
International Journal of Pure and Applied Physics  
ISSN 0973-1776 Volume 4, Number 3 (2008), pp. 223–228 
© Research India Publications 
http://www.ripublication.com/ijpap.htm 

 
Quantum Mechanical Anharmonic Oscillator 

 
Ghassem Ansarippour 

 
Department of Physics, Yazd University 

P. O. Box   89195-741,Yazd, Iran 
∗Corresponding author: E-mail address: gansaripour@yazduni.ac.ir 

 
Abstract 

 
In this article the Schrödinger wave equation of quantum mechanical 
anharmonic oscillator with potential energy 4)( AxxV = has been analytically 
solved. It is shown that the corresponding wave functions perturb from that of 
simple quantum harmonic oscillator, i.e. they are basically Hermite 
polynomials plus a power series of x . The corresponding energy levels have 
maximum width at the bottom of the well while become narrower as they 
come up and squeeze at the top of it, in contrast to the energy levels of simple 
quantum harmonic oscillator. 
 
PACS numbers: 03.65._w, 11.10.Lm, 12.39.St 

 
Introduction 
Yet, the Schrödinger equation is used to describe many quantum mechanical systems, 
although it cannot be solved except for some simple models. This equation is simply a 
second order variable coefficient linear differential equation that can be solved 
exactly by ”brute force” using the method of power series expansion from differential 
equations or by using ladder operators from quantum mechanics. However, the 
anharmonic oscillator cannot be solved exactly and some of the ideas of quantum 
mechanical perturbation theory must be used [1,2]. 

The Schrödinger wave equation for the anharmonic oscillator discussed in this 
paper is:    
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To solve this equation in one dimension we first use a second order linear 
differential equation. Then a power series solution is used to solve it. Inserting the 
power series in the differential equation and because they are independent 
summations we demand that the remaining net coefficients vanish. 
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Once this is done the recurrence relation is obtained and becomes possible to 
compute the coefficients in the expansion of the series solution. 

This paper is organized as follows. In Section 1 a second order differential 
equation leading to a differential equation for a quantum mechanical anharmonic 
oscillator is given. In Section 2 we develop analytical solutions based on power series 
method. The coefficients in the resulting series are then used to introduce the wave 
functions and energy levels in Section 3. 
  
Motivation 
We introduce the second-order linear differential equation 

0)2(2 42 =−++′−′′ yxxnyxy  (1) 
which is clearly not self adjoint. It is convenient to introduce a set of 

unnormalised functions nϕ by 

( )xye x
n

2/2−=ϕ  (2) 

Substituting into Eq. (1) yields the differential equation for nϕ  
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This is the differential equation for a quantum mechanical anharmonic oscillator 
with an energy potential 4)( AxxV = . 
 
Analytical solution 
By using the method of series solution we wish to solve Eq. (1). Trying 
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which the exponent k and all the coefficients ma  to be determined.  By 

differentiating twice it gives 
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By substituting into Eq. (1) one has 
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The lowest power of x appearing in Eq. (5) is 2−kx , for 0=m  in the first 

summation. The uniqueness of power series requires that the coefficient vanish which 
yields 

( ) 010 =−kka  

By definition, 00 ≠a , therefore one obtains 
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( ) 01 =−kk  (6) 
This is the so called indicial equation that requires either 0=k  or 1=k . 
For the present we return to Eq. (5) and set 2+= jm  in the first summation, 

jm = , jm = ,  2−= jm  and 4−= jm  in the second, third, forth and fifth 
summations respectively. This gives 
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By repeating application of this recurrence relation one obtains 
For 0=k  
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And for 1=k  
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Putting these coefficients (for case 0=k ) into Eq. (4), one has 
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Now separating the Hermite polynomials (for even n) and pulling out various 
parameters: 
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And doing the same (for odd Hermite polynomials) for 1=k  
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Noting that the first brakets of the right hand sides eveny and oddy  are just Hermite 

polynomial and inserting it in Eq. (2), for even n one obtains   
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And for odd n 
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The wave functions and energy levels 
For a potential energy 4)( AxxV = the Schrödinger wave equation is  
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Assuming a particle with mass m a total energy E, and using the abbreviations 
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It can be shown that the period of motion for corresponding classical particle with 
4)( AxxV =  is given by [3,4] 
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With [ ])()/()( xxz ψα =Ψ=Ψ ,  Eq. (10) becomes 
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This is Eq. (3) with 12 += nλ  . Hence for even n 
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And for odd n 
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The quantum mechanical anharmonic oscillator wave functions ( 20 ,ψψ and 

31,ψψ )  
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Figures 1(a), 1(b): The quantum mechanical anharmonic oscillator wave functions 

0ψ  and 2ψ  respectively. 
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Figures 2(a), 2(b): The quantum mechanical anharmonic oscillator wave functions 

1ψ  and 3ψ  respectively. 

 
from Eqs, [15-16] are plotted in Figs. 1 (a), ( b) and Figs. 2(a), (b) respectively. In 

these figures up to five terms in the brackets  of Eqs. [15-16] have been included. 
Dictating the boundary conditions of the quantum mechanical 

system, 0)(lim =Ψ
±∞→

z
z

 result that n must be an integer. By using Eqs. [12-13] and 

noting that 4)!
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There is a minimum energy (zero point energy) that is 
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It is seen that for very large n (at the top of the well) this is ended up with 
squeezable energy levels, but for small n particularly at the bottom of the well (for 0E  

and 1E ) we have maximum width in them.     

 
Conclusion 
To conclude the Schrödinger wave equation of quantum mechanical anharmonic 
oscillator with an energy potential of the fourth power of x has been analytically 
solved. It is shown that the corresponding wave functions differ by a power series of x 
as compared to that of quantum mechanical simple harmonic oscillator. It is also 
demonstrated that the corresponding energy levels are wider at the bottom and 
become more squeezable at the top of the well, although the zero point energy is 
confirmed. 
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