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Abstract

The paper considers several kinds of linear hybrid systems described by discrete-
difference and difference-differential equations with control. Special attention is
paid to the difference-differential hybrid systems in symmetric form. For solu-
tions of such systems, a variation-of-constants formula is proposed and the relative
controllability-observability principle is established. For stationary systems, we
introduce the determining equations and give solution representations into series
along the solutions of their determining equation. Then algebraic properties of the
solutions of the determining equation are investigated, in particular, the well-known
Hamilton-Cayley matrix theorem is extended to the solutions of the system of de-
termining equations. As a result, parametric criteria for the relative controllability
and relative observability are given. Some open problems are formulated.
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1. Introduction

In the investigation of real physical processes, one deals both dynamic (differential)
and algebraic (functional) dependences. Such processes are described by differential-
algebraic systems [1] (some equations in them are differential, and the other are algebraic)
or mixed difference-differential systems. One classifies them as hybrid systems [2-5].
However, note that the term “hybrid systems” is overloaded. Nowadays, especially in
publications in English, this term is used mainly in connection with discrete-continuous
systems or systems containing logical variables [6-8].
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In the paper, we consider differential-algebraic delay (DAD) systems to which, in
particular, some standard types of linear discrete-continuous and systems with retarded
argument of neutral type can be reduced [9]. Such systems can be qualified as hybrid
difference-differential systems or quite regular algebraic-differential systems with de-
lay which are, in turn, a special case of descriptor (singular) systems with after-effect.
Observe that DAD systems are used in modelling benzene production rectification pro-
cess [10].

2. Character of Hybrid Systems

In general, hybridity means inhomogeneities in the nature of process to be considered
or in the methods to be used in the analysis. The term “hybrid systems” pertains to
systems describing the process objects with substantially different characteristics, for
example, containing continuous and discrete variables (signals) in the main dynamics,
deterministic and random variables or actions, and so on, which eventually specifies the
character (nature) of hybrid systems.

There are numerous examples of hybrid systems. In the control field the following
pattern of hybrid system is known: linear continuous time independent object described
by linear differential equations with discrete linear time independent controller described
by finite difference equations, discretely operating recording device being used. These
types of systems are commonly studied in the levels called discrete data systems or digital
control systems. Another standard example of hybrid control system is switching system
where the behaviour can be described by the finite number of dynamical models (systems
of differential or difference equations) along with the set of rules for switching between
the models. One more field of hybrid systems represents studying qualitative properties
(e.g., stability and stabilization, controllability and observability, and so on) of dynamic
systems described by difference-differential equations with discontinuous coefficients,
systems with variable structure of dynamics. In practice the classic example of hybrid
system is heating and cooling systems in dwelling house. A heater and air conditioning
along with the characteristics of heat flow form the control system. A thermostat is a
discretely randomly controlled system which mainly deals with the symbols “too hot”,
“too cold”, “normal”. For more information on hybrid systems, see [2—12].

Nowadays, the problem is that hybrid systems are studied separately, using contin-
uous analysis methods for continuous system dynamics and discrete analysis methods
for discrete dynamics, for instance. Below we give an example of unified approach to
the construction of mathematical models of dynamical systems described by discrete,
difference and differential equations, taking difference-differential hybrid systems as
standard systems.

Consider, for example, the simplest discrete continuous hybrid system

{)'c(t) = Anx(?) +Apylkl, =0, 2.1)

ylkl = Azx(kh) + Apylk —1], k=0,1,...,
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with initial conditions of the form
x(4+0) = x(0) = x9, y[—1] = yo,

where x(r) € R", u(t) € R", y(r) € R™, and A1, A1, Ap1, Ay are constant matrices
of the corresponding sizes. Denoting

<~ |x(kh) _
$(t) = [ Sk ] forr € [kh, (k + Dh), k=0,1,...,
where
kh
x(kh) = eAnKh=C=Dhy kp — py + / eANKh=o) A y[k — 1]d,
kh—h

and taking initial conditions as follows

h
—A11h _ Aq1(h—T1)
x(0) = x0, §(x) = | (xo foe A”yo‘“) . T e[—h,0),
Yo

it is not difficult to see [9] that system (2.1) if y(¢) = y(¢), t > 0, can be represented as
the following difference-differential hybrid system in normal form

x(t) =An®x@)+ An@)y@) + Bi()u(t),
y(®) = Axn()x() + Axn(t)y(t —h) + Bo(Du(t), t=>1

with initial conditions
x(to + 0) = x(t9) = x9, y(v) =Y (1), T € [to — h, 19).

