̂p(x) = Φkn(x)
Tθ̂p, we immediately get 

P(f̂p(x) ≡ 0) → 1. 

The same argument can be used to show that P(f̂s(x) ≡ 0) → 1 for any p0 < 𝑠 < 𝑝. 

Note that if θ̂p ≠ 0, θ̂p must be the solution to the following equation 

0 = −
αn
kn
uT{∑ Ψ̂p(Wi)[Yi − μ − Ψ̂(Wi)

Tθ̂]n
i=1 } +

nαnλp
kn

Hθ̂p
‖θ̂p‖H

 

= −
αn
kn
uT{∑ Ψ̂p(Wi)[Yi − μ − Ψ̂(Wi)Tθ0]

n
i=1 }                        

   −
αn
kn
uT{∑ Ψ̂p(Wi)Ψ̂(Wi)T

n
i=1 }(θ0 − θ̂) +

nαnλp
kn

Hθ̂p
‖θ̂p‖H

≔ Λ1 + Λ2 + Λ3.                                                                               

 

Similar to Δ2, we can prove that Λ1 = OP(1). From Theorem 3.1, it is easy to show 

that 

1

n
∑ Ψ̂p(Wi)Ψ̂(Wi)

Tn
i=1 = OP(1). 

Hence, we have Λ2 = OP(nαn kn
−1‖θ0 − θ̂‖) . Using ‖θ0 − θ̂‖ = OP (n

−r

2r+1) , we 

have Λ2 = OP(1). 

Since θ̂p ≠ 0, there exists a k such that |θ̂pk′| = max{|θ̂pk′|: 1 ≤ k
′ ≤ kn}, and 

|θ̂pk′|/‖θ̂p‖H
≥ 1/√kn > 0, for all k′ = 1,⋯ , kn . In addition, we have nαnλp/

kn ≥ nαnbn/kn → ∞ . Therefore, Λ3  dominates Λ1  and Λ2  with probability 

tending to one. This means that equation cannot be true as long as the sample size is 

sufficiently large. Hence, θ̂p has to be exactly 0. This completes the proof. 
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Table 1: Simulation results for the gLasso-COSSO, gLasso-MARS and Naive-gLasso with σvv
2 = 0.22 

or 0.62, (m, n)=(100, 300), (150, 300) or (150, 450) and p=10 in Example 1. 

  gLasso-COSSO gLasso-MARS Naive-gLassso 

σvv  NV IN CS MSE NV IN CS MSE NV IN CS MSE 

 (m, n)=(100, 300) 

0.2 GCV 4.17 100 89.00 0.7405 4.11 100 90.00 0.8552 4.08 92.00 76.00 1.0783 

   (0.26) (0.00) (0.11) (0.0004) (0.09) (0.00) (0.10) (0.0005) (0.24) (0.08) (0.19) (0.0027) 

 BIC 4.22 100 83.00 0.7338 4.27 100 79.00 0.8645 4.64 92.00 40.00 0.8973 

   (0.30) (0.00) (0.16) (0.0004) (0.35) (0.00) (0.17) (0.0004) (0.41) (0.08) (0.25) (0.0020) 

 Oracle 4.00 100 100 0.8059 4.00 100 100 0.7876 4.00 100 100 0.7246 

   (0.00) (0.00) (0.00) (0.0016) (0.00 (0.00) (0.00) (0.0005) (0.00) (0.00) (0.00) (0.0002) 

0.6 GCV 4.38 95.00 72.00 3.1664 4.13 88.00 69.00 3.2594 3.12 32.00 28.00 3.6793 

   (0.61) (0.05) (0.21) (0.0039) (0.92) (0.12) (0.23) (0.0026) (0.69) (0.23) (0.21) (0.0050) 

 BIC 4.22 89.00 67.00 3.1993 4.19 88.00 69.00 3.2662 4.48 84.00 48.00 3.0499 

   (0.30) (0.10) (0.24) (0.0043) (1.23) (0.12) (0.23) (0.0047) (1.09) (0.14) (0.26) (0.0015) 

