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Abstract

We propose two types of topologically stable knot solitons in condensed mat-
ters, one in two-component Bose-Einstein condensates and one in two-gap super-
conductors. We identify the knot in Bose-Einstein condensates as a twisted vortic-
ity flux ring and the knot in two-gap superconductors as a twisted magnetic flux
ring. In both cases we show that there is a remarkable interplay between topology
and dynamics which transforms the topologcal stability to the dynamical stability,
and vise versa. We discuss how these knots can be constructed in the spin-1/2 con-
densate of’Rb atoms and in two-gap superconductoMiB,.
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1. Introduction

Topological objects (monopoles, vortices, skyrmions, etc.) have played an increasingly
important role in physics [1, 2]. In particular finite energy topological objects have been
widely studied in theoretical physics [3, 4]. A recent addition to this family of finite
energy solitons has been the knots [5, 6]. The interest on these topological objects,
however, has been confined mainly to theoretical physics, because most of them (exept
the vortices) exist in “hypothetical” worlds which are very difficult to create in labora-
tories. The only topological objects which one can realistically expect to exist in the
“standard” models are the electroweak monopoles and dyons in Weinberg-Salam model
which have a non-trivia¥Vj, andZ,, dressing [7, 8]. Unfortunately these objects could
carry an infinite energy, which makes it impossible to create them experimentally.
Fortunately the recent experimental advances in condensed matter physics, in par-
ticular the construction of multi-component Bose-Einstein condensates (BEC) made of
8’Rb[9, 10] and two-gap superconductors mad&/gfB, [11, 12], have widely opened
new opportunities for us to create new topological objects experimentally which so far
have been only of theoretical interest. The purpose of this paper is to argue that these



Knots in Condensed Matters 247

new multi-component condensates could allow us to have real knots, topologically sta-
ble finite energy 3-dimensional solitons. This is because, due to the multi-component
structure, the new condensates have a non-Abelian symmetry which provides the needed
topology for the stable knots.

To understand how the realistic knots can appear in these condensed matters, it
is necessary to understand the prototype Faddeev-Niemi knot in Skyrme theory. The
Skyrme theory is well known to have a magnetic vortex known as the baby skyrmion
[13], and the Faddeev-Niemi knot can be identified as a twisted vortex ring made of a
helical baby skyrmion [6, 14]. In the following we show how one can construct similar
knots from helical vortices in two-component Bose-Einstein condensates and two-gap
superconductors.

The paper is organized as follows. In Section Il we discuss how the helical vor-
tex can give rise to the prototype knot in Skyrme theory for later purpose. In Section
Il we discuss gauge theory of two-component BEC which has the vorticity interac-
tion, and show that the theory is closely related to Skyrme theory. With this we show
that the theory allows a topological knot similar to the one in Skyrme theory. We also
identify that this knot is a vorticity knot very similar to the one in Gross-Pitaevskii the-
ory of two-component BEC. In Section IV we discuss the Landau-Ginzburg theory of
two-gap superconductor and show that the theory is closely related to the gauge theory
of two-component BEC. With this we argue that the theory can also admit a knot, a
twisted magnetic vortex ring, similar to the vorticity knot in two-component BEC. In
doing so we also establish the non-Abelian flux quantization in two-gap superconduc-
tor. We demonstrate the existence of magnetic vortex whose flux is quantized in the unit
411/9, not 21t/g, in two-gap superconductor. Finally in Section V we discuss physical
implications of our results.

2. Knotin Skyrme theory

The Skyrme theory has a rich topological structure. It has skyrmion and baby skyrmion
[3, 13]. But recently it has been shown that the theory allows a knotted soliton identical
to the Faddeev-Niemi knot in Skyrme-Faddeev non-linear sigma model, which can be
identified as a twisted vortex ring made of helical baby skyrmion [6, 14]. To see this,
we review the knot in Skyrme theory first.

