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Abstract 
 

A novel algorithm for one machine scheduling to minimize total weighted 

earliness and tardiness using particle swarm optimization is proposed. Existing 

techniques face challenges such as job size limitations increase in 

computational time and inaccurate solutions. To overcome these challenges 

the proposed work implements Meta-Heuristic based particle swarm 

optimization to optimize the total weighted tardiness and earliness of jobs. The 

positions of the particles are arranged according to smallest position value 

which transforms the particle positions into job permutations. The algorithm 

has been tested for the various job sizes and the performance measures for 

fitness and computation time have been analyzed for  the worst, average and 

best cases.  

 

Keywords: One Machine, Early, Tardy, Smallest Position Value, Particle 

Swarm Optimization. 

 

 

1. INTRODUCTION 
Research on scheduling problems with objectives related to profitability measures is 

of great concern. Two obvious effects of scheduling on profitability are penalties of 

tardy delivery associated with loss of good will, and the cost of inventories due to 

earliness when the finished product cannot be shipped before its due date. We address 

the problem of determining schedules for single machine scheduling problems where 

the objective is to minimize the sum of weighted earliness and weighted tardiness. In 
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this paper, we examine the problem of scheduling a set of jobs on one machine to 

minimize early /tardy costs. More specifically, the objective is to find the schedule 

that minimizes the total weighted earliness and total tardiness costs of all jobs, subject 

to the constraints that no pre-emption of jobs is allowed, no idle time, and all jobs are 

initially available. A brief survey on earliness and tardiness problems appears in 

Baker and Scudder [3].Wan, G. and  Benjamin P-C Yen [20] contemplates on  a 

single machine scheduling problem to minimize total weighted earliness and tardiness 

by applying Tabu search procedure along with an optimal timing algorithm to 

generate job sequences. George Li [7] examines a single machine scheduling on a set 

of jobs to minimize total early and tardy costs using the branch and bound algorithm 

along with two efficient protocols, without considering machine’s idle time. Chen Z-

L.,[4] examines a single machine scheduling problem with a common due date for all 

the jobs and determines the delivery date for each job by proposing a polynomial 

dynamic programming algorithm. Baker,K.R, and  Scudder,G.D., [3] surveys 

scheduling of n jobs to minimize the total earliness and tardiness penalty and 

consolidates the existing results to earliness and tardiness models. Hall,N.G. and 

Posner,M.E.,[9] studies scheduling of jobs with cost penalties for both early and late 

completion and presents a computationally efficient dynamic programming algorithm 

and also describes four special cases for which the problem is polynomially  solvable. 

Liao, C.J. and Cheng C.C., [15] consider single machine environment with a 

restrictive common due date to minimize weighted earliness and tardiness. They 

propose a hybrid metaheuristic which includes tabu search and variable 

neighbourhood search methods. Chen, J-Y and Lin ,S-F., [5] minimizes weighted 

earliness and tardiness penalties on single-machine which includes idle times of the 

machine, using the branch and bound algorithm along with a relationship matrix. By 

considering machine idle times Tanaka,S., Sasaki,T. and Araki,M., [19] proposes a 

branch-and-bound algorithm for a single-machine early/tardy  problem. Kellerer, H. 

and Strusevich,V.A., [12] develops FPTAS scheme to optimize total weighted 

earliness and tardiness  for a single machine with a restrictive common due date. 

Yano,C.A. and Kim Y-D., [21] examines a single machine scheduling problem where 

early/tardy weights are proportional to the processing times of the jobs and uses pair-

wise interchange method to optimize total weighted early/tardy penalties. 

Feldmann,M. and Biskup,D., [6] considers a single machine scheduling problem with 

restrictive common due date and uses evolutionary strategies, simulated annealing and 

threshold acceptance methods to optimize early/tardy penalties. Hassin, R. and 

Shani,M., [10] obtains an optimal schedule for a sequence of jobs in one machine by 

considering distinct early/tardy weights, distinct processing times and due dates, by 

developing a polynomial time algorithm. Ronconi, D.P. and Kawamura,M.S., [16] 

optimizes a single machine early/tardy problem with due dates in common by 

proposing a branch and bound algorithm along with the lower bounds. Tanaka.S [18] 

proposes an exact algorithm along with dynamic programming, to minimize total 

weighted tardy and early costs. Allaoua,H. and Brahim.B., [1] framed a Hybrid 

Algorithm for Optimization Problems and applied to single machine scheduling. 