That is the reason to investigate the hybrid systems, consisting of differential and differ-
ence equations.

3. Some Mathematical Models of Hybrid Systems with Delay

Consider descriptor functional-differential system of neutral type

0 0
i()c(t) — f d;G(t,s)x(t +5)) = / dgA(t, s)x(t +s) (3.1
dt h h

0
+/ dgB(t, s)u(t +s), t=>t. 3.2)
—h



114 V. M. Marchenko

Here G(t, s), A(t, s), B(t, s) are matrices of bounded variation in [—/, 0] with respect
to s, h is a positive number and u(-) is a control function. If we introduce a new function
y(-), we come to system (2) in “hybrid” form

0 0
y(@) = / dsA(t,S)x(t+S)+f dsB(t, s)u(t + ),
—h —h
0
x(t) = y(t>+f 4Gt ) +5), 121
—h
If the measure in (3.2) is discrete and concentrated at the points s = —h;, j =0, 1,...,[;

O0=ho<hy <---<h =handd;G(t,s) — Oass — 0, then we obtain DAD system
with concentrated delays

I
x(t) = Z (Allj(l)x(f —hj)+ Apj@®)yt —hj)+ B jOu(t — hj)), (3.3)
j=0
!
y@) = Z (A21j(f)x(l —hj)+ An @)yt —hj)+ By j(Hu(t — hj)), t >0,
j=0
3.4)
with initial conditions of the form
x(to +0) = x(t9) = xo € R", x(1) = (1),
y(T) =¥ (1), u(r) =4(7), t € [tp — hy, 1o)- (3.5)
Here Ay1;(t) € R™", App;(t) € R™™, Ap1;(t) € R™", Ay (1) € R™™™, By;(t) €
R™ ", Byj(t) € R"*"; j = 0,1,...,1; Axpo = 0, and the components of the vec-

tor functions ¥ (t), ¢(t), £(t), t € [to — h1, ty] and the control u(-) being piecewise
continuous. The corresponding solution of system (3.3)—(3.5) will be denoted by the
symbols

x() = x(t, t,x0, 0, %, 8, u),
y() = y(, to,x0, ¢, ¥, &, u), t=>t.

Notice that system (3.3)—(3.5) is a generalization of neutral type concentrated delay. On
the other side, it is a particular case of descriptor time delay system (2.1). The simplest
time invariant DAD system is the following one

(3.6)

x(t) =Anx@)+ Anpy@) + Biu(t),
y(t) = Ay()+ Ay(t —h) 4+ Bu(t), t=>0.
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4. Available Results

Taking into account 2-D system grounds, we pay attention (for more general results see
[13]) to the simplest DAD system in symmetric form with respect to the differential and
shift operators

x(t) =An@x@) + An@)y@) + Bi()u(t), @
yE+h) = Axu@x(@)+ Axn@)y(@) + B2(Du(), t =1,
where x(t) € R", u(t) € R’, y(t + h) € R™, t > ty; the entries of the matrix-
valued functions Aq1(r) € R™", A1p(t) € RV, Ay (1) € R™, Axp(t) € R™™,
Bi(t) € R, By(t) € R™*" are continuous.
For system (4.1), we consider the following initial-value problem

x(to +0) =x0, y(@)=v(r), t€lto,to+h), (4.2)

where xo € R" and v is a piecewise continuous m-vector function in [z, tg + h].

A solution x(¢; ty, xo, ¥, u), y(t + h; to, xo, ¥, u) for t > ty is defined as follows:
x(+) is acontinuous n-vector function and y(-) is piecewise continuous m-vector function,
satisfying the first equation (4.1) forr > #g except at the points t # to+kh,k =0, 1, ...,
and the second one for ¢ > 1.