Let w andfi be the scalar field and the non-linear sigma field in Skyrme theory. With

U= exp(w% ) = cos%) —i(5- ﬁ)sin%), L,=Ugut, =1 (@)
the Skyrme Lagrangian is expressed as
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The equation of motion is given by
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With the spherically symmetric ansatz

+= (1 — cosw)2(f- duf x d\,ﬁ)dvﬁ} —0. 3)

w=0w(), A=F, (4)

(3) is reduced to

d’w N 2dw  2sinw  a rsif(w/2) d?w sinw(d_w)z_ 2 sinwsir(w/2)
drz " rdr r2 2 r2 drz = 2r2 “dr r4
—0. (5)

Imposing the boundary conditio®(0) = 27T and w() = 0, one has the well-known
skyrmion [3].

A remarkable point of Skyrme theory is that= 1, independent ofi, becomes a
classical solution [6]. So restricting to 71, one can reduce the Lagrangian (2) to the
Skyrme-Faddeev Lagrangian

P2 o a ~\2
.Ze—;(dun) —Z(dunxdvn) , (6)

in which case the equation of motion (3) is reduced to
" . a "
n x dzn‘i_ m(d“Nuv)dvn = O7

Notice that sincéNy, forms a closed two-form, it always admitsJg1) potentialCy,.

The equation (7) allows non-Abelian monopole, baby skyrmion, helical baby skyrmion,
and Faddeev-Niemi knot as its solutions [6, 14]. But for our purpose it is important to
understand the helical baby skyrmion, because this plays a crucial role for us to con-
struct the knot. So we review the helical baby skyrmion.

To construct the desired helical baby skyrmion(let¢,z) the cylindrical coodi-
nates, and choose the ansatz

sinf(p)cos(mkz+ng)
(REEEE) .

n sinf(p)sin(mkz+ng)

cosf(p)
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Figure 1: The baby skyrmion (dashed line) with= 0,n = 1 and the helical baby
skyrmion (solid line) withm= n = 1in Skyrme theory. Here is in the unit,/a /u and
k=08u/\a.

With this the equation (7) is reduced to

n? _sir? f 1 n? sinf cosf .
<1+(n12k2 2 >gzp2>f+<p + (K2 22T f
+%(mzk2 ; )ES;J;)f—(rnzkz 2 —)sinf cosf = 0. ©)

So with the boundary condition
f(0)=m, f(0)=0, (20)

we obtain the non-Abelian vortex solutions shown in Fig.1. Notice that, vamenO,

the solution describes the well-known baby skyrmion [13]. But whreis not zero,

it describes a helical baby skyrmion, a twisted magnetic vortex which is periodic in
coodinate [14]. In this case, the vortex has a quantized magnetic flux not only along the
z-axis but also around theaxis.

The helical baby skyrmion will become unstable unless the periodicity condition is
enforced by hand. But it plays a very important role because one can make it a vortex
ring by smoothly connecting two periodic ends. In this case the vortex ring acquires the
topology of a knot, and thus becomes a knot itself [6, 14]. In fact it becomes a knot
made of two magnetic fluxes linked together, whose knot topology is described by the
Chern-Simon index of the potenti@];,

1

Q= 32m?

/gljkCINjkd X=mn (11)

which describes the Hopf mappinmg(S’) defined byf.
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Clearly the knot has a topological stability, because two flux rings linked together
can not be disjointed by a smooth deformation of the field configuration. Moreover the
topological stability is backed up by a dynamical stability. This is because the knot can
be viewed as two magnetic fluxes linked together, and the magnetic flux trapped in the
knot disk can not be squeezed out. This provides a stablizing repulsive force which
prevent the collapse of the knot [14].

From our discussion it becomes clear that the existence of the helical baby skyrmion
is crucial for the existence of a topologically stable knot. In the following we show
that an identical mechanism works in two-component BEC and two-gap superconductor
which guarantees the existence of a stable knot.

3. Knot in Two-component Bose-Einstein Condensates

The recent advent of multi-component BEC (in particular the spin-1/2 condensate of
87Rb atoms) has widely opened a new opportunity for us to study novel topological

objects which can not be realized in ordinary (one-component) BEC [9, 10]. This is
because the multi-component BEC naturally allows a non-Abelian structure which ac-
commodates a non-trivial topological objects, in particular a topolgical knot which is

very similar to the knot in Skyrme theory [15, 16].