Baker,K.R.[2] examines a single-machine stochastic scheduling problem to minimize 

early/tardy costs by considering the processing times of the jobs to be in normal 
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distribution and develop a branch and bound algorithm along with adjacent pair-wise 

interchange method to obtain the objective. Jafarnejad,A., Abtahi,S.,M., and Reza 

Davoodi,S.M.,  [11] considers a single machine scheduling problem with due dates 

restricted along with JIT philosophy and develops a goal function to find an optimal 

schedule. Ghassemi Tari.F and Fallah.H.,[8] examines a single machine to minimize 

mean tardiness on with same penalty cost for tardy jobs by proposing an efficient 

algorithm. Shi.Y [17] surveys about the development and research of particle swarm 

optimization according to topology, algorithms, parameters, hybrid PSO’s and 

applications of PSO in various fields. Lakshminarayanan,S Lakshmanan,R., 

Papineau,R.L. and Rochette. [14] considers a single machine scheduling problem to 

minimize early tardy penalties, and proposes an efficient algorithm of order n log n to 

obtain an optimal schedule. 

 

 

2. PROBLEM REPRESENTATION: 
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If the completion time of a job is lesser than its due date then we call the job as early 

and if the completion time of a job is greater than its due date then we call the job as 

tardy. Equations (2) and (4) are used to calculate earliness and tardiness of all jobs 

j=1,2,…,n. The objective is to minimize total weighted early and tardy costs and to 

find an optimal schedule. 

 

Table I:  Notations 

  j number of jobs j=1,2,…n 

jp  processing time of job j 

jd  due date of job j 

j  the early penalty of job j 

 j  the tardy penalty of job j 

jC  completion time of job j 

jE  earliness of job j 

jT  tardiness of job j 
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Assumptions: 

 One machine  

 Only one job can be processed at a time 

 Jobs are independent of each other 

 The release time of all jobs is zero 

 No job pre-emption is allowed 

 Processing times (pj) are known in advance 

 Due date is (dj) assigned to each job. 

 Tardy penalty and Early penalty is assigned to each job\ 

 

 

3. PARTICLE SWARM OPTIMIZATION 

Particle Swarm Optimization is an optimization procedure developed by Kennedy, J., 

and Eberhard, R.C., [13]. PSO’s development was inspired by the behavior of  bird 

flocking and fish schooling. PSO is applied in various fields like function 

optimization, Vehicle routing, production scheduling, pattern recognition, artificial 

neural network, fuzzy control, multi commodity network design, etc. 

 

 

4. PROPOSED PSO ALGORITHM FOR OMTWET PROBLEM 

We apply SPV rule mentioned in Table II to transform particles positions into job 

permutations. Permutation of jobs determines the position value of the particle which 

in turn determines the fitness value of the particles. We apply the g best model of 

Kennedy et al. [13] along with SPV rule in the algorithm. 

The Pseudo code of OMTWET Problem is given below. 

 

 BEGIN { 

Set  parameters pi,di ,αi, βi ; 

Set swarm size; 

Initialize the positions and velocities of each particle; 

Use SPV to determine the job permutations; 

For each particle find the p-best and the g-best; 

Do { 

      Compute the Fitness value 

      Compute velocity and position of each particle; 

      Find a permutation of updated position of the particle 

                 Update  p-best and g-best ; 

      } While (!Stop criterion-Max. no. of Iterations) 

 } 

   END 
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4.1 FUNDAMENTALS OF PSO FOR OMTWET 

Particle: [ , ,... ]1 2
k k k kX x x xi ini i  represent the  i th  particle in the swarm at kth iteration, 

where 
k
ijx  denotes the  position value of the i th particle with respect to the j th 

dimension ( j=1,2,…,n). 

 

Population:    , , ,1 2
k k k kX X Xmpop   

  
 denotes the set of m particles in the swarm at 

kth iteration. 

 

Sequence:  ,  , ,  1 2
k k k kS s s si ini i

  
  

 is a sequence of   jobs of the particle k

iX  where 

ks ij
 is the assignment of job j of the ith  particle at k th iteration  with respect to the jth 

dimension. 

 

Particle Velocity:  
1 2[ , ,... ]k k k k

i i i inV v v v  is the velocity of ith  particle at k th iteration  

with  respect to jth dimension.  

 

Inertia weight: kw  is a parameter which controls the previous velocity with current 

velocity. 

 

Personal best: k
iPB  denotes the  p-best of the ith particle in the kth iteration. For every 

particle in the swarm, k
iPB  is updated at each iteration k. ( )k

if S is the objective 

function where k
iS is the corresponding sequence of the particle k

i
X . p-best k

iPB  of 

the ith particle is evaluated with the relation 1( ) ( )k k
i if S f S  ,where k

iS  is the 

corresponding sequence of p-best k
iPB  and 1k

iS   is the corresponding sequence of p- 

best 1k
iPB  . The fitness function of the p-best is denoted by ( )pb k

i if f S . The p- 

best for each particle is defined as 
1[ ,... ]k k k

i i inPB pb pb  where k
ijpb  is the position 

value of the ith p- best with respect to the jth dimension. 