 Oracle 4.00 100 100 3.0195 4.00 100 100 3.1155 3.96 97.00 97.00 2.8170 

    (0.00) (0.00) (0.00) (0.0025) (0.00) (0.00) (0.00) (0.0032) (0.06) (0.03) (0.03) (0.0019) 

 (m, n)=(150, 300) 

0.2 GCV 4.15 100 90.00 0.7181 4.15 100 86.00 0.8510 4.06 97.00 88.00 0.9491 

   (0.24) (0.00) (0.09) (0.0002) (0.13) (0.00) (0.13) 0.0004) (0.12) (0.03) (0.11) (0.0003) 

 BIC 4.20 100 85.00 0.7381 4.20 100 83.00 0.8312 4.29 100 74.00 0.8240 

   (0.27) (0.00) (0.13) (0.0003) (0.27) (0.00) (0.16) 0.0006) (0.27) (0.01) (0.20) (0.0003) 

 Oracle 4.00 100 100 0.7375 4.00 100 100 0.7635 4.00 100 100 0.7807 

   (0.00) (0.00) (0.00) (0.0003) (0.00) (0.00) (0.00) 0.0003) (0.00) (0.00) (0.00) (0.0003) 

0.6 GCV 4.17 100 83.00 2.9802 4.24 96.00 73.00 3.1871 3.16 36.00 32.00 3.6491 

   (0.15) (0.00) (0.16) (0.0023) (0.36) (0.04) (0.21) 0.0021) (0.72) (0.24) (0.23) (0.0027) 

 BIC 4.22 100 78.00 3.0120 4.08 92.00 72.00 3.1988 3.88 72.00 48.00 3.2583 

   (0.18) (0.00) (0.19) (0.0017) (0.41) (0.08) (0.21) 0.0023) (0.78) (0.21) (0.26) (0.0026) 

 Oracle 4.00 100 100 2.9904 4.00 100 100 3.0043 3.93 97.00 97.00 2.9956 

    (0.00) (0.00) (0.00) (0.0022) (0.00) (0.00) (0.00) 0.0023) (0.07) (0.07) (0.07) (0.0022) 

 (m, n)=(150, 450) 

0.2 GCV 4.00 100 100 0.6720 4.03 98.00 93.00 0.7549 3.96 89.00 82.00 0.8205 

   (0.00 (0.00) (0.00) (0.0002) (0.08) (0.02) (0.07) 0.0004) (0.18) (0.10) (0.15) (0.0007) 
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 BIC 4.07 100 93.00 0.6744 4.10 98.00 88.00 0.7591 4.13 93.00 76.00 0.7606 

   (0.07 (0.00) (0.07) (0.0001) (0.19) (0.02) (0.11) 0.0004) (0.21) (0.07) (0.19) (0.0005) 

 Oracle 4.00 100 100 0.7317 4.00 100 100 0.7589 4.00 100 100 0.7130 

   (0.00 (0.00) (0.00) (0.0008) (0.00) (0.00) (0.00) 0.0003) (0.00) (0.00) (0.00) (0.0004) 

0.6 GCV 4.20 100 87.00 2.7340 4.24 100 84.00 2.8236 3.48 56.00 56.00 2.9894 

   (0.31 (0.00) (0.12) (0.0018) (0.36) (0.00) (0.14) 0.0015) (0.42) (0.25) (0.25) (0.0023) 

 BIC 4.27 100 80.00 2.7226 4.28 96.00 72.00 2.8635 4.02 82.00 66.00 2.7029 

   (0.35 (0.01) (0.17) (0.0022) (0.46) (0.04) (0.21) 0.0016) (0.43) (0.15) (0.23) (0.0012) 

 Oracle 4.00 100 100 2.6267 4.00 100 100 2.7153 3.98 98.00 98.00 2.6222 

    (0.00 (0.00) (0.00) (0.0017) (0.00) (0.00) (0.00) 0.0014) (0.02) (0.02) (0.02) (0.0017) 

 

Table 2: Simulation results for the gLasso-COSSO, gLasso-MARS and Naive-gLasso with (m, n) = 

(100, 300), (150, 300) or (150, 450) and p=20 or 50 and t=0 in Example 2. 