There are two competing theories of two-component BEC, the popular Gross-Pitaevskii
theory [10] and the gauge theory of two-component BEC proposed recently [15]. Both
theories predict topological knots. Many authors have already claimed the existence of
a knot in Gross-Pitaevskii theory [10]. Moreover it has been shown that this knot can
be identified as a vorticity knot which is made of two vorticity fluxes linked together,
whose topologys(S?) is fixed by the Chern-Simon index of the velocity potential of
the condensate [16].

Soin this section we discuss the gauge theory of two-component BEC, and show that
this theory also has a vorticity knot very similar to the knot in Gross-Pitaevskii theory.
Consider a “charged” two-component BEC described by a complex doghleer-
acting “electromagnetically”, which can be described by the following non-relativistic
gauged Gross-Pitaevskii type Lagrangian (we will discuss the relativistic generalization
later)

2-10[¢ (B0~ (Bi0)'0] - - Bip+ wPgo- A(ole2 - 2F2,. ()
2 2m 2 4 HV
whereD, ¢ = (d, —igA, )@, andu? andA are the chemical potential and the quartic

coupling constant. Normalizing to (v/2m/h)@ and putting

1 t
= — 5 :1 13
) ﬁpé (£'¢=1) (13)
we have the following Hamiltonian in the static limit,
1 2 PP Mo A4 1l
H = 5(0p)"+ = [Dig|" = Z-p"+ g p"+ J Fi. (14)
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Notice that here we have also normalizetandA to (R?/2m)u? and(R?/2m)?A. From
now on we will use the normalized Hamiltonian (14).

At this point it is important to realize that the “electromagnetic” interaction here
should be self-induced, since we are dealing with neutral condensates. So we identify
the “electromagnetic” potential by the velocity field of the douldlet

Ay = —éfTﬁuf- (15)

A justification for this is that thé& (1) gauge invariance almost dictates us to identify
the velocity field as the gauge potential. Indeed in the absence of the Maxwell term,
(15) becomes an equation of motion. With this identification the field strength becomes
the vorticity field

~ ~ ~ i

One might wonder why we have included the vorticity interaction in the Lagrangian
(12), when this is absent in the Gross-Pitaevskii Lagrangian. The reason is because it
costs energy to create the vorticity in two-component BEC. In ordinary BEC one does
not have to worry about the vorticity because the vorticity is identically zero (since
the velocity is given by the gradient of the phase of the one-component complex con-
densate). But a non-Abelian (multi-component) BEC has a non-vanishing vorticity, in
which case it is natural to include the vorticity interaction in the Lagrangian [15, 16].
With (15) the Hamiltonian (14) becomes

o= 2ap2+ 2 (108~ E1aER) ~ A (07— 53
—4—92(0.5 9,8 —0,879.8)?,
2 2
pg = (17)

Notice that now the coupling constamtepresents the coupling strength of the vor-
ticity. Minimizing the Hamiltonian we have the following equation of motion

A
—(|a.f|2—|f*af|2) = Z(*=pd)p,
{62 £Tazf>+2< ©_gfag)a-&'a¢)
-2 008108 —ajf*&.f)] 0-&'9,6)} =0 19)

To understand the meaning of this notice that with

i=¢'5¢, (19)
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we have
1 .
fﬁuﬂz— ’5T5u5|2: Z(d“n)z,
1 1

whereN,, is mathematically identical to what we have in Skyrme theory in (7). This
tells that the potentiaC,, for the two-formN,, in (7) is given by (up to a gauge trans-
formation)

Cy=2gA, = —2iE%9,¢&. (21)

More importantly, with (20) the Hamiltonian (17) can be expressed as

7 = Lo+ 2 a2 R o2 g2+
2" g 8 0 1692
So the theory becomes very similar to Skyrme-Faddeev theory, which strongly indi-
cates that the gauge theory of two-component BEC can allow a knot. As importantly
this strongly implies that the Skyrme-Faddeev theory could play an important role in
condensed matter physics.
To simplify the equation (18) notice that from (15) and (19) we have

(G x 8;)2. (22)

o~ 1,
With the identity the second equation of (18) is reduced to
(A+B-0)& =0,

A= (ah)?,
B= 02n+2‘}bp ain Zgzpz&N. 10, (24)
which can be written as
A+B-A=0, AxB—ifix (AxB)=0, (25)
or
ax (021 24P 3 + > Z&N.Ja, =0. (26)
p 29°p

So we can put (18) into the form

1 ., A
9%p — 5(aif)?p = S (p* ~ p)Pp,

é‘up

2
fAxo n+2p nxdn+g7_p20.N.JdJn_O. (27)
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This is the equation of two-component BEC that we are looking for. The similarity
between this and the equation (7) of Skyrme-Faddeev theory is unmistakable.

