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Abstract

In this work a new matrix method for balancing chemical equations is
given. The method offered here is based on the solution of a
homogeneous matrix equation with a nonsingular extended matrix. The
method has been tested on several typical chemical equations and found
to be very successful for all eguations in our extensive baancing
research. This method which works successfully without any limitations,
also has the capability to determine the feasibility of a new chemical
reaction, and if it is feasible, then it will balance the equation and also
provide the information if two or more linearly independent balancings
exist through the rank information. Chemical equations treated here
possess atoms with fractional and integer oxidation numbers. Also, in
the present work for the first time in literature necessary and sufficient
criteria for stability of chemical equations in terms of stability of their
extended matrices are introduced.
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1. Introduction

Chemical equations play a main role in theoretical as well as industrial chemistry.
Mass balance of chemical equations as a century old problem is one of the most
highly studied topics in chemical education. It always has the biggest interest among
the students and as well as the teachers on every level as a magic topic. Also, for
gualitative and quantitative understanding of the chemical process estimating
reactants, predicting the nature and amount of products and determining reaction
conditions a balanced chemical equation is necessary. Every student who has general
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chemistry as a subject is bound to come across balancing chemical equations.
Actualy, balancing chemical equations provides an excellent demonstrative and
pedagogica example of interconnection between stoichiometrical principles and
linear algebra.

A chemical equation is a symbolic representation of a chemical reaction. The
substances initially involved in a chemical reaction are called reactants, but the newly
formed substances are called the products. The products are new substances with
properties that are different from those of the reactants. Classically, chemical
reactions encompass changes that strictly involve the motion of electrons in the
forming and breaking of chemical bonds, although the general concept of a chemical
reaction, in particular the notion of a chemical equation, is applicable to
transformations of elementary particles.

A chemical equation should represent the stoichiometry observed in the chemical
reaction. The part of chemical mathematics called Stoichiometry deals with the
weight relations determined by chemical equations and formulas. According to it, the
balancing of chemical equations is important in this area. Since a chemical reaction,
when it is feasible, is a natural process, the consequent equation is always consistent.
Therefore, we must have a nontrivial solution and we should be able to obtain it
assuming its existence. Such an assumption is absolutely valid and does not introduce
any error. If the reaction is infeasible, then the only solution is a trivial one, i. e., all
coefficients are equal to zero.

2. Historical Background
The main purpose in this section is to give a survey of selected articles on balancing
chemical equations that may be useful to chemistry teachers and potential authors as
background material, and to provide some comparisons of methods. The selection
criteria for references were intentionally wide, in order to include a large variety of
topics and former historical citations.

Balancing chemical equations in the scientific literature is considered from four
points of view: mathematical, computational, chemical and pedagogical.

Now, shortly we will describe these glances.
* For the first time in the mathematical literature, Jones [1] proposed the problem of
balancing a chemical equation in a general form, and after that Krishnamurthy [2]
gave a mathematical method for balancing chemical equations based on a generalized
matrix inverse. A little bit later Das [3] offered a simple mathematical method, which
was discussed in [4, 5]. The newest approach for balancing chemical equation over an
integer programming approach is given in [6], while in [7] the general problem of
balancing chemical equations givenin [1] is solved.
» There are many published articles in chemistry [8-28], which consider the use of
computers to balancing chemical equations. All of these computational methods use
some commercial software package.
* University textbooks of general chemistry generally support the ion-electron
technique as basic procedure for balancing a chemical equation, because it makes the
best use of fundamental chemical principles. Also, some authors advocated other
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techniques which involve less algebraic manipulation that may deserve attention —
particularly in classes of chemistry and chemical engineering majors [29-55].

Several simple chemical equations are solved by elementary algebraic techniques
in [44, 56-61]. The earliest article that makes use of the linear algebra method was
published by Bottomley [62]. A set of various modifications which implement this
approach is documented in [30, 43, 44, 63-65]. The case when the chemical equation
has no unique solution draws considerable attention in the education articles [17, 66-
76]. The equation represents two or more independently occurring reactions which
can be combined in varying stoichiometric ratios [77, 78]. Fixed ratios of reagents,
observed experimentaly in particular cases, are equivalent to a restriction on the
coefficients that make a unique solution [17].

It is necessary to stress out that balancing chemical equations by inspection is
equivalent to using the algebraic method or a computerized matrix algebra approach
[79, 80]. The valence change method [29, 81-103] and the ion-electron method [82-
85, 89, 98, 104-110] are also simple algebraic inspection techniques, subject to
exactly the same controls and limitations as the algebraic and matrix methods. Here it
is good to emphasize that first Karslake in [111] considered balancing of ionic
chemical eguations. Actually, the technique suggested by Garcia[112] can reduce the
number of algebraic steps for ion-electron method. Both above mentioned methods -
the valence change method and ion-electron method begin by establishing the relative
proportions of reagents taking part in separate oxidation and reduction components of
aredox reaction. Then, each technigque uses a lowest common multiplier to enforce a
principle of conservancy — for instance, conservation of oxidation number change in
the case of the oxidation number method. Johnson in his article [113] defined the
equivalent term oxidation stage change on this subject.

Stout in [114] presented three redox reactions as puzzles. Each one can be shown

as a simple redox system, which may easily be balanced using the method offered
here. After this article was published, there followed other debatable articles with
critical accent [115-120].
» Balancing chemical equations from the pedagogical point of view is given in the
articles [109, 121-128]. This approach is very interesting for the education of
chemical research. A check of the hypothesis that formal reasoning and a sufficiently
large mental capacity are required to balance more complex many-step equations is
made over a test to determine the level of intellectual development, mental capacity,
and degree of field dependence/field independence of the students [129].

3. Preliminaries
Now we will introduce some well known results from the matrix theory.
Definition 3.1. The characteristic equation of an nxn matrix A is the equation in
onevariable A
(3.1 det(A - Al) =0,
where det(-) denotes a determinant and | is an nxn identity matrix.
Definition 3.2. The polynomial
(3.2) al" + an AT+ -+ Ak + &
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which results from evauating the determinant in (3.1) is the characteristic
polynomial of the matrix A.

