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Abstract

Let G = (V , E) be a simple connected graph. An ordered subset W of V is said to
be a resolving set of G if every vertex is uniquely determined by its vector of dis-
tances to the vertices in W. The minimum cardinality of a resolving set is called the
resolving number of G and is denoted by r(G). As an extension, the total resolving
number was introduced in [6] as the minimum cardinality taken over all resolving
sets in which 〈W 〉 has no isolates and it is denoted by tr(G). In this paper, we obtain
the bounds on the total resolving number of block graphs and line graphs. Also, we
characterize the extremal graphs.

AMS subject classification: Primary 05C12, Secondary 05C35.
Keywords: resolving number, total resolving number, block graph, line graph.

1. Introduction

Let G = (V , E) be a finite, simple, connected and undirected graph. The degree of a
vertex v in a graph G is the number of edges incident to v and it is denoted by d(v).

The maximum degree in a graph G is denoted by �(G) and the minimum degree is
denoted by δ(G). The distance d(u, v) between two vertices u and v in G is the length
of a shortest u − v path in G. The maximum value of distance between vertices of G is
called its diameter. Pn denote the path on n vertices. Cn denote the cycle on n vertices.
Kn denote the complete graph on n vertices. A graph is acyclic if it has no cycles. A tree
is a connected acyclic graph. A star is denoted by K1,n−1. A tree obtained by joining the
centres of two stars K1,s and K1,t by an edge is called a bistar and it is denoted by Bs,t .

The join G+H consists of G∪H and all edges joining a vertex of G and a vertex of H.
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For a cut vertex v of a connected graph G, suppose that the disconnected graph G\{v}
has k components G1, G2, . . . , Gk (k ≥ 2).The induced subgraphs Bi = G[V (Gi)∪{v}]
are connected and referred to as the brances of G at v. A cut vertex v is a path support
if there is a nontrivial path as a branch at v; a simple path support if there is exactly
one path support at v; a multi path support if there are more than one path support at
v. A graph contains exactly one cycle is called a unicyclic graph. A block of a graph G

is a maximal connected subgraph of G that has no cut vertex. A block of G containing
exactly one cut vertex of G is an end block of G. G is called a triangle free graph if it
has no triangle. To identify non adjacent vertices x and y of a graph G is to replace these
vertices by a single vertex incident to all the edges which were incident in G to either x

or y.

If W = {w1, w2, . . . , wk} ⊆ V (G) is an ordered set, then the ordered k-tuple
(d(v, w1), d(v, w2), . . . , d(v, wk)) is called the representation of v with respect to W

and it is denoted by r(v|W). Since the representation for each wi ∈ W contains exactly
one 0 in the ith position, all the vertices of W have distinct representations. W is called
a resolving set for G if all the vertices of V \ W also have distinct representations. The
minimum cardinality of a resolving set is called the resolving number of G and it is
denoted by r(G). In [6] we introduced and studied total resolving number. If W is a
resolving set and the induced subgraph 〈W 〉 has no isolates, then W is called a total
resolving set of G. The minimum cardinality taken over all total resolving sets of G is
called the total resolving number of G and is denoted by tr(G).

In this paper, we obtain the bounds on the total resolving number of block graphs
and line graphs. Also, we characterize the extremal graphs.

2. Total Resolving Number of Graphs

The following results are used in subsequent sections.

Theorem 2.1. [6] For n ≥ 3, tr(Pn) = 2 and tr(Cn) = 2.

Observation 2.2. [6] For any graph G of order n ≥ 3, 2 ≤ tr(G) ≤ n − 1.

Observation 2.3. [6] Let G be a unicyclic graph with odd cycle Ck. Then tr(G) = 2
if and only if no vertex of G is a multi path support and either at most three consecutive
vertices of Ck are simple path supports or exactly two non adjacent vertices of Ck at a
distance two are simple path supports.

Observation 2.4. [6] For any tree T , tr(T ) = 2 if and only if T is a path.

Theorem 2.5. [6] Let G be a graph of order n ≥ 3. Then tr(G) = n − 1 if and only if
G ∼= Kn or K1,n−1.

Remark 2.6. [6] If G has multi-path support, then tr(G) 	= 2.

Observation 2.7. If tr(G) = 2, then G contains at most one block of order at least 3.
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Notation 2.8. [7] If H and K are two graphs, then the graph obtained by identifying
one center of H with one center of K is denoted by H ∗ K and the graph obtained by
joining one center of H to one center of K is denoted by H e K.

Theorem 2.9. [7] Let G be a 1-connected graph of order n ≥ 4. Then
tr(G) = n − 2 if and only if G is isomorphic to Bs,t , s ≥ 1, t ≥ 1 or 2K3 + e or
K1,s ∗ Kt, s ≥ 1, t ≥ 3 or K3 ∗ Kt, t ≥ 3 or K3 e K1,s, s ≥ 3.

3. Block Graphs

In this section, we obtain the bounds for the total resolving number of the block graph
of a general graph and characterize the extremal graphs.

Definition 3.1. The block graph B(G) of a graph G is a graph whose
vertices are the blocks of G and two of these vertices are adjacent whenever the corre-
sponding blocks contain a common cut vertex of G.