Notice that the target space &fandfi is S* and<?, but here we have transformed
the equation for in (18) completely into the equation f@rin (27). This is made
possible because, with the Abelian gauge invariance of (6), the physical target space of
& becomes the gauge orbit spa%e= S*/S' which forms aCP! space. This means that
we can view the theory as a self interact®g" theory (coupled to a scalar fiefy, and
replaceé completely in terms offi.

To show that the theory has a knot solution we construct a helical vortex solution
first. To do this we choose the ansatz

cos@ exp(—inqb))

sin@ exp(imkz)
sinf(p)cos(mkz+ng)
crog - )

p=p(/P) E:(

A= sinf(p)sin(mkz+ng)
cosf(p)

(28)

With this (27) is reduced to

ﬁ+%p—1(f2 (PR >sm2f) = 20> e,

n )smzf
p? 92p2

(1+ (i + )f+(p+2g + (P2 + 29935954

#p?
1 n? sif f n?
+=(mPk? — f — (mPk?+ —) sinf cosf = 0. 29

So with the boundary condition

p(0)=0, p(w)=po, fO)=m f(0)=0, (30)

we obtain the non-Abelian vortex solutions shown in Fig.2.

There are three points that have to be emphasized here. First, whkefi, the
solution describes the untwisted non-Abelian vortex [15]. But wimes not zero, it
describes a helical vortex which is periodiczitoodinate. In this case, the vortex has
a non-vanishing velocity current (not only around the vortex but also) along dires.
Secondly, the doublep starts from the second component at the core, but the first
component takes over completely at the infinity. This is due to the boundary condition
f(0) = mandf («) =0, which assures that our solution describes a genuine non-Abelian
vortex. Thirdly, whenf = 0 (or f = n) the doublet effectively becomes a singlet, and
(29) describes the well-known vortex in single-component BEC. Only whéas a
non-trivial profile, we have a non-Abelian vortex.
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Figure 2. The non-Abelian vortex (dashed line) with= 0,n = 1 and the helical vortex
(solid line) withm = n = 1 in the gauge theory of two-component BEC. Here we have
putA /g% =1, k= 0.64 v/A po, andp is in the unit of1/v/A po.

In Skyrme theory the helical vortex is interpreted as a twisted magnetic vortex whose
flux is quantized [6, 14] Now we show that the above vortex is a twisted vorticity flux
which is also quantized. To see this notice that the non-Abelian structure of the vortex
is represented by the doubl&t Moreover, the velocity field of the doublet is given by

n

,&“ — Zg(cosf +1)0u¢ — r;—;(cosf —1)dyz, (31)

which generates the vorticity
i
Huv = —5(6,15%5 —0,€79,8)
f
= 545N <n(d“pdv¢ — 0,pdu$) +mkdupdyz— dvpduz)>. (32)

This has two vorticity fluxesg along thez-axis
@— [Hpppdpdg =7, (33)
andg, around the the-axis (in one period section from= 0 to z= 271/k)
w= [ Hipdodz=2" (34)

This shows that the helical vortex is made of two quantized vorticity fluxespsiiiex
which is concentrated at the core and meﬂux which surrounds it. This confirms that
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the helical vortex is a twisted vorticity flux which is very similar to the helical vortex in
Gross-Pitaevskii theory [16].

Now, with the helical vortex, one can easily make a twisted vortex ring smoothly
connecting the periodic ends together. And just as in Skyrme theory the twisted vortex
ring becomes a topological knot. But here itrigS®) of the double which provides
the non-trivial quantum number,

_ 1
4172

9= 55 [ 6xE'ag(0,8" a8 (35)
Of course this is identical to the expression (11), due to the Hopf fiberir® od
S x St [16]. This tells that we can express the knot quantum number eitheg (/)
or by 18(S?).