 

Global best: kGB represents g-best particle in the whole swarm. The g-best is 

evaluated with the relation ( ) ( )k k
if S f S for i=1,2,…,m, where kS is the 

corresponding sequence of g-best kGB  and k
iS  is the corresponding sequence of p-

best k
iPB .The fitness function of the g best is denoted by ( )gb kf f S The g-best is 

then defined as 
1 2[ , ,... ]k k k k

nGB gb gb gb where k
ngb  is the position value of the g-best 

with respect to the jth dimension. 

 

Termination Condition: We terminate the search when a maximum number of 

iterations is reached. 

 

Solution Representation: Important factor while constructing the PSO algorithm 

depends on representing the solution which maps the problem domain and the 



40 S.E. Jayanthi and S. Anusuya 

particles of PSO. The particle 
1 2[ , ,... ]k k k k

i i i inX x x x  corresponds to the position values 

for n jobs in the OMTWET problem. Using  Shortest Position Value (SPV) rule, jobs 

are arranged in the ascending order of their position values. Table II explains 

representation of the solution of the particle k

i
X . 

 

Table II: Solution Representation of a Particle using SPV rule 

 

 

4.2 INITIAL POPULATION 

The initial population of the particle is considered to be the SPV generated sequence 

for PSO algorithm. The initialized continuous position values are generated by the 

following formula 0
min max min( )*ijx x x x r    , where 

min 0.4x    and 
max 0.4x  , r

is a uniform random number between 0 and 1. Initial continuous velocities are 

generated by the formula 0
min max min( )*ijv v v v r    and r is a uniform random 

number between 0 and 1.The fitness value is 
1

)( ( )
nk

i j j ji jj

k S Min E Tf


     . 

 

4.3 PSO ALGORITHM FOR OMTWET 

Step 1: Initialization 

 Put k = 0, m = twice the number of dimensions. 

 Initialize m particles randomly 0
iX , 1,2, ,  i m   where 0 0 0 0

1 2[ , ,... ]i i i inX x x x  

 Compute initial velocities of particles randomly where 0 0 0 0
1 2[ , ,..., ]i i i inV v v v  

 Use  SPV rule to find the job sequence 0 0 0 0
1 2[ , ,..., ]i i i inS s s s  of the particle 0

iX for 

1,2, ,  i m   

 Compute the objective function 0
if , 1,2, ,i m   each particle i . 

 Set 0 0PB  = Xi i
where 0 0 0 0 0

1 1PB  =[ pb ,.....,pb ]i i i in inx x   

 along  with its best fitness value, 0pb
i if f for each 1,2, ,  i m   

 Compute the best fitness value 0 0min{ }i if f for 1,2, ,i m   with its 

corresponding position 0
iX  

j Jobs 1 2 3 4 5 

k
ijx  Position Values of the jobs -0.3243 0.0946 -0.0682 0.3375 0.2307 

SPV 

Rule 

Position values are sequenced in 

ascending order 
-0.3243 -0.0682 0.0946 0.2307 0.3375 

ks ij
 

Job Sequence 1 3 2 5 4 
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 Set global best to 0 0GB  =Xi
where 0

1 1GB  =[ gb ,....., b ]i n inx g x    with its fitness 

value 0gb
if f  

Step 2:  Put   1k k   

Step 3:  Compute inertia weight 1 *k kw w    where   is the decrement factor. 

Step 4:  Compute velocity 1 1 1 1 1 1
1 1 2 2( ) ( )k k k k k k k

ij ij ij ij j ijv w v c r pb x c r gb x            

Step 5:  Update position 1k k k
ij ij ijx x v   

Step 6:  Find the sequence  ,  , ,  1 2
k k k kS s s si ini i

  
  

 by applying SPV rule for 

 1,2, ,i m   

 

Step 7:  Update p- best, If k pb
i if f  for i=1,2…m then  p best is updated as 

 k k
i iPB X  and pb k

i if f  for 1,2, ,i m   

Step 8 :   Update g- best ie., Find the minimum value of personal best for 

1,2, ,i m  , min{ }k pb
l if f  for 1,2, ,i m   and   = 1,2, ,l i m   if  

k gb
lf f , then the g- best is updated as k k

lGB X  and gb k
lf f . 

Step 9: Terminate the search process if the number of iterations exceeds the 

 maximum. 