For ¢ and u are differentiable, system (4.1) can be reduced to a neutral type time-
delay equation and, as a result, the variation-of-constants formula can be used to represent
the system solutions. In the general case, the situation is more complicated. However, by
using the method of steps, one can state that the solution of system (4.1) corresponding
to initial problem (4.2) and to a piecewise continuous control exists and is unique.

t — 1
Let us denote T; = 3 0 | and define matrix functions X*(t, 1), Z%(@t, 1), Y*(t, 7)

as solutions of a dual system of the form:
aX*(t, 1)
at
t<T,t#t—kh, k=1,2,...,T;;
Y*(t, 7 —h) = X*(t,1)Ap(@) + Y (@, t1)An(t), T <1;
Y*t, 1) =0, 1>t
X*(t,t —kh—0)—X*(¢t,t —kh+0) = Z"(t,t —kh)Ay (t —kh), k=1,2,...,T;
Z*(t,t —kh —h) = Z*(t,t —kh)Ax (@ —kh), k=1,2,...,T, — 1.

According to the dual system the solutions X* (¢, t) and Y *(¢, t) are piecewise continuous
with respect to argument 7 matrix functions with jumps at the points t = t — kh,
k=1,2,...,T,. The matrix function Z*(¢, t — kh) is regarded as discrete with respect
to the second argument. The initial and boundary conditions for the dual system under
consideration are established by the last three equations.

= X*(t, 0)An () + Y*(t, 1) A2 (7),
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Theorem 4.1. The solution of system (4.1) with initial conditions (4.2) and piecewise
continuous control u(t), t > fo, exists, is unique and can be written as follows (variation-
of-constants formula):

to+h
X*(t,to—l—O)xo—l—/ Y*(t, T —h)yY(r)dr

]

+/ (X*(t,T)B1(v) + Y*(t, 1) B2(t)u(r) dt

T
+ Z Z*(@t,t —kh)By(t — kh)u(t — kh) + Z*(t,t — T:h)y (t — T;h)
k=1
x() fort > 1y if X*(t,t —0) =1, e R""
and Z*(t,t —h) =0 € R"™"™,;
y(@) fort >ty +h if X*(t,t —0) =0 R™"
and Z*(t,t — h) = I,, € R"™™;

For the stationary system

A1(t) = A, App(t) = Agp, Ax(t) = Ap,
A (t) = Axp, Bi(t) = By, Ba(t) = B, 1o =0. (4.3)

Theorem 4.1 can be detailed if we take into account that in such a case
X*t,1)=X(t—-1), Y't, 1))=Yt —1), Z*t, 1) =Z(t — T)
and the dual system can be rewritten as
X)) =X0OA + YAy, t >0, t £kh, k=1,...,T;
Y(t+h)=X)A1, +Y(@)Ax»n, t >0;

Y(t)=0, t <h;
X(kh) — X(kh —0) = Z(kh)Ay, k=1,2,...,T; 4.4)
Z(kh+h)=Z(kh)A»n, k=1,2,...,T, — 1. 4.5)

Remark 4.2. If 7; = 0, then equations (4.4) and (4.5) are absent, equation (4.5)
disappears also in the case of 7; = 1.

Theorem4.3. The solution of system (4.1)—(4.3) with #yp = 0 and a piecewise continuous
control u(t), t > 0, exists, is unique and can be written as follows

h
x(t, to, x0, ¥, u) = X(1)xo +/ Y@ -t +mny(r)dr
0

h
+ / Xt —1)B1+Y(t —1)Bu(r)dr (4.6)
0
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for t >0 if X(0) =1, e R"™", Z(h) =0 € R,

h
y(t, to, x0, ¥, u) = X — 0)xo + f Yt —t+h)y(r)dr
0

h
+ / (Xt —1)B1+ Yt —1)Bu(r)dr
0

T;

+ Z Z(kh)Ba(t — kh) + Z(Tih)y (t — T;h)
k=1

for t > h if X(0)=0eR™", Z(h) = I,, € R™*".

