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Abstract 

 
The strong nuclear interaction does not depend on the electric charge. It 
seemes natural to assume that the nuclear introduction could be associated 
with the presence of special nucleon charge g in nucleons, and a harmonic 
oscillator (H.O.) for confinement. Getting a correct treatment, we consider the 
exchange of spin zero particles, the spin zero particle like π - meson field with 
harmonic oscillator potential interacts with nucleon through the Kelein – 
Gordon Fok equation (K.G.F). In this model, we can find the known strong 
nuclear interaction. Hence harmonic oscillator potential is a confinement 
potential, causes each nucleon surrounded by a cloud of mesons. 
 
Keywords: Harmonic Oscillator, π - mesons, Kelein – Gordon, Strong nuclear 
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Introduction 
In a traditional nuclear text one learns that a reasonable semi quantitative picture of 
the nucleon-nucleon (N-N) interactions provided by summing over exchange of light 
mesons , , , ,π ρ ω η σ ,… between these nucleons, each having its own coupling and 
Yukawa potential but in this article we introduce the extra (H.O.) interacting 
potential. The range of usage of (H.O.) potential is so broad, e. g. from molecular 
vibrations to the behavior of quantized fields and another one on rotation –vibration 
spectra of diatomic molecules [1]. It is also worth to none a model of n- particle 
systems confined in a harmonic oscillator potential [2]. Harmonic oscillator (H.O.) 
potential may be used to describe spatial confinement of quantas, as for example the 
effects of the embedding of particle in nano- catties, or in fuller ones, liquid helium. A 
discussion of these issues and more reference to the literature may be found in [3, 4]. 
The Schrödinger equation for an electron in a uniform magnetic field confined by a 
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harmonic oscillator potential was solved in 1928 by Fock [5] and 2 years later again 
by Darwin [6]. Though the non-relativistic harmonic oscillator seems to be well 
understood, there are many recent studies dealing with this subject. A relativistic 
generalization of (H.O.) is far from being trivial and is certainly not unique. In 
particular the model of generalization depends upon the definition of the relativistic 
harmonic oscillator (R.H.O.). Already in early (1930) Nikolsky [7] and Postepska [8] 
considered Dirac equation for an electron in the field of quadratic potential. The 
resulting eigenvalue problem reduces to a quadratic equation with no bound solutions. 
The (N.R.H.O.) discrete energy levels correspond in this oscillator resonances. 
Relativistic system which have an infinite number of bound states whose energy 
levels are all equally spaced have recently been discussed [9]. Such a system has been 
constructed using the inverse scattering method [9, 10]. Another approach, leading to 
the so called Dirac oscillator is based on a construction of the Dirac equation which is 
exactly solved and in the non-relativistic limit gives the 

Schrödinger (H.O.) equation [11, 12, 13, 14 and 15]. During the next decades 
harmonium [16, 17, 18, and 19] and related systems [20, 21] were studied in a variety 
of contexts including very interesting and non-trivial generalization to case of three 
confined particles [22]. In this paper I am concerned with relativistic generalization 
(H.O.) and with influence as a nuclear mesons field. Then we can try to describe the 
nuclear interaction by analogy with the interaction of the electric field. The attempt 
was made to give up the interpretation of the (K.G.F.) equation because the spin of 
mesons like π  is zero and hence we can use this equation as the equation for the wave 
function of this particle instead it was proposed to consider (H.O.) as a nuclear 
potential produced by nucleon and interchanging spin zero virtual mesons. Just as 
photons are quantum particles corresponding to the electromagnetic field (E.M.F.) 
they correspond to the nuclear field mesons. Hence mesons exchange and photon 
exchange are considered as the source of the strong nucleon interaction and the 
electromagnetic interaction, respectively. We can write the equation for the nuclear 
field (H.O.) potential 

 
Relativistic Spin Zero particles in an External Field 
The one-particle potential in the (K.G.F.) equation may transform in various ways 
under Lorentz transformation. There are forms in common use assume that particle 
moves in the scalar potential ( )U x  and in an external field described by stationery 

model potential [ ( ), ]vA V x A= . The zeroth component 0
0 ( )A V x≡  is referred to 

paper as the fourth component of the vector potential. The remaining three 
components of vA form a three-dimensional vector A which we shall refer to as 
vector potential. The particle is spinless, it is described by the (K.G.F.) equation. The 
scalar potential ( )U x is bracketed with the mass m, and the fourth component of the 

vector potential 0 ( )V x goes with the energy E and the vector potential A goes with 

momentum ρ in the (K.G.F) equation as follows. 
The equation that will give the correct relativistic energy-momentum relation 
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2 2 2 2 4E P c m c= +   (1) 
by letting 