The above polynomial of degree n> 1 with real coefficients g (0 <i < n), where a,
# 0, by the fundamental theorem of algebra has n (not necessarily distinct) roots A4, Az,
ey A

Definition 3.3. The roots of the characteristic polynomial (3.2) are precisely the
eigenvalues of the matrix A.

Definition 3.4. An extended matrix

(3.1) ExtA= A I,

(3.3) ExtA= A A |,
(3.1) ExtA = |O |J,

(3.1) ExtA= LA |

of nxn dimension, isinvertible if det(ExtA) # 0, where A = [&j]lmxn (M <n), | isthe
identity linear matrix of (n - m)x(n - m) dimension and O is a zero matrix of (n -
m)xm dimension.

Let o(ExtA) = {Ai, 1 <i < n} be the spectrum of ExtA. Let | - | denote a vector
normin R".

Definition 3.5. The Lozinskii measure p on R" with respect to | - | is defined by

(3.9 M(EX'[A) =lim (|| + pExtA| - 1)/p.

p—0+

Definition 3.6. The Lozinskii measures of ExtA = [&j]nxn With respect to the three
CoOmMmMmon Norms

XL = supi [xi,

(3.5 X1 = Zi [,

X2 = (i i)Y,

are

Ho(EXtA) = supi(ai + ik [al),

(3.6) pa(EXtA) = supk(a + Zijiz |aik]),
o(ExtA) = stab[(ExtA + ExtAT)/2],

where

stab(ExtA) = max{\, Ae o(ExtA)}
isthe stability modulus of ExtA and T denotes transpose.
Definition 3.7. The matrix ExtA is stable if stab(ExtA) < 0.

4. Main Results

In this section we will give a completely new method for balancing and stability of
chemical equations. The given analysis is done for an arbitrary chemical equation
presented in its general form.

Proposition 4.1. Any chemical equation may be represented in the form

(4.1) DX | ¥, =0,
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where x; (1 <j < n) are unknown rational coefficients, W' (1 <i < m) are chemical
elements and a; (1 <i <m; 1 <j < n) are the numbers of atoms of the element ¥' in
the j-th molecule.

Proof. Let there exist an arbitrary chemical equation from m distinct elements and
n molecules

(4.2) Z;xjcpj =0,
J:
where @, = ‘P;J w2 ¥4 (1<]j<n). Then the previous expression becomes
X 1 2 m
(4.3) lej \Palj \Pazj "'LPam,» =0.
j=

Now, if we write the above equation in a compact form, then immediately follows
(4.2). m
Definition 4.2. The coefficients with positive sign denote the reactants and
coefficients with negative sign denote the products of the chemical reaction.

The coefficients satisfy three basic principles (corresponding to a closed input-
output static model [130, 131]

» the law of conversation of atoms,

* the law of conversation of mass, and

» the time-independence of the reaction.

Theorem 4.3. The chemical equation (4.1) can be reduced to the following matrix
equation

(4.4) Ax =0,

where A = [&j]mxn iS @ reaction matrix, X" = [X1, X2, ... , Xn] is & column vector of
the coefficientsx; (1<j <n) and 0'=10,0, ..., 0] isanull column vector of order n,
and T denotes transpose.

Proof. If we develop the molecules of the reaction (4.1) in an explicit form, then
we obtain the reaction matrix A shown below

1 2 m 1 2 m 1 2 m
\Pau lPam o \Paml \Pau \Pazz o \Pamz lPaln \Pazn o \Pann
1
\P ail a12 ain
2
\P a21 a22 aZn
\P " ar’nl a‘m2 " amn

From the above devel opment we obtain that

(4.5) ®;=>a, ¥ (1<j<n).
i=1
If we substitute (4.5) into (4.2), it follows that
(4.6) D x> ¥ =0,
j=L =l

or
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m n

(4.7) 2P 2 8% =0,
i.e o
(4.8) Zn:aﬂxj =0 (1<i<m).
If we present the last equati;l in amatrix form, actually we obtain (4.4). O

Now we will prove the following result.
Theorem 4.4. The matrix equation (4.4) has as a solution the last n—m columns of

the matrix (ExtA)™.
Proof. We may represent the extended matrix (3.3) in the form,
B C
4.9 ExtA = ,
O |

where B and C are matrices of mxm and mx(n—m) dimensions, respectively,
and det B # 0. Theinverse matrix of Ext A is

(0.0) (ExtA)'= B* -B'CH.
(4.10) (ExtA)*= |B* -B'C|.
(0.0) (ExtA)'= | O* -iiltii | .
(0. 0) (ExtA)'= Lp* -Bicd.

The first m rows of ExtA multiplied by the last n—mcolumns of (ExtA)™* yield a
zero matrix, i.e.

B Cq.-B'Cq=0.
[B c} : [ Blc] = 0.
B C-.|-iillii|=0.
lg cd.L-B'cl=0.

Actually, the first m rows of ExtA are the original matrix A, that means that the
last n—m columns of (ExtA)™ are a solution of the matrix equation Ax = 0. O

Definition 4.5. The chemical equation (4.1) is stable if stab(ExtA) < 0.

Lemma 4.6. For any nonsingular matrix U and any vector norm | - |, with the
induced Lozinskii measure i, |Ux| defines another vector norm and its induced matrix
measure L, isgiven by
(4.11) 1y, (ExtA) = p(UEXtAU™).

Proof. The proof of thislemma follows directly from Definition 3.5. O

Theorem 4.7. For any matrix ExtAe R it holds
(4.12) stab(ExtA) = inf{ p(ExtA), u is a Lozinskii measure on R"} .

