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Abstract 

This article deals with the ratio estimation of the finite population total under 

the Midzuno-Sen sampling scheme when complete auxiliary information is 

not available but another auxiliary variable, closely related to first auxiliary 

variable but remotely related to the study variable, is available. A chain ratio 

estimator in two-phase sampling is suggested. An empirical study is carried 

out to investigate the performance of the suggested estimator relative to the 

convention two-phase estimator. 
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1. INTRODUCTION 

Consider a finite population 𝑈 = {1, … , 𝑖, … 𝑁}. Let y and x be the study variable and 

auxiliary variable taking the values 𝑦𝑖 and 𝑥𝑖 respectively for the population unit i. 
When the two variables are strongly related but no information is available on the 

population total 𝑋 =  ∑ 𝑥𝑖 𝑈 (or mean 𝑋), we wish to estimate the population total 𝑌 =
∑ 𝑦𝑖 𝑈  of y from a sample s, obtained through a two-phase selection. 

 

Scheme I: The first-phase sample 𝑠′ of fixed size 𝑛′ is drawn using simple random 

sampling without replacement (srswor) to observe only x in order to estimate X. Given 
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𝑠′, the second-phase sample s of fixed size n is drawn again using srswor to observe y 

only. 

The two-phase sampling ratio estimator is defined as 

�̂�𝑅𝑑 = 𝑁𝑥
′

𝑦 𝑥⁄ = 𝑁 𝑥𝑠′𝑦𝑠 𝑛′𝑥𝑠⁄                                                      (1) 

where 𝑥
′
(𝑥𝑠′) is the mean (total) of x for  the sample 𝑠′, 𝑦 (𝑦𝑠), 𝑥 (𝑥𝑠) are means 

(totals) of y and x for the sample s.   

Suppose that the population mean 𝑍 of another auxiliary variable z closely related to x 

but compare to x remotely related to y is available. For instance, y could be acres of 

corn harvested for grain in 1964, x acres under corn in 1964 and z acres under corn in 

1959. Chand (1975), Kiregyera (1980, 1984), Srivastava et al. (1990) used a second 

auxiliary variable z closely related to x to suggest different improved estimators under 

Scheme I. 

Raj (1965) suggests the following two-phase sample selection procedure. 

 

Scheme II: The initial sample 𝑠′ of size 𝑛′ is selected with probability proportional to 

z with replacement and the second phase sample 𝑠 of size 𝑛 is a subsample of 𝑠′, 

selected with equal probabilities without replacement.  

An unbiased estimator of Y is provided by  

�̂�𝐷𝑅𝑑 = ∑ (𝑦𝑖 𝑛𝑝𝑖⁄
𝑠

) + 𝑘 [∑ (𝑥𝑖 𝑛′𝑝𝑖⁄
𝑠′

) − ∑ (𝑥𝑖 𝑛𝑝𝑖⁄
𝑠

)]          (2) 

where k is a suitably chosen scalar. To compute this estimator it is necessary to assess 

the value of k. Often this is difficult. Motivated by this Srivenkataramana and Tracy 

(1989) have modified the sampling scheme.  

 

Scheme III: Select the first phase sample 𝑠′ of size 𝑛′ with probability proportional to 

z and select a subsample 𝑠 of size n units with probability proportional to 𝑥 𝑧,⁄  with 

replacement.  Under this scheme an unbiased estimator of Y is 

�̂�𝑆𝑇𝑑 = 𝑍 ∑ (𝑦𝑖 𝑛𝑥𝑖⁄
𝑠

) ∑ (𝑥𝑖 𝑛′𝑧𝑖⁄
𝑠′

)                                                                          (3) 

Experience shows that of all the unequal probability sampling without replacement 

schemes available in literature those due to Midzuno (1952) and Sen (1953), and Rao 

et al. (1962) have wider practical applicability since these procedures are quite simple 

and involve less computations at estimation stage compared to others. In this article to 

estimate the population total we will use the following two-phase sampling procedure. 
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Scheme IV: A first-phase sample 𝑠′, of size 𝑛′, is drawn from U according to a design 

srswor. Given 𝑠′, a second-phase sample 𝑠, of size n, is drawn from 𝑠′ according to the 

Midzuno-Sen (MS) sampling. The MS scheme of sampling describes the selection of 

the first unit with probability proportional to a given size measure (x) and remaining 

(n-1) units of the sample by srswor. The size of the measure is an auxiliary variable 

and is positively correlated with the study variable.  