( )qE E V x P P A→ − → −   (2) 
2 2

2
2

1
( , ) ( , ) ( , )i V x t A x t m x t

c t i
ψ ψ

⎧ ⎫∂ ⎪ ⎪⎡ ⎤ ⎡ ⎤− = ∇ − +⎨ ⎬⎢ ⎥ ⎢ ⎥∂⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭

rh
h   (3) 

The relativistic K.G.F. equation goes over to the Schrödinger equation in the 
classical limit, c → ∞ . Since the zero point energies in non-relativistic theory and the 
theory of relativity differ by 2mc , it is convenient to introduce a transformation of the 
wave function ψ  by means of the following relation 

2( )
( , ) ( )

i
E mc t

kx t x eψ ψ
− +

= h   (4) 

Substituting (4) into (3) and calculating the derivatives with respect to time, we 
obtain 

2
2 2 2 2 2 2

2
2 2 ( )i mc V mc i V c P A

t t t

ψ ψ ψψ ψ ψ
′ ′ ′∂ ∂ ∂⎡ ⎤′ ′ ′− − + + = −⎢ ⎥∂ ∂ ∂⎣ ⎦

h h h   (5) 

After dividing, both sides of the equation (5) by 22mc and substituting 

( , ) ( )
iEt

kx t x eψ ψ
−

′ = h  into the (K.G.F.) Eq. (5) we have 
2

2
2

( ) 1
( ) ( ) ( ) 0

2 2 k

p A
V E V E x

m mc
ψ

⎡ ⎤− − − + − =⎢ ⎥
⎣ ⎦

  (6) 

where c is velocity of light, E is the energy relative to 2mc  and V is the fourth 
component of the vector potential, A that was introduced before. In the nonrelativistic 
limit the Klein - Gordon - Fok equation (5) transforms to the Schrödinger equation. 

 
Two Different Sets of Harmonic Oscillator Potential 
The Schrödinger equation describing a spinless particle confined by harmonic 
oscillator potential is usually written in the form 

2
21

( )
2 2

p
kx E

m
ψ ψ+ =   (7) 

Equation (7) corresponds to two different sets of potential: 
I: The First one is as follow 

:a  2 2 21 1
, 0

2 2
V kx m x Aω= = =   (8) 

But the second one is the super potential correspond to [23]. 

:b  2 21
,

2
V m x A im xω ω= =   (9) 

It may be tempting to expect that the potentials ( )a  and ( )b are related by a gauge 
transformation. None of them corresponds to the realistic external electromagnetic 
field. But the option given by ( )b is more important potential than ( )a [23]. 
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The potential ( )a  is more intuitive which is explicitly describes a Hook system, 
the second one which we will use in this problem has many formal advantages and 
allows for deeper understanding of not only harmonic oscillator itself, but also the 
structure of the quantum field theory for interesting problem of zero particle bound in 
( R.H.O.) potential , such as π  bound to a nucleus, has the nice feature that it can be 
solved exactly Eigenfunction and Eigenvalue of π  meson bound to nucleus by 
interacting (R.H.O.) potential ( )b . In the case described by (R.H.O.) potential 
( )b both, the Schrödinger and the (K.G.F.) equations from Eq (6) may be written as 

2
2

1
( ) ( )

2 k kH V E E V
mc

ψ ψ⎡ ⎤− − = −⎢ ⎥⎣ ⎦
  (10) 

Where Hamiltonian H is like the Schrödinger equation for (H.O) problem as 
follows 

2
2 † 2 21 1 1 1

( ) ( ) ( ) ( )
2 2 2 2 2

P
H P A P A P im x P im x m x

m m m m
ω ω ω= − = − = − − = +    (11) 

Therefore Eq (10) with 
3

2
V ω=  and H from Eq (11) may be written as follows. 

2
2 2

2 2 2

1 3 2 3
( ) (1 ) (1 )

2 2 2 2 2 4k k k

P E
m x x E

m mc mc mc

ω ω ωω ψ ψ εψ⎡ ⎤ ⎡ ⎤+ = − + − − =⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
  (12) 

The (K.G.F.) equation (10) is the same as the Schrödinger equations for three 
dimensional (H.O.). The energy of three dimensional (H.O.) may be written as 

3
(2 )

2nl n lε ω= + + . By a little calculation Eq (12) becomes 

2 2 2 4 2 2 2 2 2 23
( ) ( )