Proof. The relation (4.12) obviously holds for diagonizable matrices in view of
(4.11) and the first two relations in (3.6). Furthermore, the infimum in (4.12) can be
achieved if the matrix ExtA is diagonizable. The general case can be shown based on
this observation, the fact that ExtA can be approximated by diagonizable matrices in
R and the continuity of p(-), which isimplied by the property

n(3) - W(R)[< 3 - |, O

Remark 4.8. From the above proof it follows that

stab(ExtA) = inf{ u.(UEXtAU™), detU # 0}
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The same relation holds if p., isreplaced by .
Coroallary 4.9. Let ExtAe R. Then stab(ExtA) < 0 < p(ExtA) < 0 for some Lozinskii

measure . on R".

Let the rank of the matrix A be rankA =r and let kerA = k denote the nullity of A.
According to [132], the deterministic approach is important, since it enables us to
classify the chemical reaction as:
1° infeasible when the nullity of the reaction matrix is zero;
2° unique (within relative proportions) when the nullity of the reaction matrix is one;
or
3° non-unique when its nullity is bigger than one.

Possible cases of balancing chemical equations are the following
Lifm>n=r,thenk=n-r=0,i.e,trivial solution x = 0, the reaction isinfeasible.
2.1fm>n,r=n-1,thenk = n—r =1, unique up to a constant factor solution x # 0,
i. e, thereactionisfeasible and is unique.

In practical terms this means that the general procedure for obtaining these
coefficients is to solve the system of linear equations derived from the principles of
conservation of matter and charge, applied to the reaction element-by-element.

. Ifm>n,r<n-1,thenk=n-r >1, k (>1) linearly independent solutions x # 0,
i.e., thereaction isfeasible and is non-unique.

4.1fm<n,r=m,thenk = n-r>1, k (>1) linearly independent solutionsx £ 0, i. e.,
the reaction is feasible and is non-unique.

The last two kinds of reactions are puzzling in that they exhibit infinite linearly
independent solutions all of which satisfy the chemica balance, and yet they are not
al chemically feasible solutions for a given set of experimental conditions. A unique
solution is obtained by imposing a chemical constraint, namely, that reactants have to
react only in certain proportions.

5. An Application of the Main Results
In this section the above method will be applied on many chemical equations for their
balancing. All chemical equations balanced here appear for the first time in
professional literature and they are chosen with an intention to avoid all well known
to date chemical equations which were repeated many times in the chemical journals
for explanation of certain particular techniques for balancing of some chemical
eguations using only atoms with integer oxidation numbers.

1° First we will consider an infeasible reaction, i. e., the case when the nullity of
the reaction matrix is zero.

Example 5.1. Consider this equation

(51) X1 CO(N H3)5SO4BI' + Xo CUCl, + X3 Feggs70 + x4 H3PO,4 + x5 NaCl
+ X5 NagPOy4 + X7 CO(NH3)6C|3 + Xg CuBr; + Xg HoO + X130 NO> + %11 FESO, = 0.
According to the scheme
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T .

Z g

S ©
Co 1 O
N 5 0
H 15 0
S 1 0
O 4 O
Br 1 O
Cu 0 1
Ch 0o 2
Fe 0 O
P 0O O
Na O O
the reaction matrix is
A

Fep.gs7O

o
OO%OOOHOOOO

\l
O R OO0 0O M o w o o HiPO,

r O OFr OO0 o o o o o NaCl

1.00 O 0.000 O
5.00 0 0.000 O
15.0 0 0.000 3
1.00 0 0.000 O
4.00 0 1.000 4
1.00 0 0.000 O
0.00 1 0.000 O
0.00 2 0.000 O
0.00 0 0.987 O
0.00 0 0.000 1
0.00 0 0.000 O

W Rk O 0 o0 o M o o o o NagPO,

P OOPFRPOOOOOOO
WROOOOMOOOO
OCOO0OWOOOORLOPF

o CO(N H3)5C|3

=
oo

oooooooo®oo
'eReReReReReReReR=ReRs=)
OCO0OO0OORNOOOOO

© O O w O O O o

O 0O 0o okr N O o o o o CuBn
O OO0 oo or onN o o HO

000
010
200
001
124

000f.

000
000
001
000
000

O 0o oo onN oo r»r o NO

O OFr O 0o M o o o FeSO,

187

The rank of the above matrix isr = 11. Since the nullity of the reaction matrix is k
= n—r = 11-11= 0, then we have only atrivial solution x = 0O, that means that the

reaction isinfeasible.

2° Next, we will consider the case when the chemical reaction is feasible and is
unigue, i. e, the nullity of its reaction matrix is one. Here we will balance many



188 A New Nonsingular Matrix Method for Balancing

special chemical equations with a goal to show the power of the offered mathematical
method.

Example 5.2. As a first example to illustrate the above method, we will balance
the chemical equation
(52) X1 PrBasCu3zOg 54 + Xo HCl + X3 Pol4 + X4 Ps + X5 ProOs
+ Xg CuCl, + x7 PH4l + Xg BagPO4 + X9 H,O = 0.
We will derive the reaction matrix for this equation from the scheme given below

3
Q,
3 S
&' o = _
n - = ., 28 F g Q
o T [al o (ol (@) o m T
Pr 1 0 0 0 2 0 0 0 0
Ba 2 0 0 0 0 0 0 3 0
Cu 3 0 0 0 0 1 0 0 0
O 6564 0 0 0 3 0 0 4 1
H 0 1 0 0 0 0 4 0 2
Cl 0 1 0 0 0 2 0 0 0
P 0 0 2 4 0 0 1 1 0
| 0 0 4 0 0 0 1 0 0
l. e,
10000020000
20000000030
30000001000
65400030041
A=10001000040 2].
00010002000
00002400110
00004000100

Since the reaction matrix A has a rectangular format, according to Definition 3.4,
we will extend it to a square matrix by adding a new row. To do that, we will add the
followingrow00000000 1 asa%throw.
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10000020000
20000000030
30000001000
65400030041
ExtA=100010000402
00010002000
00002400110
00004000100
00000000001