Under this scheme the ordinary ratio estimator is known to be unbiased for the 

population total. The variance of this estimator is not available in literature in a 

meaningful form. Rao and Vijayan (1977) investigated the problem of estimating the 

variance of the ratio estimator, given at (1), under the MS sampling. The same 

problem addressed by Patel and Patel (2008, 2010a, 2010b). 

In Section 2 we suggest a chain ratio estimator using two auxiliary variables. To study 

the performance of the suggested estimator a small scale simulation is presented in 

Section 3 and a comparison of strategy is given in Section 4. The conclusion is given 

in Section 5. 

 

2. THE SUGGESTED ESTIMATOR 

In this section a chain ratio estimator  

�̂�𝑅𝑑
∗ = 𝑁(𝑥′𝑍 𝑧′⁄ )(𝑦 𝑥⁄ )                                                                                                  (4) 

is suggested.  

 Let 𝑆𝑢𝑣 (𝑠𝑢𝑣) denote the population (sample) covariance between u and v 

variables, 𝐶𝑢 = 𝑆𝑢 𝑈⁄ , the coefficient of variation of u variable and 𝜌𝑢𝑣 = 𝑆𝑢𝑣 𝑆𝑢𝑆𝑣,⁄  

the correlation coefficient of u and v (𝑢, 𝑣 = 𝑦, 𝑥, 𝑧). Let 𝐵(∙) and 𝑉𝑎𝑟(∙) denote 

respectively the bias and variance of an estimator under a given design. Then, under 

srswor, for large sample approximations: 𝑦
′

= 𝑌(1 + 𝛿1), 𝑥
′

= 𝑋(1 + 𝛿2),  

𝑧
′

= 𝑍(1 + 𝛿3) such that 𝐸(𝛿𝑖) = 0 for 𝑖 = 1,2,3 we have the following results. Here 

we assume that |𝛿𝑖| < 1∀ 𝑖. 

Theorem. Under Scheme IV, approximate bias and variance, to𝑂(𝑛−1), of �̂�𝑅𝑑
∗  are 

given by 

𝐵(�̂�𝑅𝑑
∗ ) =

1 − 𝑓 ′

𝑛′ 𝑌(𝐶𝑧
2 − 𝜌𝑦𝑧𝐶𝑦𝐶𝑧)                                                                       (5) 

𝑉𝑎𝑟(�̂�𝑅𝑑
∗ ) =

1 − 𝑓 ′

𝑛′ 𝑌2(𝐶𝑦
2 + 𝐶𝑧

2 − 2𝜌𝑦𝑧𝐶𝑦𝐶𝑧)

+ 𝑉 [1 + 3
1 − 𝑓 ′

𝑛′ 𝐶𝑧
2 −

2(∆ − 𝑍𝑉)

𝑍𝑉
]                                             (6) 
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where 

∆=
1

𝑁
[[∑ 𝑎𝑖𝑖𝑦𝑖

2𝑧𝑖 + 𝑎 (∑ ∑ 𝑎𝑖𝑖𝑦𝑖
2𝑧𝑗

𝑖≠𝑗∈𝑈

+ 2 ∑ ∑ 𝑎𝑖𝑗𝑦𝑖𝑦𝑗𝑧𝑗

𝑖≠𝑗∈𝑈

)

𝑖∈𝑈

+ 𝑏 ∑ ∑ ∑ 𝑎𝑖𝑗𝑦𝑖𝑦𝑗𝑧𝑘

𝑖≠𝑗≠𝑘∈𝑈

] 

with 𝑎𝑖𝑗′𝑠and V are defined below and 𝑎 =
(𝑛′−1)

(𝑁−1)
, 𝑏 =

(𝑛′−1)(𝑛′−2)

(𝑁−1)(𝑁−2)
 and 𝑓′ = 𝑛′ 𝑁.⁄  

 