  gLasso-COSSO gLasso-MARS Naive-gLassso 

p  NV IN CS MSE NV IN CS MSE NV IN CS MSE 

 (m, n)=(100, 300) 

20 GCV 3.90 90.00 90.00 6.0452 3.87  87.00  87.00  5.6596  5.12  88.00  34.00  5.4222 

   (0.09) (0.10) (0.10) (0.2508) (0.12)  (0.12)  (0.12)  (0.5806  (1.60)  (0.11)  (0.23)  (0.2322) 

 BIC 3.93 87.00 80.00 5.9847 4.00  87.00  78.00  5.5678  3.98  80.00  62.00  5.5849 

   (0.20) (0.12) (0.17) (0.2487) (0.34)  (0.12)  (0.19)  (0.5692  (0.39)  (0.16)  (0.24)  (0.2742) 

 Oracle 4.00 100 100 5.7528 4.00  100  100 5.5659  4.00  100 100 5.5009 

   (0.00) (0.00) (0.00) (0.1589) (0.00)  (0.00)  (0.00)  (0.3017  (0.00)  (0.00)  (0.00)  (0.1530) 

50 GCV 4.37 77.00 50.00 6.4416 3.80  70.00  61.00  6.6906  5.41  84.00  28.00  5.4092 

   (0.65) (0.18) (0.26) (0.6375) (0.40)  (0.23)  (0.27)  (0.2707  (0.19)  (0.14)  (0.21)  (0.1917) 

 BIC 4.60 83.00 57.00 6.368 4.60  80.00  42.00  6.4380  5.67  68.00  48.00  5.6671 

   (0.66) (0.14) (0.26) (0.6225) (1.82)  (0.17)  (0.25) (0.3261  (0.15)  (0.23)  (0.26)  (0.1535) 

 Oracle 4.00 100 100 6.2267 4.00  100 100  6.0537  4.00  100  100  5.3535 

    (0.00) (0.00) (0.00) (0.5992) (0.00)  (0.00)  (0.00)  (0.3193  (0.00)  (0.00)  (0.00)  (0.1688) 

 (m, n)=(150, 300) 

20 GCV 3.96  88.00  80.00  5.8219 3.97  87.00  84.00  5.6015 5.14  94.00  38.00  5.4281 

   (0.21)  (0.11)  (0.17)  (0.2429) (0.16)  (0.12)  (0.14)  (0.2163 (0.04)  (0.06)  (0.24)  (0.1718) 

 BIC 4.04  92.00  80.00  5.7545 4.10  88.00  73.00  5.4507 4.12  84.00  64.00  5.5677 

   (0.21)  (0.08)  (0.17)  (0.2509) (0.64)  (0.12)  (0.21)  (0.2215 (0.35)  (0.14)  (0.24)  (0.2347) 
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 Oracle 4.00  100  100  5.6143 4.00  100  100  5.4132 4.00  100  100  5.3300 

   (0.00)  (0.00)  (0.00)  (0.2353) (0.00)  (0.00)  (0.00)  (0.2726 (0.00)  (0.00)  (0.00)  (0.1548) 

50 GCV 4.25  94.00  66.00  5.7538 3.93  73.00  60.00  6.0591 6.36  84.00  12.00  5.3313 

   (0.30)  (0.06)  (0.24)  (0.3246) (0.35)  (0.21)  (0.26)  (0.5644 (1.84)  (0.14)  (0.11)  (0.2300) 

 BIC 4.25  86.00  51.00  5.8186 3.86  67.00  54.00  6.0630 4.08  64.00  40.00  5.6108 

   (0.48)  (0.13)  (0.26)  (0.4345)  (0.41)  (0.24)  (0.26)  (0.6621 (1.24)  (0.24)  (0.25)  (0.2901) 

 Oracle 4.00  100  100  5.7928 4.00  100  100  5.5578 4.00  100  100  5.4099 

    (0.00)  (0.00)  (0.00)  (0.2399) (0.00)  (0.00)  (0.00)  (0.2749 (0.00)  (0.00)  (0.00)  (0.1609) 

 (m, n)=(150, 450) 