The inverse of this matrix
911.36 (ExtA)* =
-576.00 -512.00 0.00 38400 000 000 0.00 000 -384.00
-3456.00 -3072.00 -1822.72 2304.00 0.00 911.36 0.00 0.00 -2304.00
-216.00 -192.00 -113.92 14400 -56.96 56.96 0.00 227.84 -30.08
-204.00 -257.28 -56.96 136.00 -28.48 28.48 227.84-113.92 -79.04
743.68 256.00 0.00 -192.00 0.00 000 0.00 000 192.00f,
1728.00 1536.00 911.36 -1152.00 0.00 0.00 0.00 0.00 1152.00
864.00 768.00 45568 -576.00 227.84 -227.84 0.00 0.00 120.32
384.00 645.12 0.00 -256.00 0.00 000 0.00 000 256.00
0.00 0.00 0.00 000 000 000 000 0.00 911.36

gives the stoichiometric vector [- 384, - 2304, - 30.08, - 79.04, 192, 1152, 120.32,
256, 911.36] . Thus, we can write the expression (5.2) in a crude form
- 384 PrBay;Cu30g 54 - 2304 HCI - 30.8 P,l4 - 79.04 Py
+ 192 Pr,0O3 + 1152 CuCl; + 120.32 PH4l + 256 BagPO,4 + 911.36 H,O = 0.
If we divide the above expression by 32, then immediately follows the
conventional form
6 ProOs3 + 36 CuCl; + 3.76 PH4l + 8 BagPO, + 28.48 H,O
=12 PrBayCu3Ogs4 + 72 HCI + 0.94 Pyl 4 + 2.47 Py.
The eigenvalues of the matrix (ExtA + ExtA')/2 are 4; = 6.72, 4o = - 4.796, 13 = -
2.33, 14 =-0.999, 15 = 2.376, 16 = 1.707, 27 = 1.467, /g = 0.095, /o = 0.76.
The Lozinskii measures of ExtA given by (3.6) with respect to the three common
norms (3.5) are
Loo(EXtA) = max (3, 5, 4, 14.54, 7, 3, 8, 5, 1) = 14.54,
w(ExtA) = max (12.54, 2, 6, 4,5, 3, 6, 8, 4) = 12.54,
wa (ExtA + ExtAT)/2] = 6.72.
Since o (EXtA + ExtAT)/2] > 0, according to Definition 4.5 the chemical equation
(5.2) isunstable.

Example 5.3. The following chemical equation
(5.3) x1 HAUCI; + X K4F€(CN)6 + X3 [Pt(N H3)2(C5H4ON)] 2(NO3)2'2H20
+ Xy KAU(CN)2C|2 + Xg KAU(CN)4'NH4C| O4+ Xg KAU(CN)Z + x7 KHCl»
+ Xg [4F€(CN)3-3F&(CN)2] + X9 HClO3.95 + X10 PlogsCl3 = 0,
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will be balanced too, as a characteristic case.
According to Theorem 4.4, its extended matrix is
0.00 1.00 0.00
0.00 0.00 0.00
0.00 1.00 3.00
0.00 0.00 0.00
ExtA = 7.00 0.00 0.001,
18.0 0.00 0.00
18.0 0.00 0.00
0.00 0.00 0.95
0.00 3.95 0.00
0.00 0.00 1.00

and the required stoichiometric vector has aform

OCOO0OO0OO0OOoOWER
OCoocoOOoORMNOOO
ORNOEOOOON
o09o0co%oooof
oo o
OCOONNORNERO
oOhNOUDMORRFREF DN

126.4 |- B'C| =[- 7885, - 4354.42, - 60.04, 2028. 46, - 120.08, 5976.62, 9532.68,
I 622.06, 273.6, 126.4]".

If we divide all the entries of the stoichiometric vector by 20, then the expression
(5.3) obtains the following conventional form
101.023 KAU(CN).Cl, + 298.831 KAU(CN), + 476.634 KHCl,
+ 31.103 [4Fe(CN)33Fe(CN)2] + 13.68 HCIO5z g5 + 6.32 Ptog5Cl3
= 394.25 HAUCI; + 217.721 K4Fe(CN)g + 3.002 [Pt(NH3)2(CsH4ON)]2(NO3)2-2H,0
+ 6.004 KAU(CN)4'N H4ClO..
The eigenvalues of the matrix (ExtA + ExtAT)/2 are A; = 21.105, A, = - 16.788, 13 =
- 11.005, 4 = 11.684, A5 = - 2.043, A¢ = - 1.486, 17 = 3.505, 1g = 2.723, 19 = 1.022, 410
=0.234.
The Lozinskii measures of ExtA given by (3.6) with respect to the three common
norms (3.5) are
Lo(EXtA) = max (31, 4, 12, 8, 8, 42, 41, 2.95, 17.95, 1) = 42,
u1(ExtA) = max (5, 17, 54, 8, 20, 6, 4, 43, 5.95, 4.95) = 54,
uz[ (EXtA + ExtAT)/2] = 21.105.
Since o (EXtA + ExtAT)/2] > 0, according to Definition 4.5 the chemical equation
(5.3) isunstable.

Example 5.4. We will now balance the equation
(5.4) X1 C2052H4664N8160832SgF€4 + X2 CSClO3 + X3 Li3PO4 + X4 LisFE(CN)e
+ X5 CO, + Xg CSNO3 + X7 LIHCI, + Xg H3POy4 + X9 Csp.98Cl + X310 H2S + %11 H,O = 0.
We will derive the reaction matrix for this equation from this scheme
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Without any difficulties, in a completely similar way as in the previous example,

we will express the extended matrix of A
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ExtA =

OCOO0OO0OO0OOONOOR
COO0OO0ORrROOWRrR OO
OCORPNOOOOORrRO
OrPrO0OO0OO0OO0OOMOWO
COOPRLPOO0O0O000O0
88888338888
OCOO0OO0OO0OORrROONO
POOOOOORrRONO