Proof. The expectation of �̂�𝑅𝑑
∗  is evaluated using the conditional argument 

𝐸(∙) = 𝐸1𝐸2(∙ |𝑠′) as 

𝐸(�̂�𝑅𝑑
∗ ) = 𝑁𝐸1[(𝑍 𝑧′⁄ )𝐸2(𝑥′ 𝑦 𝑥⁄ )] = 𝑁𝐸1[(𝑍 𝑧′⁄ )𝑦′] 

and consequently using the formula for approximate bias of the ordinary ratio 

estimator (see, Cochran, 1977) of the population total under SRSWOR we obtain the 

bias of �̂�𝑅𝑑
∗  as given in (5). Next, the formula for variance of �̂�𝑅𝑑

∗  is  

𝑉𝑎𝑟(�̂�𝑅𝑑
∗ ) = 𝑉1𝐸2(�̂�𝑅𝑑

∗ ) + 𝐸1𝑉2(�̂�𝑅𝑑
∗ )                                       (7)   

The first component is readily seen to be 

𝑉1𝐸2(�̂�𝑅𝑑
∗ ) = 𝑉1(𝑁𝑦

′
𝑍 𝑧′⁄ )

≅
1 − 𝑓 ′

𝑛′ 𝑌2(𝐶𝑦
2 + 𝐶𝑧

2 − 2𝜌𝑦𝑧𝐶𝑦𝐶𝑧)                            (8) 

Note that at second phase the ratio estimator 𝑥′ 𝑦 𝑥⁄  is unbiased for 𝑦
′
under MS 

sampling design with variance (see, Rao, 1972) 

𝑣′ = ∑ 𝑎𝑖𝑖𝑦𝑖
2

𝑠′
+ ∑ ∑ 𝑎𝑖𝑗𝑦𝑖𝑦𝑗

𝑠′
 

where 

𝑎𝑖𝑖 =
𝑋

( 𝑁−1
𝑛′−1

)
∑

1

𝑥𝑠′𝑆′∋𝑖
− 1    and 𝑎𝑖𝑗 =

𝑋

( 𝑁−1
𝑛′−1

)
∑

1

𝑥𝑠′𝑆′∋𝑖&𝑗
− 1       

Also, note that 𝑣′ is unbiased for 

𝑉 =
𝑛′
𝑁

∑ 𝑎𝑖𝑖𝑦𝑖
2

𝑈
+

𝑛′(𝑛′ − 1)

𝑁(𝑁 − 1)
∑ 𝑎𝑖𝑗 𝑦𝑖𝑦𝑗 
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at first phase (i.e., under srswor). The second component is written as  

𝐸1𝑉2(�̂�𝑅𝑑
∗ ) = 𝐸1 [(𝑍 𝑧′⁄ )

2
𝑉2(𝑥′ 𝑦 𝑥)⁄ ] = 𝐸1 [(

𝑍

𝑧′
)

2

𝑣′] 

 

Inserting 𝑣 ′ = 𝑉(1 + 𝛿4), |𝛿4| < 1, and using the expansion (1 + 𝛿3)−2 = 1 −

2𝛿3 + 3𝛿3
2  + 𝑂(𝑛−1), after omitting the terms of 𝛿 ′𝑠 having power greater than two,  

we obtain 

𝐸1𝑉2(�̂�𝑅𝑑
∗ ) ≅ 𝑉[1 + 3𝑉𝑎𝑟(𝛿3) − 2𝐶𝑜𝑣(𝛿3, 𝛿4)]                                (9) 

 

Noting that 

𝑉𝑎𝑟(𝛿3) =
1 − 𝑓′

𝑛′
𝐶𝑧

2 

𝐶𝑜𝑣(𝛿3, 𝛿4) = [𝐸(𝑧′𝑣′) − 𝑍𝑉] 𝑍𝑉⁄ = [∆ − 𝑍𝑉] 𝑍𝑉⁄  

(9) is written as 

𝐸1𝑉2(�̂�𝑅𝑑
∗ ) ≅ 𝑉 [1 + 3

1 − 𝑓′
𝑛′

𝐶𝑧
2 −

2(∆ − 𝑍𝑉)

𝑍𝑉
]                         (10) 

Inserting (8) and (10) in (7) we obtain (6). 