 

 

5. EXPERIMENTAL RESULTS 

Let 
1

n

j

j

p


P = .The processing times jp  are generated from the uniform distribution 

U[1,100]. Due dates dj are generated from 
min max[ , ]U d d where 

min (1 / 2)d T R  P

and 
max (1 / 2)d T R  P . Tardiness factor T is taken as 0.8 and relative range of 

due dates R is taken as 0.2. Both earliness weights α j and tardiness weights β j are 

generated from U[1,10]. In PSO, the acceleration constants C1 and C2 are set as 2, 

Swarm Size as 20, Maximum number of Iterations =100, 
min 4.0v  , 

max 4.0v   and 

inertia weight w  = 0.7.  The algorithm is coded in MATLAB with the configuration 

Intel Pentium Processor P6000, 3 MB L3 cache and 320 GB HDD. The experiments 

were conducted for different job sizes with 15 runs. We analyze the worst, average 

and best cases with respect to fitness value and computation time. Table III clearly 

shows minimum fitness value of the best case when compared to the worst and the 

average cases. Therefore, the proposed work using PSO and SPV proves to give 

accurate solution selection by avoiding local optima. The highlighted values in Table 

III are near optimal solutions obtained with lesser CPU time. Few near optimal job 

sequences for job sizes 10, 20, 30, 40, 50 and 100 are given in Table IV. 
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Table III: Analysis with respect to Fitness and Computation Time 
 

Job 

size 

No. of 

Instances 

(runs) 

Worst Average Best 

Fitness 

value 

CPU 

time(s) 

Fitness 

value 

CPU 

time(s) 

Fitness 

value 

CPU 

time(s) 

5 15 3885 0.567164 2608 0.565094 1335 0.566239 

10 15 12838 

 

0.590287 

 

9044 

 

0.603324 

 
4651 

 

0.607158 

 20 15 52525 

 

0.626707 

 

36828 

 

0.625972 

 
28923 

 

0.775516 

 30 15 105731 

 

0.690412 

 

76147 

 

0.703065 

 
53757 

 

0.704869 

 40 15 169258 

 

0.799162 

 

123756 

 

0.779262 

 
82730 

 

0.799365 

 50 15 265249 

 

0.835258 

 

192519 

 

0.864391 

 
158276 

 

0.832913 

 60 15 366254 

 

0.889363 

 

311242 

 

0.86686 

 
240884 

 

0.90153 

 70 15 546824 

 

0.96464 

 

433651 

 

0.960394 

 
344911 

 

0.999753 

 80 15 665151 

 

1.038293 

 

519448 

 

1.015842 

 
419453 

 

1.036371 

 90 15 881152 

 

1.108161 

 

706374 

 

1.061275 

 
516356 

 

1.085942 

 100 15 1047914 

 

1.204126 

 

847162 

 

1.128195 

 
702890 

 

1.09796 

 200 15 4094285 

 

1.783161 

 

3253973 

 

1.744932 

 
2816011 

 

1.759147 

 300 15 8430327 

 

2.436859 

 

7631817 

 

2.451665 

 
7197905 

 

2.447045 

 400 15 14853784 

 

3.175197 

 

13512348 

 

3.144937 

 
12332704 

 

3.163804 

 500 15 22147458 

 

3.959642 

 

20613460 

 

3.967157 

 
19586627 

 

4.003091 

  

 

Table IV:  Near Optimal Job Sequences for Job sizes 10, 20, 30, 40, 50, 100 

Job size Near Optimal job Sequence 

10 10 -1-7-5-2-8-6-4-3-9. 

20 9-6-2-12-20-17-4-7-10-18-8-19-3-15-11-13-16-1-5-14. 

30  8-18-5-13-20-17-26-22-1-10-15-24-9-25-6-3-19-23-2-4-11-16-28-27-7-

29-14-21-12-30. 

40 6-14-22-37-21-28-35-32-23-1-30-39-31-33-19-3-27-20-2-5-17-34-15-8-

16-10-13-38-9-11-26-24-25-29-7-18-4-12-40-36. 

50 14- 13-11-24-45-38-49-3-17- 9-43-34-25-4-20-48-1- 2-30-10-36-21-41-

16-39-42-19-32-29-40-12-23-26-22-33-47-50-6-5-44-28-31-7-18-46-37-

15-27-35-8. 

100 62-44-86-28-89-78-99-84-39-27-57-88-30-42-48-19-77-87-47-98-22-74-

1-67-11-6-26-33-   2-61-51-52-70-9-16-82-38-21-72-45-32-31-96-64-15-

12-76-58-5-41-63-59-54-73-17-25- 37-65-69-56-7-46-29-91-71-95-14-10-

68-90-36-100-24-85-75-50-3-80-81-43-8-23-79-4-53-94-97-93-55-60-92-

49-83-40-13-18-66-34-20-35.  



Minimization of Total Weighted Earliness and Tardiness using PSO…… 43 

CONCLUSION  

In this work, we have proposed an optimized algorithm referred as OMTWET for one 

machine scheduling using PSO. The performance of proposed method is found to be 

better than the exact heuristics. Exact methods require much computation time when 

job sizes increases. The experimental results show that the proposed algorithm 

produces job sequences in lesser computational time with optimal fitness. 
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