The inverse matrix of the extended matrix of A is - 68340.48 (ExtA)™* =

-0.24  -17.64 17.64 0.12 35.28 -33.84  -18.00
44968.32 -43512.00 111852.48 -22484.16 87024.00 -766876.80 -44400.00
-186.56 -2322.08 13712.16 93.28 4644.16 19255.36-13992.00
0.96 70.56 -70.56 -048  -141.12 -68205.12 72.00
-67637.76 51649.92 -51649.92 -351.36-103299.84 509126.40 52704.00
190.08 13970.88 -82311.36  -95.04 -27941.76 436844.16 14256.00
555.84 6684.00 -40854.24 -277.92 -13368.00 215054.40 41688.00
186.56 2322.08 -13712.16 -93.28 -4644.16 -19255.36 13992.00
-46080.00 30144.00 -30144.00 23040.00 -60288.00 336768.00 -38976.00
192 14112  -141.12 -0.96 -68622.72 270.72  144.00
0.00 0.00 0.00 0.00 0.00 0 0.00
1764 -17.64 52.44 35.16

43512.00 -43512.00 220472.64 109508.16

13712.16 -25102.24
70.56

-70.56

6593.12  4550.88
-209.76  -140.64

-51649.92
-13970.88
-40854.24
-13712.16
-30144.00

-141.12

51649.92 -153544.32 -102948.48
13970.88 -41532.48 -27846.72|.
6684.00 -18940.32 -13090.08
25102.24 -74933.60 -4550.88
30144.00 -182592.00 -83328.00
14112  -41952  -281.28

0.00 0.00 0.00 -68340.48

The last column of the matrix (ExtA)™ gives the required coefficients x; = 35.16, x,
= 109508.16, X3 = 4550.88, x4 = - 140.64, x5 = - 102948.48, X = - 27846.72, X7 = -
13090.08, xg = - 4550.88, x9 = - 83328.00, x30 = - 281.28, x1; = - 68340.48. If we
divide all of them by 12, then the expression (5.4) becomes
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2.93 Coo50H4664N8160530SsFe4 + 9125.68 CsClO3 + 379.24 Li3PO,
=11.72 Li4sFe(CN)g + 8579.04 CO, + 2320.56 CsNO3 + 1090.84 LiHCI,
+ 379.24 H3PO, + 6944 Cs0.9sCl + 23.44 H,S + 5695.04 H,0.

The eigenvalues of the matrix (ExtA + ExtA")/2 are A, = 4297.336, 1, = - 1344.539,
J3=6.014, 14 = - 5.853, 15 = - 1.926, 1 = 1.335, 17 = 1.021, A = 0.564, /9 = - 0.666,
},10 =- 0381, },11 = 0.095.

The Lozinskii measures of ExtA given by (3.6) with respect to the three common
norms (3.5) are

Uo(EXtA) = max (2959, 4672, 823, 849, 9, 5, 2.98, 4, 8, 2, 1) = 4672,
u1(ExtA) = max (9276, 5, 8, 17, 3, 5, 4, 8, 1.98, 3, 4) = 9276,
o[ (ExtA + ExtAT)/2] = 4297.336.

Since o (EXtA + ExtAT)/2] > 0, according to Definition 4.5 the chemical equation

(5.4) isunstable.

Example 5.5. The chemical equation
(55) X1 K4F€(CN)6 + Xo HySO4 + X3 KMNOy4 + X4 HOg 25Pr0.75BaCuzOg 5
+ Xg { sz(CNCH3)3[(CBH5)2PCH2P(C6H5)2] 2} (PF6)2 + Xg M nSO4
+ X7 Pdo.g6CsH702 + xg H0203 + X9 Fe2.95P + X10 Pr(CN)3 + X11 K2SO4
+ X12 HNO3z + X33 BaCO3 + X14 H2O + X35 Cuy g5F4 + X16 CO, = 0,
will also be balanced by our method. For this case, the extended matrix of the
chemical equation (5.5) hasaform

4010.000.0000.0000.00020000.000
1000.000.0000.0002.95000000.000
6000.0056.005.0000.00300100.001
6000.003.0000.0000.00301000.000
0200.0053.007.0000.00001020.000
0100.0000.010.0000.00010000.000
0446.5000.042.0030.00043310.002
ExtA=10010.0000.010.0000.00000000.000].
0000.2500.000.0020.00000000.000
0000.7500.000.0000.00100000.000
0002.0000.000.0000.00000100.000
0003.0000.000.0000.00000001.950
0000.002.0000.9600.00000000.000
0000.006.0000.0001.00000000.000
0000.0012000.0000.00000004.000
0000.000.0000.0000.00000000.001

The stoichiometric vector is given by the following expression

-33061.44 | - B™'C | = [4078.08, 92144.448, 55992.192, 449.28, 230.4, - 55992.192,
I - 480, - 56.16, - 1382.4, - 336.96, - 36152.256, - 24148.8,
- 898.56, - 84495.648, - 691.2, -33061.44]".
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If we divide all the entries of the above stoichiometric vector by 80 and after
rearranging of the equation (5.5), it becomes
50.976 K4Fe(CN)g + 1151.9056 H,SO,4 + 699.9024 KMnO4
+ 5.616 Hog 25Prg75sBaxCuzOs 5 + 2.88 { sz(CNCH3)3[(C6H5)2PCH2P(C6H5)2] 2} (PF6)2
=699.9024 MnSO, + 6 Pdo_geC5H702 + 0.702 H0203 +17.28 FeoosP + 4212 PI'(CN)3
+ 451.9032 K,S0, + 301.806 HNOs + 11.232 BaCOs + 1056.1956 H,O
+ 8.64 Cuy gsF4 + 413.268 COs.

The eigenvalues of the matrix (ExtA + ExtAT)/2 are A, = 66.271, A, = - 14.102, 15 =
8521, ),4 = - 4061, ﬂ5 = 4.734, ﬂe = 4129, ﬂ7 = - 2728, ﬂ,g = 2, /19 = - 1509, llo =
1.467, A1 = - 0.720, A12 = 1.024, 213 = 0.723, 114 = 0.261, 415 = - 0.051, 116 = 0.04.

