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Abstract

A hash table, or hash function (map), is a data structure that associates keys values
with data. The main goal of hash table is to support fast data retrieval. That is when
a key value is given to retrieve the corresponding data. In this study we will present
a construction of hash functions from extremal set structure.
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1. Introduction to Perfect Hash Family and Extremal Set

1.1. Perfect Hash Family

Let T be a hash table with size m. Let W be a set of key values, where |W| < m and U
be a universal set, that is, set of all possible key values. Let f be a hash function from
U to T. Then for any data the corresponding key value £ is stored in slot f(k) in T'. It
is said to be that data with key value k hashes to slot f (k). f (k) is hash value of key k.

It is very difficult to construct a hash function f for any possible key set W such that
f is always one-to-one on W. That is, f is collision free. Therefore the idea of perfect
hash family was introduced [1-7].

An (n, m, w)-perfect hash family is a set of functions F such that

fo{L2,...,n}—>{1,2,...,m}

for each f € F, and forany W C {1, 2, ..., n} such that |W| = w, there exist at least
one f € F such that f|w is one-to-one. We will use the notation PHF(N; n, m, w) for
(n, m, w)-perfect hash family with |F| = N. Also, we will let N(n, m, w) denote the
minimum values N such that a PHF(N; n, m, w) exists.
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The motivation for the terminology “perfect hash family” is that we have a family
of hash functions with the property that if at most w elements are to be hashed, then at
least one function in the family yields no collisions when applied to the given w inputs.
PHS’s can be constructed from combinatorial objects such as balanced incomplete block
design and error correcting codes [8] and two recursive construction are given in [9].

We will typically depict a PH F(N; n, m, w) in the form of an N x n array of m
symbols, where each row of the array corresponds to one of the functions in the family.
This array has the property that, for any subset of w columns, there exists at least one
row such that the entries in the w given columns of that row are distinct.

Example 1.1. Perfect hash family F, that is PHF(3; 9, 4, 3) can be given:
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Now, for any key set W C {1,2,3,4,5,6,7,8,9} with |W| = 3, there will be a row
such that the corresponding entries for W in that row are all distinct. For example
W = {1, 4, 9}. The last row is one-to-one on W.

1.2. Extremal Set

Let the set [n] = {1, 2, ..., n} be given. Find the minimum cardinality of a collection S
of subsets of [n] such that, for any two distinct elements x, y € [n], there exist disjoint
subsets Ay, Ay € Ssuchthatx € A,y € Ay,and A, N A, = ¢.

The extremal set problem was originally motivated by a problem in graph theory
[10,11]. In simple graph G, the distance between two vertices u, v of G 1is the least
number of edges in a path joining # and v. Any such shortest path is called a geodesic. A
set I of vertices of G is called geodetic set if the union of all the geodesics joining pairs
of points of I is the whole graph G. Let g(G) denote the minimum number of vertices
in a geodetic set for G, and call g(G) the geodetic number of G. Extremal set structure
is used in [10] to give a lower bound on g(G) of any given graph G.

Using Theorem 1.2 in [10] we can state the following theorem.

Theorem 1.2. For any given integer n, there exists an integer m such that
2x 3"t <p <3

or
3" <p<4x3]
or
4x3" ! <pn<2x3"

Example 1.3. Letn = 8. Thatis, [n] = {1, 2, 3,4,5,6,7,8}. We can construct the
extremal set S as follows:
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S=1{{1,23,4},{5,6,7,8},{1,2,5,6}, {3,4,7,8},{1,3,5,7}, {2, 4, 6, 8}}.

Now when we pick any two different numbers, say x, y from the set [n] = {1, 2, 3,
4,5,6,7, 8}, there will be two disjoint set A, B € S such that x € A and y € B and
A N B = @. The inimality of |S| is shown in [10].