Observation 3.2. Let G be a graph with n′ ≥ 3 blocks. Then 2 ≤ tr(B(G)) ≤ n′ − 1.

Proof. Clearly, the order of B(G) is n′. By Observation 2.2, 2 ≤ tr(B(G)) ≤ n′ − 1. �

Theorem 3.3. [4] A graph G is a block graph of some graph H if and only if the blocks
of G are complete.

Definition 3.4. A graph G is said to be a block path if B(G) is a path.

Theorem 3.5. Let G be a graph with n′ ≥ 3 blocks. Then tr(B(G)) = 2 if and only if
G satisfies one of the following conditions.

(i) G is a block path

(ii) G has either a unique cut vertex lying in exactly three blocks or a cut vertex v

lying in exactly three blocks, all other cut vertices other than v lying in exactly
two blocks and every block contains at most two cut vertices.

Proof. Assume that tr(B(G)) = 2. If B(G) is an acyclic graph, then by Observation
2.4, B(G) ∼= Pn′ . Thus G is a block path. Now, we assume that B(G) contains a cycle.
Then by Remark 2.6, Observation 2.7 and Theorem 3.3, clearly, B(G) is a unicyclic
graph with a cycle C3. By Observation 2.3, G has either a unique cut vertex lying in
three blocks or a cut vertex v lying in three blocks, all other cut vertices other than v lie
in exactly two blocks and every block contains at most two cut vertices.

Conversely, ifG satisfies (i), thenB(G) ∼= Pn′ and hence byTheorem 2.1, tr(B(G)) =
2. If G satisfies (ii), then B(G) is one of the graph given in Observation 2.3 with cycle
C3 and hence tr(B(G)) = 2. �
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Theorem 3.6. Let G be a graph with n′ ≥ 3 blocks. Then tr(B(G)) = n′ − 1 if and
only if either G has exactly one cut vertex or G has at least two cut vertices and all of
them lie in one block such that each one is common to exactly two blocks of G.

Proof. Assume that tr(B(G)) = n′ − 1. By Theorem 2.5, B(G) ∼= Kn′ or K1,n′−1. If
B(G) ∼= Kn′, then each block of G is an end block. If B(G) ∼= K1,n′−1, then G has
one non end block and each cut vertex lying in exactly two blocks. Thus either G has
exactly one cut vertex or G has at least two cut vertices and all of them lie in one block
such that each one is common to exactly two blocks of G.

Conversely, if G has exactly one cut vertex, then B(G) ∼= Kn′ and hence by Theorem
2.5, tr(B(G)) = n′ − 1. If G has at least two cut vertices and all of them lie in one block
such that each one is common to exactly two blocks of G, then B(G) ∼= K1,n′−1 and
hence by Theorem 2.5, tr(B(G)) = n′ − 1. �

Theorem 3.7. Let G be a graph with n′ ≥ 3 blocks. Then tr(B(G)) = n′ − 2 if and
only if G satisfies one of the following conditions.

(i) G has exactly two cut vertices of which one is common to exactly three blocks
and another one is common to at least three blocks.

(ii) G has at least two cut vertices and all of them lie in one block such that one is
common to at least 3 block each other is common to exactly two blocks of G.

(iii) G has exactly three cut vertices of which one is not a vertex of an end block of G,

other two are in distinct blocks and each one is common to exactly three blocks of
G.

(iv) G has t ≥ 4 cut vertices such that t − 1 vertices are in one block of which each
one is common to exactly two blocks of G and the remaining vertex belongs to
another block which is common to exactly three blocks.

(v) G has exactly two non end blocks of which one has at least two cut vertices and
another one has at least three cut vertices such that each one is common to exactly
two blocks of G.

Proof. Assume that tr(B(G)) = n′ − 2. Using Theorems 2.9 and 3.3, B(G) ∼= Bs,t ,

s ≥ 1 and t ≥ 2 or 2K3 +e or K1,s ∗Kt, s ≥ 1 and t ≥ 3 or K3 ∗Kt, t ≥ 3 or K3 e K1,s,

s ≥ 3 given in Theorem 2.9. If B(G) ∼= Bs,t , s ≥ 1 and t ≥ 2, then G is the graph given
in (v). If B(G) ∼= 2K3 + e, then G is the graph given in (iii). If B(G) ∼= K1,s ∗ Kt,

s ≥ 1 and t ≥ 3, then G is the graph given in (ii). If B(G) ∼= K3 ∗ Kt, t ≥ 3, then G is
the graph given in (i). If B(G) ∼= K3 e K1,s, s ≥ 3, then G is the graph given in (iv).