20 GCV 4.00  100  100  5.7511 4.00  100  100  5.5285 4.32  100 58.00  5.4247 

   (0.00)  (0.00)  (0.00)  (0.1069) (0.00)  (0.00)  (0.00)  (0.2867 (0.25)  (0.00)  (0.25)  (0.1504) 

 BIC 4.05  100  95.00  5.6712 4.10  100  90.00  5.4311 4.08  94.00  80.00  5.4663 

   (0.05)  (0.00)  (0.05)  (0.1089) (0.09)  (0.00)  (0.10)  (0.2616 (0.20)  (0.06)  (0.16)  (0.1827) 

 Oracle 4.00  100 100  5.6517 4.00  100  100  5.4883 4.00  100  100  5.4529 

   (0.00)  (0.00)  (0.00 ) (0.1864) (0.00)  (0.00)  (0.00)  (0.1960 (0.00)  (0.00)  (0.00)  (0.0928) 

50 GCV 4.05  95.00  85.00  5.6128 4.10  90.00  70.00  6.0658 4.68  84.00  32.00  5.5162 

   (0.16)  (0.05)  (0.14)  (0.1946) (0.32)  (0.10)  (0.23)  (0.3042 (1.39)  (0.14)  (0.23)  (0.1655) 

 BIC 4.20  90.00  76.00  5.6942 4.20  88.00  69.00  6.0385 3.96  84.00  72.00  5.5928 

   (1.01)  (0.10)  (0.20)  (0.2060) (0.62)  (0.12)  (0.23)  (0.2973 (0.29)  (0.14)  (0.21)  (0.1655) 

 Oracle 4.00  100 100  6.0217 4.00  100  100  5.7121 4.00  100  100  5.3212 

    (0.00)  (0.00)  (0.00)  (0.1670) (0.00)  (0.00)  (0.00) (0.1687 (0.00)  (0.00)  (0.00)  (0.1278) 

 

Table 3: Simulation results for the gLasso-COSSO, gLasso-MARS and Naive-gLasso with (m, n) = 

(100, 300), (150, 300) or (150, 450) and p=20 or 50 and t=1 in Example 2. 

   gLasso-COSSO gLasso-MARS Naive-gLassso 

p   NV IN CS MSE NV IN CS MSE NV IN CS MSE 

  (m, n)=(100, 300) 

20  GCV 3.56  60.00  56.00  4.9000 3.40  53.00  53.00  5.3127 4.76  92.00  50.00  4.4206 

    (0.51)  (0.25)  (0.26)  (0.2717) (0.52)  (0.26)  (0.26)  (0.3996) (1.81)  (0.08)  (0.26)  (0.2352) 

  BIC 3.92  80.00  68.00  4.6986 3.80  77.00  66.00  5.1085 3.86  70.00  58.00  4.5387 

    (0.58)  (0.17)  (0.23)  (0.2404) (0.52)  (0.19)  (0.23)  (0.2833) (0.78)  (0.21)  (0.25)  (0.2352) 

  Oracle 4.00  100  100  4.7295 4.00  100  100  4.9203 4.00  100  100  4.3707 

    (0.00)  (0.00)  (0.00)  (0.2755) (0.00)  (0.00)  (0.00)  (0.3333) (0.00)  (0.00)  (0.00)  (0.1800) 
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50  GCV 3.57  67.00  53.00  5.7416 3.65  60.00  56.00  5.8943 6.92  62.00  38.00  4.5978 

    (0.65)  (0.23)  (0.26)  (0.8075) (0.77)  (0.25)  (0.29)  (0.6812) (1.82)  (0.25)  (0.24)  (0.2123) 

  BIC 3.60  73.00  57.00  5.6680 3.75  75.00  71.00  5.8516 3.36  60.00  36.00  4.7770 

    (0.66)  (0.22)  (0.26)  (0.8029) (0.58)  (0.20)  (0.24)  (1.0260) (0.91)  (0.25)  (0.25)  (0.3984) 