Obviously this knot has a topological stability, because the knot topology (11) can
not be changed by a smooth deformation of the field configuration. Moreover it has a
dynamical stability. To understand this notice that the knot has a twisted velocity field so
that it has a non-vanishing velocity around #haxis. This means that it carries a non-
vanishing angular momentum along thaxis. And this angular momentum provides
the dynamical stability, because it creates a centrifugal force that prevents the collapse
of the knot. Notice that this dynamical stability originates from the knot topology,
because the angular momentum comes from the twisted velocity field. In this sense the
topological stability and the dynamical stability have one and the same origin. It is this
remarkable interplay between topology and dynamics which assures the stability of the
knot. The nontrivial twisted topology of the knot expresses itself in the form of the
angular momentum, which in turn provides the dynamical stability of the knot. This
presence of the angular momnetum is what differentiates our knot from the untwisted
Abrikosov-type vortex ring which has no dynamical stability.

There have been assertions that two-component BEC admits a knot [10]. But notice
that this knot is based on Gross-Pitaevskii theory of two-component BEC, which has
no vorticity interaction. In contrast our knot is based on the gauge theory in which the
vorticity interaction plays a crucial role. Nevertheless physically two knots are very
similar [16]. Both can be identified as a vorticity knot. This implies that both theories
should be taken seriously as a theory of two-component BEC.

4. Knot in Two-gap Superconductors

In the above gauge theory of spin-1/2 condensates the gauge interaction was a self-
induced interaction. But when the doublet is charged, the gauge interaction can be
treated as independent. In this case the theory can describe a two-gap superconductor.
But even in this case the knot topology and thus the knot itself should survive. This
implies that two-gap superconductor should also have a topological knot.

The knot in two-gap superconductor could be either relativistic or non-relativistic,
and appear in both Abelian and non-Abelian setting [17]. In this paper we will discuss
the relativistic knot in the Abelian setting (a non-relativistic Gross-Pitaevskii type theory
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gives an identical result). Consider a charged doublet scalargiettlipled to the real
electromagnetic field,

A 1
£ = —|Dugl* + 129" 90— 5 (9'9)* - JFiy.
Dup= (9 —igAu)¢. (36)
The Lagrangian has the equation of motion
12
DXp=A(¢'0— )0,
duFuv = jv =ig|(Dve)To— @' (Dv ) |. (37)
Now, with
1 t A_ st
=—p¢, =1 n=¢'0¢, 38
¢ \/Epf §'¢ §'0¢ (38)

we can reduce (37) to [17]
1 .. ~ A
0%p — (Z(dun)ergz(Au +Au)2>P = E(PZ—PS)I%
oup 2
A 2a UM A A A
A x 0N+ ZTn X O+ W"u':uvdvn =0,

5u|:uv = ju = gsz(A“ +AI1)7

N i 212
A“:_éde“E’ pOZT- (39)

This is the equation for two-gap superconductor. Notice that With- —Au the first
two equations reduce to (27). This tells that the gauge theory of two-component BEC
and the above theory of two-gap superconductor are closely related.

To obtain the desired knot we first construct a superconducting helical magnetic
vortex. Let

f(p)

cos——exp(—ing)
p=p(p), E:( t0) )
sinT exp(imkz)
A= é(nAl(p)ﬁud) - mkAy(0)9,12),
sinf(p)cos(ng + mk2
A=ET6& = (sinf(p)sin(ntp +mk2) ) ,
cosf(p)
~ n mk
A= —Zg(cosf (P)+1)0ud — 2—g(cosf(p) —1)0,z (40)
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With this we have

cosf +1 cosf -1

= gpz(n(Al _ )8 + mk(Ag — )duz), (41)

and (39) becomes

;‘5+ip— [%(f% (g—i+mzk2) sinzf)