The Lozinskii measures of ExtA given by (3.6) with respect to the three common
norms (3.5) are

Uo(EXtA) = max (7, 3.95, 72, 13, 65, 3, 36.5, 2, 2.25, 1.75, 3, 4.95, 2.96, 7, 16, 1) =
72,
w1(ExtA) = max (17, 7, 6, 12.5, 132, 6, 14.96, 5,3.95, 7, 7, 5, 5, 3, 5.95, 4) = 132,
wo[ (ExtA + ExtA")/2] = 66.271.

Since uo[ (ExtA + ExtAT)/2] > 0, according to Definition 4.5 the chemical equation

(5.5) isunstable.
Example 5. 6. We will balance the following chemical equation

(56) X1 CSBI(OH)4 + Xo RU(SCN)s + X3 PF45 + X4 SNCl, + X5 Crlz g6 + Xs BeCO3

+ X7 Rb1.08SIO3 + Xg BaAts + Xg NH4ClO4 + X109 CAblo + X171 RbBiAt,

+ X12 RUS; + X153 BEp9sSiOs + X14 Ba(CN)2 + X35 CSHF; + X156 H3PO4

+ X17 SNCrOy4 + X138 Cll + X19 H2SO4 + X0 H,O = 0.

With the same approach as in the previous examples, we will express the extended
matrix of the chemical equation (5.6) in thisform

100.000.0000.00000000.000100000
100.000.0000.00000100.000000000
400.000.003300040003.000044041
400.000.0000.00040000.000130022
010.000.000000000010000000000
030.000.0000.00000020.000000010
030.000.0000.00010000.002000000
030.000.001000001000002000000
001.000.0000.00000000.000010000
ExtA=1004500.0000.00000000.000200000].
000.010.0000.00000000.000001000
000.020.000000010000000000100
000.001.000000000000000001000
000.0039600.00002000.000000100
000.000.0010.00000000.980000000
000.000.000198000100000000000
000.000.0001.00000001000000000
000.000.0000.00100000.001000000
000.000.0000.00202400.000000000
000.000.0000.00000000.0000000012
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The stoichiometric vector is given by the equality

I - 730.296, - 745.20, - 2814.4584, - 866.8296, - 136.5336,
1475.496, 1587.3624, 745.2, 2814.4584, 1475.496, 655.776,
302.94, 1472.7096, 1587.3624, 1375.8768]".

If we divide al the entries of the above stoichiometric vector by 8 and after

rearranging of the equation (5.6), it becomes
184.437 RbBiAt, + 198.4203 RuS; + 93.15 Bey 9sSiO3 + 351.8073 Ba(CN),

+ 184.437 CsHF; + 81.972 H3PO, + 37.8675 SnCrO,4 + 184.0887 Cll| + 198.4203
H,SO,4 + 171.9846 H,O = 184.437 CsBi(OH),4 + 198.42105 Ru(SCN)3 + 81.972 PF4 5
+ 37.8675 SnCl;, + 37.8675 Crl3gs + 91.287 BeCO3 + 93.15 Rb; 93Si O3
+ 351.8073 BaAt, + 108.3537 NH4ClO, + 17.0667 CAtl 5.

The eigenvalues of the matrix (ExtA + ExtA")/2 are A, = 7.480, J, = - 6.076, 13 = -
3.783, 14 = 3.475, A5 = - 2.503, ¢ = - 2.250, A7 = 2.553, Ag = - 1.833, 19 = 2.169, 410 = -
1.334, 111 = 1.820, 412 = 1.470, 113 = - 1.086, 114 = - 0.712, 135 = - 0.343, 116 = - 0.071,
/117 = 0231, 118 = 0821, 119 = 1010, 120 = 0.961.

The Lozinskii measures of ExtA given by (3.6) with respect to the three common
norms (3.5) are

Uo(EXtA) =max (2, 2, 30, 16, 2, 6, 6, 7, 2, 6.5, 2, 4, 2, 6.96, 1.98, 2.98, 2, 2,8, 1) =
30,
w1(ExtA) = max(10, 10, 5.5, 3,4.96, 5, 5.98, 3, 10, 5, 6, 3,4.98, 5, 4, 8,6, 2, 7, 4) =
10,
uo[ (ExtA + ExtAT)/2] = 7.480.

Since wof (ExtA + ExtA")/2] > 0, according to Definition 4.5 the chemical equation

(5.6) isunstable.

1375.8768 |:— B'lC:| = [- 1475.496, - 1587.3624, - 655.776, - 302.94, - 302.94,

Example5.7. It will be good to balance some alittle bit bigger chemical equations,
for instance like this
(5.7) X1 (NH3)3[P(M03010)]4 + X2 KAU(CN), + X3 C4H3AUN&OS;
+Xa MgFez(SO4)4 + Xsg AgRuAuTe7_95 + Xg HoCOs + X7 HCl + Xg NoSey + Xg WO3
+ X190 PbCrOs 95 + X11 Sng(ASC)4)3 + X120 BeSIO3 + x13 BiAts + X114 CaAlFs5 + x15 CaF,
+ X156 Al203 + X317 Bi2O3 + X158 SIO, + X19 CaBeASsSAtF1s + Xop NapoCroO7
+ Xo1 [WC|4(NS€C|)]2 + Xoo (NH4)2MOO4 + Xo3 K4F€(CN)6 + Xog MgSQO;g
+ Xo5 AUO + Xog [RU(C10H8N2)3] Cl>-6H,0 + Xo7 NagPO, + Xo5 TeO3
+ Xog AgszOz + X390 SNSO4 = 0.
The extended matrix of the chemical equation (5.7) hasaform
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ExtA =

