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Abstract 

A synthetic estimator studied by Gonzalez (1973) is based on an assumption 

that small domains under consideration are similar in characteristics to some 

other domain, usually a larger domain which contains it. A synthetic estimator 

may be based on the auxiliary data besides the population size of the small 

domain. In this paper, the researcher has considered the problems of 

population estimation by using small area technique and auxiliary information. 

The researcher proposed quadratic product estimator and generalized ratio 

cum product estimator under simple random sample scheme. The justification 

of this proposed estimator is more efficient than usual estimators under certain 

condition has been given with empirical study.  

Keywords: synthetic estimator, quadratic product estimator, ratio cum product 

estimator etc. 

 

1. INTRODUCTION 

For any sample design, Let a finite population (1,..... .... )U i N  is divided into ‘A’ 

non-overlapping domains aU  of size aN (a=1,.....,A). A simple random sample 

without replacement (SRSWOR) (1,...... ,...., )S i n  is divided into ‘A’ non 

overlapping domains aS  of size  ( 1,....., )an a A  ;  
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Here, Y  and  X  are population mean for the main and the auxiliary variables.  aY  

and aX  are the population mean for the main and the auxiliary variables for the 

small area  ‘a’. 
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I. PROPOSED ESTIMATORS IN SIMPLE RANDOM SAMPLING 

I.I  First, we propose the quadratic product type synthetic estimator 

      𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎 = 𝑦̅ (
𝑥̅

𝑋̅𝑎
)

2

                                       … (1)   

Let        𝑒0 =
𝑦̅−𝑌̅

𝑌̅
   ,    𝑒1 =

𝑥̅−𝑋̅

𝑋̅
  and  𝐸(𝑒0) = 0 = 𝐸(𝑒1)                … (2) 

The above estimator can be biased unless the following synthetic assumption is 

satisfied                                                                   

{
  𝑌̅𝑎   ≐ Y̅   

𝑋̅𝑎 ≐  X̅
                                                    … (3) 

𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎 =  𝑌̅(1 + 𝑒0) (
𝑋̅(1+𝑒1)

𝑋̅𝑎
)

2

      

Bias (𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎)  = 𝐸[𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎] − 𝑌̅𝑎 

Bias (𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎) = 𝑌̅𝑎 (
1−𝑓

𝑛
) (𝐶𝑥

2 + 2𝐶𝑥𝑦) 

M.S.E. ( 𝑦̅𝑠𝑦𝑛,𝑞𝑟,𝑎 ) = E[ 𝑦̅𝑠𝑦𝑛,𝑞𝑟,𝑎  − 𝑌̅𝑎]
2
 

If the synthetic assumption (2.3) is satisfied, then the above expression reduces to       

M.S.E. (𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎) = 𝑌̅𝑎
2 (

1−𝑓

𝑛
) (𝐶𝑦

2 + 4𝐶𝑥
2 + 4𝐶𝑥𝑦)                       … (4) 

 

II  Proposed generalized ratio cum product synthetic estimator 

Here, we propose generalized ratio cum product synthetic estimator using auxiliary 

variable  

  𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 =  𝑦̅ [(
𝑥̅

𝑋̅𝑎
)

1+𝛽

+ (
𝑥̅

𝑋̅𝑎
)

𝛽−1

] 2⁄   ;    −1 < 𝛽 < 1                   … (5) 

Case (i)     when     𝛽 = −1, the above estimator (5) becomes 

                      𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 =  𝑦̅ [1 + (
𝑋̅𝑎

𝑥̅
)

2

] 2⁄  

Case (ii)     when     𝛽 = 0, the above estimator (5) becomes 

                       𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 =  𝑦̅ [(
𝑥̅

𝑋̅𝑎
) + (

𝑋̅𝑎

𝑥̅
)] 2⁄  

Case (iii)     when     𝛽 = 1, the above estimator (5) becomes 

                              𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 =  𝑦̅ [(
𝑥̅

𝑋̅𝑎
)

2

+ 1] 2⁄                
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Now, substituting the expression in terms of e,s up to first degree approximation, we get  

       𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎  = 𝑌̅(1 + 𝑒0) [(
𝑋̅(1+𝑒1)

𝑋̅𝑎
)

1+𝛽

+ (
𝑋̅(1+𝑒1)

𝑋̅𝑎
)

𝛽−1

] 2⁄        

Bias ( 𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎) = 
𝑌̅𝑎

2
(

1−𝑓

𝑛
) [(𝛽2 − 𝛽 + 1)𝐶𝑥

2 + 2𝛽𝐶𝑥𝑦] 

If the synthetic assumption (3) is satisfied, then the above expression reduces to 

M.S.E. ( 𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎) = 𝑌̅𝑎
2 (

1−𝑓

𝑛
) (𝐶𝑦

2 + 𝛽2𝐶𝑥
2 + 2𝛽𝐶𝑥𝑦)                  …… (6)    

 

Optimum Estimator 

The optimum estimator of generalized ratio cum product synthetic estimator using 

simple random sampling scheme is up to first degree approximation after satisfied the 

synthetic assumption (3), for which M.S.E( 𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎) is minimized and so minimize 

the expression (6) w.r.t.‘𝛽’gives optimum value 

                                   𝛽 = −𝜌
𝐶𝑦

𝐶𝑥
  

So put the value of ‘𝛽’ in equation (6), then the minimum variance is as  

M.S.E.(𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 )𝑜𝑝𝑡 =𝑌̅𝑎
2 (

1−𝑓

𝑛
) 𝐶𝑦

2(1 − 𝜌2)                                   …(7) 

Here,  𝐶𝑥𝑦 =  𝜌𝐶𝑥𝐶𝑦 

 

3 EMPIRICAL STUDY 

To study the efficiency of the proposed estimators we consider this data for small area 

statistic given in Gujrati, D.N. (2004, pp. 433) 

 

POPULATION  

𝑦 : Average miles per gallon    

𝑥: Cubic feet of cab space       

The required population parameters are:  

𝑌̅𝑎  = 112.4568,  𝐶𝑦  = .1248, 𝜌𝑥𝑦= .967, N = 81  

𝑋̅𝑎 = 117.4691, 𝐶𝑥= .4831,  𝑛′=21, n= 9  

The relative efficiency of the proposed estimators is calculated and compare with 

respect to the usual simple (mean per unit), ratio and product synthetic estimators as 
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shown in table.  

TABLE 

Proposed  

Estimator 

 

𝛽 

Population 

Mean Ratio Product 

𝑦̅𝑠𝑦𝑛,𝑞𝑝,𝑎 − 183.102 322.811 108.832 

𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 .67 144.954 255.554 86.157 

𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 .9 161.588 284.881 96.044 

𝑦̅𝑠𝑦𝑛,𝑟𝑝,𝑎 .2 112.324 198.028 66.763 

 

4. CONCLUSION 

The researcher after going through this population, it is proposed that generalized 

ratio cum product synthetic estimators in simple random sampling is better than 

simple (mean per unit) and ratio synthetic estimators but not with product synthetic 

estimator because the choice of constant variable and correlation coefficient. In case 

when 𝛽 = .5  and𝛽 = −.5 then generalized ratio cum product synthetic estimators 

are equally efficient. But when  𝛽 = 0 , then the proposed generalized synthetic 

estimators are equally efficient to simple synthetic estimator. Using this population 

the quadratic product (SRS) synthetic estimator has highest relative efficiency with 

respect to the simple, ratio and product synthetic estimator. 
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