 

3. SIMULATION STUDY 

The preceding estimators were compared empirically on 3 natural populations given 

below. For comparison of the estimators,a two-phase sample was drawn using srswor 

and the M-S sampling scheme from each of the populations and these estimators were 

computed. This procedure was repeated 𝑀 = 5000 times. For each estimator �̂�𝑑, the 

relative percentage bias  

𝑅𝐵(�̂�𝑑) = 100 ∗ (�̂� − 𝑌) 𝑌⁄  

and the relative efficiency ascompared to �̂� 

𝑅𝐸(�̂�𝑑) = 𝑀𝑆𝐸𝑠𝑖𝑚 (�̂�) 𝑀𝑆𝐸𝑠𝑖𝑚(⁄ �̂�𝑑) 

were calculated, where 

�̂� = ∑ �̂�𝑑𝑗
𝑀
𝑗=1 𝑀   ⁄ and  𝑀𝑆𝐸𝑠𝑖𝑚(�̂�𝑑) = ∑ (�̂�𝑑𝑗 − 𝑌)

2𝑀
𝑗=1 (𝑀 − 1)⁄  
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Data set I: Murthy (1967)   

y: No of cultivators    x : Area in square miles         z : No. of households 

Data set II: Murthy (1967) 

y: workers at household industry    x : Cultivated area (in acres)    

 z : No. of households 

Data set III: Fisher data (combined all three data sets) 

y: Patel width              x : Sepal length                     z : Patel length 

 

The following table shows corresponding relative bias and MSE for the data sets. 

Data Set n n’ N Estimator RB% 𝑀𝑆𝐸𝑠𝑖𝑚 RE% 

I 10 30 128 �̂�𝑅𝑑 0.60 3.79E+08 - 

�̂�𝑅𝑑
∗  1.02 2.95E+08 128 

II 10 30 128 �̂�𝑅𝑑 0.89 1.46E+07 - 

�̂�𝑅𝑑
∗  0.71 1.28E+07 114 

III 15 40 150 �̂�𝑅𝑑 -3.16 1.01E+03 - 

�̂�𝑅𝑑
∗  -3.32 7.07E+02 143 

 

The above simulation reveals that (1) the absolute RBs % of both the estimators are in 

reasonable range and (2) the efficiency of the suggested estimator is substantial as 

compared to the conventional estimator. 

 

4. COMPARISON OF STRATEGIES 

Here, we compare empirically the suggested strategy (mean a pair of design and 

estimator) given at (4) with the conventional strategy given at (1), denoted 

respectively by  𝐻2(𝑠𝑟𝑠𝑤𝑜𝑟 − 𝑀𝑆 𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔, , �̂�𝑅𝑑
∗ ) and 𝐻1(𝑠𝑟𝑠𝑤𝑜𝑟 − 𝑠𝑟𝑠𝑤𝑜𝑟, �̂�𝑅𝑑). 

For the comparison of two strategies 𝐻1(𝑝1, �̂�1) and 𝐻2(𝑝2, �̂�2) we have computed the 

percentage gain in efficiency of 𝐻2 over 𝐻1 as 

 

𝐺𝑎𝑖𝑛 (𝐻2, 𝐻1) = (
𝑉𝑝1

(�̂�1)

𝑉𝑝2
(�̂�2)

− 1) ∗ 100% 
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The following table presents gain due to MS sampling scheme over srswor in two-

phase sampling. 

Data Set I II III 

Gain(𝐻2, 𝐻1)  33%   -4% 26% 

 

Remark. We have compared empirically Des Raj Strategy, Srivenkataramana and 

Tracy strategy and suggested strategy given at (2), (3) and (4) with the conventional 

strategy given at (1), for many real data. It has been observed that for most for the 

populations considered under simulation study Des Raj strategy performed very well. 

For sake of brevity the simulated results are not presented here. 

 

5. CONCLUSION 

It can be concluded that there may be situations in which it is considered important to 

select the sample units with probability proportionate to some measure of size x, 

information on which is not readily available but could be collected at moderate cost 

for a fairly large sample and if the population mean 𝑍 of another auxiliary variable z 

closely related to x but compare to x remotely related to y is available then 

incorporating this extra auxiliary information at the estimation stage improves the 

convention estimator. However, pps without replacement schemes for general n are 

not easy to implement but the MS scheme is easy to execute. 
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