2k kP c m c m c x x E mcω ψ ω ψ⎡ ⎤+ + = + −⎣ ⎦   (13) 

If we eliminate the effect of harmonic oscillator, i. e. if we put 0ω = then equation 
(13) can be written as 

2 2 2 4
2 ( )

0k k

E mc m cψ ψ+ −∇ − =
h

 

022 =−∇ ηψ k  where 
h

4222
2 )( cmmcE −+=η   (14) 

The equation (14) is a certain- analogue of the equation of electrostatic field. 
Hence in the presence of a nucleon at the point 0x =  it is natural to give equation 

(14) the form 
)(422 xgk δπψηψ −=−∇   (15) 

Whence we shall find the solution satisfying the condition 0ψ →  for x → ∞  and 
by using the expansion of δ - function in a Fourier integral and Eq (15) after 
calculating sum abgeric and using the theory of residues for calculating integral we 
obtain the expression for the nuclear field potential from equation (14) 

kxg
e

x
ψ −=  where 

22

4222
2 )(

c

cmmcE

h

−+=η   (16) 

which is the Yukawa potential. 
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This equation is certain analogue of the equation of the electrostatic field and goes 
over into the latter for 0E =  or 0=η  the potential ψ  goes over into the potential of 

the electrostatic field 
g

x
ψ = . 

:∏  In the case of (H.O.) potential corresponding to the Eq (13) with 0ω ≠  

2 2 2 4
2 2 2

2
2 2 2

3
( )

2( ) ( ) ( )k k k

E mc m cm x
x x x

c

ωωψ ψ ψ
⎡ ⎤+ − −⎢ ⎥

∇ − = ⎢ ⎥
⎢ ⎥
⎣ ⎦

h

h h
  (17) 

where ω  comes from Eq.(9). 
The behavior of the Eq. (17) near the origin of the nucleon ( 0x → ) become as 

2 2( ) ( )k kx k xψ ψ∇ =  where 

kxe
x

g

c

cmmcE
−=⇒

−−+
= 022

4222

2
)

2

3
(

ψ
ω

η
h
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  (18) 

And far away from the origin x → ∞  we have the wave function as 
2

2( )
mwx

x eψ
−

∞ ≈  

We can go over to the wave function ( )u x  

)()()()()(
2

2
0 xue

x

g
xuxxx

x
m

kx
ω

ψψψ
−−

∞ ==   (19) 

After inserting )(xψ  into equation (17) the solution of the differential equation for 
( )u x  will be held by suitable anzats [24, 25, and 26]. 

For 0ω =  the potential ψ  goes over into the Yukawa potential ( ) kxg
x e

x
ψ −=  

and if 0m =  and 0ω =  the potential ( )xψ  goes over the potential of electrostatic field 

g

x
ψ = . Indeed, the quantity g plays the same role as the charge e in the electrostatic 

potential, and can rightfully be called nucleon charge. 
Equating the energy of the three-dimensional (H.O.) equation (12) with energy of 

equation (11) leads 

2 2 2 4
2

3 1 3
(2 ) ( )

2 2 2nl nlE n l E mc m c
mc

ω ω⎡ ⎤= + + = + − −⎢ ⎥⎣ ⎦
h   (20) 

Hence the π - meson spectrum with (H.O.) potential field are, (let 1=h ) 
1

2
2 2 4 23 3
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2 2nlE mc m c mc n lω ω+ ⎡ ⎤= − + + + + +⎢ ⎥⎣ ⎦
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Hence, the π -meson spectrum is compared of two discrete energy level separated 
by the 

2 2 3
( ) 8 (2 )

2nlE mc n l ωΔ = + +   (23) 

The distance between two levels. 
2 2 2

1( ) ( ) 8n nE E E mc ω+Δ = Δ − Δ =   (24) 

This is the square distance between two succeive levels, for 0ω =  we have 
0nlEΔ = . There no separation between energy level. 

 
Conclusion 
In this paper the relativistic generalization of the harmonic oscillator are solved by 
changing the Klien Gorden equation into Schrödinger equation. In particular of the 
model of two spinless particles interacting by an instantaneous coulomb potential 
(Yukawa) and confined by the harmonic oscillator potential. We have shown the 
presence of a special nucleon charge g in nucleons and the confinement of spin zero 
particles such as π - meson change. Hence each nucleon should be considered as a 
particle surrounded by a cloud of π - meson. The validity of such a picture is hidden 
in the confinement potential. Also the picture of π - meson interaction of nucleon 
turns out to be much more complex than that of this simple method but this model has 
been developed the concept of nuclear force field. 
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