Conversely, if G is the graph given in (i), then B(G) ∼= K3∗Kt and hence by Theorem
2.9, tr(B(G)) = n′ − 2. If G is the graph given in (ii), then B(G) ∼= K1,s ∗ Kt, s ≥ 1
and t ≥ 3 and hence by Theorem 2.9, tr(B(G)) = n′ − 2. If G is the graph given in
(iii), then B(G) ∼= 2K3 + e and hence by Theorem 2.9, tr(B(G)) = n′ − 2. If G is
the graph given in (iv), then B(G) ∼= K3 e K1,s, s ≥ 3 and hence by Theorem 2.9,
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tr(B(G)) = n′ − 2. If G is the graph given in (v), then B(G) ∼= Bs,t , s ≥ 1 and t ≥ 2
and hence by Theorem 2.9, tr(B(G)) = n′ − 2. �

Open Problem. If G is a connected graph with n′ ≥ 3 blocks, then chracterize G for
which tr(B(G)) = n′ − 3.

4. Line Graphs

In this section, we obtain the bounds for the total resolving number of line graphs and
characterize the upper bound.

Definition 4.1. The line graph L(G) of a graph G is a graph whose vertex set is E(G)

and two vertices e and f of L(G) are adjacent if and only if they are adjacent in G.

Observation 4.2. For n ≥ 4, tr(L(Pn)) = 2.

Observation 4.3. For n ≥ 3, tr(L(Cn)) = 2.

Observation 4.4. Let G be a graph of order n and size m ≥ 3. Then 2 ≤ tr(L(G)) ≤
m − 1.

Proof. Since |V (L(G))| = m, by Observation 2.2, 2 ≤ tr(L(G)) ≤ m − 1. �

Observation 4.5. If G 	∼= Pn and G 	∼= Cn, then g(L(G)) = 3.

Observation 4.6. L(G) is a triangle free graph if and only if G ∼= Pn or Cn.

Theorem 4.7. Let L(G) be a triangle free graph. Then tr(L(G)) = 2.

Proof. The proof follows from Observations 4.2, 4.3 and 4.6. �

Observation 4.8. L(G) is unicyclic if and only if G is isomorphic to either Cn or a
spider with �(G) = 3.

Theorem 4.9. If L(G) is unicyclic graph, then tr(L(G)) = 2.

Proof. By Observation 4.8, G ∼= Cn or a spider with �(G) = 3. If G ∼= Cn, then by
Observation 4.3, tr(L(G)) = 2. If G is a spider with �(G) = 3, then L(G) is satisfies
one of the condition given in Observation 2.3. By Observation 2.3, tr(L(G)) = 2. �

Theorem 4.10. Let G be a graph of order n and size m ≥ 3. Then tr(L(G)) = m − 1
if and only if G ∼= K3 or P4 or K1,n−1.

Proof. Assume that tr(L(G)) = m−1. By Theorem 2.5, L(G) is either star or complete
graph. Since K1,2 is the line graph of P4, K3 is the line graph of K1,3 or K3 and Km,

m ≥ 4 is the line graph of K1,n−1, n ≥ 5, G ∼= K3 or P4 or K1,n−1. Conversely, if
G ∼= K3, then L(G) ∼= K3 and hence by Theorem 2.5, tr(L(G)) = m − 1. If G ∼= P4,



182 J. Paulraj Joseph and N. Shunmugapriya

then L(G) ∼= P3 and hence by Theorem 2.1, tr(L(G)) = 2 = m − 1. If G ∼= K1,n−1,

then L(G) ∼= Kn−1 and hence by Theorem 2.5, tr(L(G)) = n − 2 = m − 1. �

Theorem 4.11. Let L(G) be a 1-connected graph. Then tr(L(G)) = m − 2 if and only
if G is one of the following graphs.

Figure 1: The graphs G satisfying tr(L(G)) = m − 2

Proof. Assume that tr(L(G)) = m− 2. Then by Theorem 2.9, L(G) is K1,s ∗Kt, s ≥ 1
and t ≥ 3 or K3 ∗ Kt, t ≥ 3 or K3 e K1,s, s ≥ 3 or Bs,t (s, t ≥ 1) or 2K3 + e. Clearly,
2K3 +e is the line graph of H2, K1,1 ∗Kt, t ≥ 3 is the line graph of B1,t with t ≥ 2, B1,1
is the line graph of H1 and K3 ∗ Kt, t ≥ 3 is the line graph of B2,t , t ≥ 2. Since L(G)

is K1,3-free graph, K1,s ∗ Kt, s ≥ 2 and t ≥ 3, K3 e K1,s, s ≥ 3 and Bs,t , s ≥ 1, t ≥ 2
are not the line graphs. Thus G is one of the graphs given in Fig. 1.

Conversely, if G ∼= H1, then L(G) ∼= P4 and hence by Theorem 2.9, tr(L(G)) =
m − 2. If G ∼= H2, then L(G) ∼= 2K3 + e and hence by Theorem 2.9, tr(L(G)) =
2 = m − 2. If G ∼= H3, then L(G) ∼= K1,1 ∗ Kt, t ≥ 3 and hence by Theorem 2.9,
tr(L(G)) = m − 2. If G ∼= H4, then L(G) ∼= K3 ∗ Kt, t ≥ 3 and hence by Theorem
2.9, tr(L(G)) = m − 2. �

Open Problem. IfL(G) is a 2-connected graph, then characterizeG for which tr(L(G)) =
m − 2.

Open Problem. If G is a connected graph of size m ≥ 3, then characterize G for which
tr(L(G)) = 2.
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