3.00200.000.0000200.000.0000000000.0002.0026006.000000
9.00030.000.0021000.000.0000000000.0000.00800036.00000
4.00000.000.0000000.000.0000000000.0000.0000000.001000
120000.000.0000000.000.0000000000.0000.0010000.000000
40.00116.00.0030033.9812030003320.0070.0040316.004324
0.00100.000.0000000.000.0000000000.0000.0004000.000000
0.00110.001.0000000.000.0000000000.0000.0000020.000000
0.00240.000.0010000.000.0000000000.0000.00060030.00000
0.00020.000.0000000.000.0000000000.0020.0000000.003000
0.00074.000.0000000.0000000000001.0000.0000200.000001
0.00001.000.0000000.000.0000000000.0000.0000100.000000
0.00002.000.0000000.000.0000000000.0000.0001000.000000
0.00000.001.0000000.000.0000000000.0000.0000000.000020
0.00000.001.0000000.000.0000000000.0000.0000001.000000
0.00000.007.9500000.000.0000000000.0000.0000000.000100{.
0.00000.000.0001000.000.0000000000.00010.000002.000000
0.00000.000.0000400.000.0000000000.0002.0000000.000000
0.00000.000.0000010.000.0000000000.00020000000.000000
0.00000.000.0000001.000.0000000000.0000.0000000.000010
0.00000.000.0000001.000.0000000000.0020.0000000.000000
0.00000.000.0000000.003.0000000000.0000.0000000.000001
0.00000.000.0000000.003.0000000001.0000.0000000.000000
0.00000.000.0000000.000.0010000001.0000.0000000.000000
0.00000.000.0000000.000.0010000010.0000.0000000.000000
0.00000.000.0000000.000.0001000200.0000.0000000.000000
0.00000.000.0000000.000.0003000001.0000.0000000.000000
0.00000.000.0000000.000.0000110001.0000.0000000.000000
0.00000.000.0000000.000.0000102000.0000.0000000.000000
0.00000.000.0000000.000.00005200012000.0000000.000000
0.00000.000.0000000.000.00000000000.000.0000000.0000012

The required stoichiometric vector is

599731568.64 | - B'C | = [-15152555.52, -1803558389.76, -106939077.12,
I -225444798 72, -64094976, -593313776.64, -
2118246681.6, 1 -99502836.48, -398011345.92, -
32047488, -199910522.88,
-599731568.64, -199910522.88, -1999105228.8,
1399373660.16, 999552614.4, 99955261.44,
599731568.64, 599731568.64, 16023744,
199005672.96, 181830666.24, 450889597.44,
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225444798.72, 987296221.44, 64094976, 60610222.08,
509555059.20, 32047488, 599731568.64] .
If we divide all the entries of the above stoichiometric vector by 34.56 and after
rearranging of the expression (5.7) in a conventional form, one obtains
40491136 CaF, + 28922240 Al,O3 + 2892224 Bi,Os + 17353344 SIO,
+ 17353344 CaBeAsSAtF;; + 463650 NaxCr,07 + 5758266 [WCI 4(NSeCl)]
+ 5261304 (NH4)2,M00O, + 13046574 K 4Fe(CN)g + 6523287 MgS,03 + 28567599
Au,0 + 1854600 [Ru(Ci1oHgN2)3] Clo-6H,0 + 1753768 NagPO,4 + 14744070 TeO3
+ 927300 Ag2PbO, + 17353344 SnSO, = 438442 (NH3)3[P(M03010)]4
+ 52186296 KAU(CN), + 3094302 C4H3AUN&OS; + 6523287 MgFex(SOa)4
+ 1854600 AgRUAUTe7.95 + 17167644 H,COs + 61291860 HCI + 2879133N,Ses
+ 11516532 WO;3 + 927300 PbCrO; g5 + 5784448 Snz(ASO,)3 + 17353344 BeSiO3
+ 5784448 BiAts + 57844480 CaAlFs,

The eigenvalues of the matrix (ExtA + ExtAT)/2 are A, = 31.759, A, = 20.759, /3 = -
25.031, 14 = - 20.293, 15 = 7.220, /g = - 7.265, 17 = - 6.471, 1g = 5.502, 19 = - 5.285,
},10 =- 4170, 111 = 4067, /112 = 3455, ),13 = 2810, 214 =- 2523, 115 =- 1732, /116 =-
1531, 117 =- 1551, 118 = 1723, j.lg = 1.476, 120 = 1372, 121 = 1250, 122 =- 0767, 123
=-0.701, 224 = - 0.452, /25 = 0.737, 126 = 0.600, A27 = 0.476, /5 = 0.082, 129 = 0.008,
/130 =-0.023.

The Lozinskii measures of ExtA given by (3.6) with respect to the three common
norms (3.5) are

Uo(EXtA) = max (23,59, 5, 13, 123.98, 5, 5, 43, 7, 15, 2, 3, 3, 2, 8.95,
13,6,3,2,3,4,4,2,2,3,4,3,3,19,1) = 123.98,
w1(ExtA) = max (68, 6, 18, 23, 10.95, 6, 2, 6, 4,5.98, 18,5, 4,7, 3,5, 5, 3,
17,11, 16, 15, 17,6, 3,81, 8,4,5, 7) =81,
uo[ (ExtA + ExtA")/2] = 31.759.

Since uo[ (ExtA + ExtA')/2] > 0, according to Definition 4.5 the chemical equation
(5.7) isunstable.

3° Next, we will consider the case when the chemical reaction is non-unique, i. e,
when the nullity of its reaction matrix is bigger than one. For this purpose we will
solve two old chemical problems, which actually are unsolved problems to date, as
well aswe will generalize Willard’'s chemical equation [133].

In al these cases we will not use Theorem 4.4, i.e. the extended matrix in order to
find solutions of the chemical equations, because we will determine their general
solutions, so that every chemical equation will be reduced to a system of linear
equations, whose general solution will be obtained by using of the Gauss-Jordan’'s
method of elimination. In other words speaking, it does not mean that Theorem 4.4
offered here is not applicable for this case. No! It is okay, but we will explain why? If
we use extended matrix, then we will obtain only n—m linear independent solutions,
which include the cases when the stoichiometric vector contains zero coefficients.
From the chemical point of view it is okay, but from mathematical point of view it is
well-known that the number of those solutions is infinity. These n—m linear
solutions are only particular solution of the chemical equations, which may be
obtained very easily from their genera solutions. Just for this reason the usage of
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extended matrix will be avoided, i.e., Theorem 4.4, and instead Theorem 4.3 will be
used.