P
+2—22(A1— cosf2+ 1)2+n12k2(A2— cosf2—1)2]p
=%(p2—p§)p,

M N N n? 1 ) I\ e
f+(5+25)f—2<E(A1—5)+m2k (Az+§))smf =0,

.1, )
Al—EAl—QP (Al_

cosf + 1> _o,

1.
Rot o~ PP (Ao (42)

Now, we impose the following boundary condition for the non-Abelian vortices [17],

p(0)=0, p()=po, f(0)=m f(o)=0,
A1(0) = —1, Aq(w) =1 (43)

This need some explanation, because the boundary %a(0¢ is chosen to be-1, not

0. This is to assure the smoothnesspgp) and f(p) at the origin. Only with this
boundary value they become analytic at the origin. At this point one might object the
boundary condition, because it creates an apparent singularity in the gauge potential
at the origin. But notice that this singularity is an unphysical (coordinate) singularity
which can easily be removed by a gauge transformation. In fact the singularity disap-
pears with the gauge transformation

. n
@ — pexp(ing), Ay —>Au+§du¢, (44)

which changes the boundary conditiBgn(0) = —1 and Aj(«) = 1 to A;(0) = 0 and
Aq(0) = 2. Mathematically this boundary condition has a deep origin, which has to do
with the fact that the Abeliab (1) runs from0to 271, but theS' fiber of SU(2) runs from
0to4m[17]. As for Ax(p), we chooseé\, () = 0 to make the supercurrent vanishing at
infinity and require the vortex superconducting. As we will see, this requires a logarith-
mic divergence foA2(0). The boundary condition will have an important consequence
in the following.

With the boundary condition we can integrate (42) and obtain the non-Abelian vor-
tex solution of the two-gap superconductor, which is shown in Fig.3. The solution
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20 25 30

Figure 3: The non-Abelian vortex (dashed line) with= 0,n = 1 and the helical vortex
(solid line) withm= n= 1 in two-gap superconductor. Here we haveg@ut 1, A = 2,

k = po/10, andp is in the unit of1/pp. Notice thatA, has a logarithmic singularity at
the origin.

is very similar to the one we have in two-component BEC. Whes: 0, the solu-

tion (with A, = 0) describes an untwisted non-Abelian vortex [17]. But wheis not

zero, it describes a helical magnetic vortex which is periodednordinate. Moreover,

the vortex starts from the second component at the core, but the first component takes

over completely at the infinity. This is due to the boundary conditi¢d) = 1 and

f (o) =0, which assures that our solution describes a genuine non-Abelian vortex. This

is true even whem= 0. Only whenf = 0 (or f = 1) the doublet effectively becomes

a singlet, and (42) describes the Abelian Abrikosov vortex of one-gap superconductor.
There are important differences between the non-Abelian vortex and the Abrikosov

vortex. First the non-Abelian vortex has a non-Abelian magnetic flux quantization [17].

Indeed the quantized magnetic flgx of the non-Abelian vortex along theaxis is

given by

HZ — EA_\:L?
gp
- 2rm 4mm
Bo= [ Hatx= " [Aufen) —a(0)] = T (45)

Notice that the unit of the non-Abelian flux &1/g, not 2r1/g. This is a direct con-
sequence of the boundary condition (43). This non-Abelian quantization of magnetic
flux comes from the non-Abelian topologg(S?) of the double#, or equivalently the
triplet A, whose topological quantum number is given by [17]

g 1
q:E_[/sz‘zX: —E_[/Sij&lETajfdzx
1

:8—n/si,~ﬁ-(a.ﬁ><a,~ﬁ)d2x:n. (46)
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This distinguishes our non-Abelian vortex from the Abelian vortex whose topology is
fixed by 7 (St).

Another important feature of the non-Abelian vortex is that it carries a non-vanishing
supercurrent along theaxis,

|Z_mkg/p cosf+1) dpdo
2nmk 1. 2rmmk p=co 2rmmk
= [ (Aa+ =Az)pdp = A = -2 (pA .47
: /( 2t 2)pdp = ——(p z)(p_o 3 (PA2) o @7

This is due to the logarithmic divergenceAsf at the origin.