  Oracle 4.00  100 100  5.5568 4.00  100  100  5.2960 3.96  97.00  97.00  4.4679 

     (0.00)  (0.00)  (0.00)  (0.7950) (0.00)  (0.00)  (0.00)  (0.2166) (0.06)  (0.03)  (0.03)  (0.1929) 

  (m, n)=(150, 300) 

20  GCV 3.80  73.00  67.00  4.7947 3.78  72.00  72.00  5.0594 5.18  100  52.00  4.4807 

    (0.37)  (0.20)  (0.23)  (0.2328) (0.46)  (0.20)  (0.20)  (0.3715) (1.15)  (0.00)  (0.25)  (0.1350) 

  BIC 3.86  83.00  73.00  4.7013 3.76  76.00  67.00  4.3137 3.90  86.00  78.00  4.6576 

    (0.67)  (0.14)  (0.20)  (0.1893) (0.59)  (0.19)  (0.23)  (0.4683) (0.70)  (0.13)  (0.18)  (0.2677) 

  Oracle 4.00  100  100  4.7147 4.00  100  100  4.7645 4.00  100  100  4.3955 

    (0.00)  (0.00)  (0.00)  (0.2289) (0.00)  (0.00)  (0.00)  (0.2681) (0.00)  (0.00)  (0.00)  (0.1698) 

50  GCV 4.09  73.00  64.00  5.0121 3.75  66.00  63.00  5.7578 6.76  68.00  28.00  4.5707 

    (1.09)  (0.22)  (0.25)  (0.1704) (0.51)  (0.23)  (0.25)  (0.5013) (1.14)  (0.23)  (0.21)  (0.4827) 

  BIC 4.00  74.00  55.00  5.0456 3.64  62.00  57.00  5.7932 3.56  62.00  24.00  4.7292 

    (0.40)  (0.22)  (0.27)  (0.3136) (0.94)  (0.24)  (0.25)  (0.5242) (1.59)  (0.25)  (0.19)  (0.3844) 

  Oracle 4.00  100  100  4.8398 4.00  100  100  4.8627 4.00  100  100  4.5342 

     (0.00)  (0.00)  (0.00)  (0.2013) (0.00)  (0.00)  (0.00)  (0.3178) (0.00)  (0.00)  (0.00)  (0.1316) 

  (m, n)=(150, 450) 

20  GCV 3.80  87.00  87.00  4.7630 3.95  95.00  86.00  5.0301 4.40  96.00  74.00  4.3984 

    (0.30)  (0.12)  (0.12)  (0.2091) (0.27)  (0.05)  (0.12)  (0.2169) (0.14)  (0.04)  (0.20)  (0.1362) 

  BIC 4.00  100  100  4.7676 4.10  95.00  90.00  4.8053 4.43  90.00  80.00  4.4348 

    (0.00)  (0.00)  (0.00)  (0.1579) (0.43)  (0.05)  (0.05)  (0.2144) (0.14)  (0.09)  (0.16)  (0.1366) 

  Oracle 4.00  100  100  4.7677 4.00  100  100  4.7856 4.00  100  100  4.5025 

    (0.00)  (0.00)  (0.00)  (0.1184) (0.00)  (0.00)  (0.00)  (0.1893) (0.00)  (0.00)  (0.00)  (0.1245) 

50  GCV 3.70  75.00  75.00  5.1113 3.87  72.00  72.00  5.5283 5.76  96.00  36.00  4.5085 

    (0.33)  (0.20)  (0.20)  (0.2579) (0.62)  (0.24)  (0.24)  (0.2768) (1.60)  (0.04)  (0.24)  (0.1547) 

  BIC 3.85  80.00  69.00  5.0320 3.71  72.00  61.00  5.5328 4.04  80.00  64.00  4.6620 

    (0.45)  (0.17)  (0.22)  (0.2500) (0.69)  (0.90)  (0.25)  (0.2221) (1.87)  (0.16)  (0.24)  (0.2151) 

  Oracle 4.00  100  100  4.8672 4.00  100  100  5.1278 4.00  100  100  4.4343 

     (0.00)  (0.00)  (0.00)  (0.3040) (0.00)  (0.00)  (0.00)  (0.2407) (0.00)  (0.00)  (0.00)  (0.0931) 
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