2. Algorithm to Construct Extremal Set

In this section we give the algorithm to compute the extremal set S for any given integer

n and corresponding set [n] = {1, 2, ..., n}.
Extremal set ([n])
1. Using Theorem 1.2 determine m.

.Set Nto3™or4-3"1or2.3m,

Thatis, L = q1q>---qx, where g; is2or3 fori =1,2,..., k.

. Construct a matrix M = (m;;)xk. Each row of M is (ay, a2, ..., o) where
I <a; <gqi}.
. Define A;jj ={r: m;=j, 1 <i<k, 1<j=<gi,1=<r <L} Thatis, A;;

is a set of rows such that the ith columns are j and S(L) = {Aijll < j<gqi,1=
i <k}

DefineS ={B|B=A—{x:n+1<x < L}where A € S(L)}.

Example 2.1. Letn = 17. Then L = 2-3%> = 18. Hence L = 2 x 3 x 3 (Here
q1 = 2,q> = 3, and g3 = 3). Therefore the matrix M is:

| ltj2]3] |
I |1]1]1] a1
2 (11 |1]2] a2
3011 |1]3] az
4 111121 og
511122 as
6 |1]2]3] as
7011311 a7
81113 [2] ag
9 | 1]3]3] ag
10 211 1 10
11212 an
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_ [ti2f3] |
22]1]3]en
13221 e
14 2]22] ey
150223 as
16231 e
1702(3 2] a
18 2]33 ] ais

Hence S(18) = {A;j|1 < j < ¢, 1 <i <k}, where the A;;’s are:

A =1{1,2,3,4,5,6,7,8,9},

A = {10, 11, 12, 13, 14, 15, 16, 17, 18},
Asy ={1,2,3,10, 11, 12},

Ax = {4,5,6, 13, 14, 15},

Ay = {7,8,9, 16, 17, 18},

Ay = {1,4,7, 10, 14, 16},

Ap =1{2,5,8, 11, 15, 17},

Ay = {3,6,9, 12, 16, 18).

Therefore S = {B;;}, where the B;;’s are:

Bl = {1’2’ 3’4’596’7’ 879}5
B, = {10, 11,12, 13, 14, 15, 16, 17},

By ={4,5,6,13, 14, 16},
Bs ={7,8,9, 16, 17},

Bs = {1,4,7, 10, 14, 16},
B =1{2,5,8, 11,15, 17},

Theorem 2.2. The above algorithm computes the extremal set S for any integer n and
corresponding set [n] = {1, 2, ..., n}.

Proof. The minimality of such S(L) is coming from Theorem 1.2 in [10]. We need to
show that S that is computed in the above algorithm is indeed an extremal set. Let x, y
be two different number in [n]. Then there exist two «;, o that corresponds to x, and y
respectively. Hence x will be in some A;, ;, and y will be in some other A;, j, such that
Ajji NApj, = 2. u

3. Construction of PHF from Extremal Set

In this section we will give the construction of perfect hash family of (n, 3, 2). We first
state the following theorem from [10].
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Theorem 3.1. Let 4 (n) denote the minimum cardinality of extremal set S C 2" Then
3m if 2x3" 1 <pn<3m
h(n) =33m+1 if 3" <n<4x3"!
3m+2 if 4x3" N <n<2x3"

Theorem 3.2. Letn be a given integer. Then there exist PHE(m : n, 3,2)if 2x3" ! <
n<3"orPHF(m+1:n,3,2)if 3" <n<4x3"lordax3" ! <pn<2x3™

Proof. We first construct the matrix M in the algorithm Extremal Set ([#]). Then take
transpose of that matrix. Finally chop off the column(s) if n < N. [

Example 3.3. Let us construct the perfect hash family PHF(2 : 9, 3, 2). First 9 = 3°.
Hence m = 2 and the matrix M is as follows:
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1
1
1
2
2
2
3
3
3

W N~ W= W -

The transpose of the matrix M is PHF(2 : 9, 3, 2).
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