Notice that the superconducting helical vortex has only a heuristic value, because
one needs an infinite energy to create it (since the magnetic flux around the vortex
becomes divergent because of the singularityAgfat the origin). With the helical
vortex, however, one can make a vortex ring by smoothly bending and connecting two
periodic ends. In the vortex ring the infinite magnetic fluxfefcan be made finite
making the finite supercurrent (47) of the vortex ring produce a finite flux, and we can
fix the flux to have the valuérim/g by adjusting the current witk With this the vortex
ring now becomes a topologically stable knot.

To see this notice that the doubl&t after forming a knot, acquires a non-trivial
topology 7®(S?) which provides the knot quantum number,

Q=7 [T ag @8 a8)d

_9
32

This is nothing but the Chern-Simon index of the poter@ial which is mathematically
identical to the quantum number of the knots we discussed before. This tells that our
knot is also made of two quantized magnetic flux rings linked together whose knot
guantum number is fixed by the linking numban Obviously two flux rings linked
together can not be separated by any continuous deformation of the field configuration.
This provides the topological stability of the knot.

Again this topological stability is backed up by a dynamical stability. To see this
notice that the supercurrent of the knot has two components, the one around the knot
tube which confines the magnetic flux along the knot, but more importantly the other
along the knot which creates a magnetic flux passing through the knot disk. This com-
ponent of supercurrent along the knot now generates a net angular momentum which
provides the centrifugal repulsive force preventing the knot to collapse. This makes the
knot dynamically stable.

To compare our knot with the Abrikosov vortex ring (made of the Abrikosov vortex
in conventional superconductor), notice that the Abrikosov knot is empty (i.e., does
not carry a net supercurrent). As importantly it is unstable, and collapses immediately.
In contrast our knot has a helical supercurrent, and is stable. Furthermore these two
features are deeply related. The helical supercurrent plays a crucial role to stablize the

e,JkC.(o"JCk—é'kCJ)d X=mn (48)
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Figure 4: The regular helical magnetic vortex with= n = 1 in two-gap superconduc-
tor. Here we have puy =1, A = 2, k= 0.12pp, A2(0) = 0.5, andp is in the unit of
1/po. Notice that the solution is completely regular.

vortex ring by providing the net angular momentum, which prevents the collapse of
the vortex ring. And this helical supercurrent originates from the knot topology. This

remarkable interplay between topology and dynamics is what provides the stability of
the knot. The nontrivial topology expresses itself in the form of the helical supercurrent,
which in turn provides the dynamical stability of the knot. We emphasize that this

supercurrent is what distinguishes our knot from the Abrikosov vortex ring, which has
neither topological nor dynamical stability.

5. Discussion

In this paper we have presented a compelling argument for the existence of topological
knots in two-component BEC and two-gap superconductor. Similar knots have popped
out almost everywhere, in particular in high energy physics in QCD [18] and Weinberg
and Salam model [19]. But we emphasize that at the center of these topological objects
lies the baby skyrmion and the Faddeev-Niemi knot [6, 14]. In fact, our helical vortices
and knots in this paper are a straightforward generalization of the baby skyrmion and
the Faddeev-Niemi knot.

It has been assumed that the topological objects in Skyrme theory can only be real-
ized at high energy, at the hadronic scale. But our analysis shows that similar objects
could exist in a completely different environment, at a much lower scale, in low energy
condensed matters. If so, the challenge now is to verify the existence of the topological
knot experimentally in condensed matters. Constructing the knot might not be so easy
at present moment. Nevertheless, with some experimental ingenuity, one should be able
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to construct the knots in condensed matters.

Note Added: One might doubt the existence of a superconducting knot because the
superconducting helical vortex we discussed in Section IV was singular (and thus un-
physical). In this note we report a regular superconducting helical vortex which has a
finite magnetic flux around the axis and thus a finite energy. The regular solution is
obtained linkingAx(0) with k. For example fok = 0.12 we obtain the regular solution
shown in Fig.4, withA;(0) = 0.5. This type of regular helical vortex has vanishing
supercurrent,, but could still be called superconducting because it has a non-trivial
supercurrent densitl, which generates a net magnetic fildy around the vortex. The
regular helical vortex strongly support the existence of a regular knot. The details will
be published elsewhere.
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