Example 5.8. Melvillein [41] proposed this chemical equation

(5.8) X1 KNO3 + X C + X3 S+ X4 Ko,CO3 + X5 KoSO4
+ Xg K2S; + X7 CO, + Xg CO + X9 N> = 0.

According to Theorem 4.3, from the above chemical equation this system of linear

equations follows
X1+ 2%+ 2%+ 2% = 0,
X1+ 2% =0,
3X1 + 34+ 4Xs + 27 + Xg =0,
X2+ X4+ X7+ Xg =0,
X3+ X5 + 2% = 0.
The general solution of thissystemis
X5 == X1+ X3 - 2X4, X6 = X1/2 - X3+ Xa, X7 = X1 + Xo - 4Xs + 6Xq,
Xg = - X1 - 2Xp + 4X3 - TX4, X9 = - Xa/2,

where X1, X, X3 and x4 are arbitrary real numbers.

Now, the balanced equation has aform

X1 KNO3 + %2 C + X3 S+ X4 K2COs + (- X1 + X3 - 2Xg) K2SO4 + (X1/2 - X3 + X4) K2S,

+ (Xg + X2 - 4%z + 6Xg) COp + (- Xg - 2% + 4X3 - 7TX4) CO - X2/2 N, = 0,

where X, Xo, X3 and x4 are arbitrary real numbers.

Example 5.9. As an unbalanced equation Jensen in [134] proposed this equation
(5.9) X1 NH4CIO4 + X2 HNOj3 + X3 HCI + x4 H20 + X5 HClIO4-2H20 + x5 N2O
+ X7 NO + xg NO, + X9 Cl> = 0.
From the above chemical equation this system of linear equations follows
X1+ X+ 2%+ X7+ X =0,
4X1 + %o + X3 + 2% + 5% = 0,
X1+ X3+ X5+ 2X9 = 0,
41 + 3Xo + X4 + 6X5 + X5 + X7+ 2Xg = 0.
The general solution of thissystemis
X5 = - (4X2/5 + %ol 5 + X3/5 + 2X4/5), X7 = - (14X1/5 + Xof 5 + 6X3/5 + 7X4/5 + 3Xg),
Xg = OXa/5 - 4X%o/5 + 6X3/5 + TX4/5 + Xg, Xg = - X2/10 + Xo/10 - 2X3/5 + X4/5,
where X1, Xp, X3, X4 and Xg are arbitrary real numbers.
Now, the balanced equation hasaform
X1 NH4ClO4 + X2 HNOj3 + X3 HCI + X4 H20 - (4x1/5 + Xo/5 + X3/5 + 2X4/5) HCIO4-2H,0
+ Xg N2O - (14%1/5 + Xof5 + 6x3/5 + 7X4/5 + 3x) NO
+ (9%X1/5 - 4%o/5 + 6X3/5 + 7X4/5 + Xg) NO, + (- X1/10 + X2/ 10 - 2x3/5 + X4/5) Cl, =0,
where X, X2, X3, X4 and Xg are arbitrary rea numbers.
WEeltin in [23] considered the above equation, but he did not solveit.

Example 5.10. As a last example we will generalize the Willard's chemical
eguation [133]
(510) X1 NH4ClO4 + xo HNO3 + x3 HCI + x4 HCIO,4 + x5 NOCI
+ Xg Clo + X7 NoO + xg H,O = 0.
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From (5.10) it follows that
X1+ X+ X5+ 2%7 =0,
A1+ X+ X3+ Xa + 2% = 0,
X1+ X3+ X4+ X5+ 2% =0,
4X1 + 3%+ 4X4 + X5+ X7 + Xg = 0.
The general solution of thissystemis
X5 = - (3X1 + 44X - X3 + 7Xs), X6 = X1+ 2Xz - X3 +3Xy,
X7 = X1+ 3Xf2 - Xaf2 + TXal2, Xg = - (2X1 + Xof2 + X3/2 + X4/2)
where X, Xz, X3, and X4 are arbitrary real numbers.
Now, the balanced equation has aform
X1 NH4ClO4 + X HNO3 + X3 HCl + x4 HCIO,4
- (3Xy + 4%z - X3 + 7Xg) NOCI + (X + 2X; - X3 +3X4) Cl,
+ (Xl + 3x%,/2 - X3/2 + 7X4/2) N,O - (2X1 + X,/2 + X3/2 + X4/2) H,O =0,
where X1, X, X3 and X4 are arbitrary real numbers.
H. H. Willard in his paper [133] found one particular solution of the equation
(5.10), only for xs = 0, x; = 34, X, = 36 and X3 = 8.

Conclusion

The practical superiority of the matrix procedure as the most general tool for
balancing chemical equations is demonstrable. By this method completely new
classes of chemical equations with atoms which possess fractional as well as integer
oxidation numbers are balanced. Research shows that the employed algebraic method
based on real nonsingular matrices works perfectly for both kinds of chemical
equations.

It is very important to stress out that the method employed here does not need in
the chemical equation reactants and products to be denoted as it is the case with other
conventional methods, just it is a self-adaptive method which automatically detects
reactants and products denoting them by a positive and negative sign respectively.

Actually, this method is a unique method both in mathematics and chemistry
which balances chemical equations with atoms which possess fractional as well as
integer oxidation numbers, while al to date known methods for balancing chemical
equations give an opportunity to balance chemical equations only with atoms which
possess integer oxidation numbers. This is the main advantage of the method in
relation to other known methods.

In other words speaking, the mathematical method given here is applicable for all
possible cases for balancing chemical equations, it does not matter what kind of atoms
they possess — fractional or integer oxidation numbers. Also, this method determines
n—m linearly independent solutionswhen k > 1, i.e. when the reaction is feasible and
iS non-unique.

For al considered chemical equations which have a unique solution stability
analysis is made, and as the results show al of them are unstable. This stability
analysisis based on the Lozinskii measures of the extended matrix.
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