Introduce a determining equation of system (3.2)—(3.4):

Xi41(t) = A Xp(t) + AppYr (@) + B1UK(2),
Yi(t +h) = Ay Xi(t) + A Yi(t) + B2Ui (1),

k=0,1,...; t>0,

with initial conditions
X)) =0, Yp(t) =0 if k<0 or t <O;

Uop(0) = I, Up(r) =0 if k> +1> £0.

117

4.7)

(4.8)

In the sequel, we give some algebraic properties of the solutions of the determining

equation.
By induction, we can prove Lemmas 4.4-4.6.

Lemma 4.4. The following identities are valid:

_ k—1
(A1l + Aoy — Anw) ' As)

+0o0
x (B1 + Aoy — Apw) ' By) = > Xi(jhe’,
j=0

_ _ k-1
(In — Anw) ' Asio (A11 + Ao Iy — Anw) ' Az)

+00
x (Bi + Apw(Iy — Apw) 'B) = Z Yi(jh)o!,
j=0
k=1,2,...,
+00
(In — Apw) ' Byo =Y Yo(jh)e,
Jj=0
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where |w| < w1 and w is a sufficiently small positive number.

Lemma 4.5. The following identities are valid:

_ i—1
(An + Apw(l, — Anw) ' Ap)’

+00
x (By+ Aniw(Il, — Anw) ' Br) = ) Yi(jh)ot,
k=0
_ _ i—1
(I — Anw) Ao (An + Aol — Anw) ' A)’

+00
x (B2 + Ao, — Anw)™'Bi) = ) Xi(jhot,

k=0
j=1,2,...;
+00
(I, — Anw) ' Bio = Y Xx(0)o",
k=0

lw| < w1, w is a sufficiently small positive number.

Let us introduce the notation:
a(w) = det(l,, — Apw) € R'[w],

B(w) = det(l, — Aj ) € R'w].

07 (w) € R™""M[w] and Q5 (w) € R"*"[w] are the adjoint of the matrices (I,, — Az w)
and (I, — Ajjw) respectively.
Introduce the characteristic equation of the matrix (A11 + Apw(l, — Azza))_lAz 1):

0= A@) =det(il, — (A1 — Aoy — Anw) ™' Ay)

= det ()Jn — A — —AIZQTAH)
o(w)
det(Aa(w)l, — Ajja(w) — Alza)QT(a))Azl). 4.9)

T (a(@)"
Consider the characteristic equation of the matrix (A22 + Ay (I, — Ana))_lAlz):

0= AQ) = detln — (A2 — Ao (I, — A1)~ ' A1)

— det (um Ay Azw_%)
B(o)
1
= detMB(@) I — AnB (@) — AnwQi(@)Ar). (4.10)
(B(w)"
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Suppose || < wi, where w; is a sufficiently small positive number. Then (4.9) and

(4.10) can be represented as

n nm m nm
erij)\‘n—iwj =0 and ZZpij)»m_ia)j =0

i=0 j=0 i=0 j=0

respectively.

Here r;; and pyj, i = 0,1,...,n; k =0,1,....,m; j =0,1,...,

numbers with roo = 1 and pgy = 1.
The last two equations can be rewritten as

nm n nm
)\n = — Zro_jk"w] — Z Zrijkn_la)]

nm

Zpojkma)f Z Zpij)»m_iwj, lw| < w;.

i=1 j=0

nm are real

Lemma 4.6. The solutions of the determining equations (4.8) satisfy the following

conditions:

min{k,nm}

Xy(khy=— " ro;jX,((k— j)h)
j=1

n{k,nm}

—Z Z rijXy—i((k = j)h),

min{k,nm}

Yy(kh)=— Y rojYy((k — j)h)
j=1

n min{k,nm}

=Y > rYyi(k— jh),
i=1 j=0

min{k,nm}

Xi(wh) =— Y po;jXi—j(vh)
j=1

m min{k,nm}

=YY piiXe— (v —Dh),

i=1  j=0
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min{k,nm}
Yeh) == Y pojYi_;(vh)
j=1
m min{k,nm}

=Y ) Y (=D,

i=1  j=0

J
fork=0.1,...,v=m+1,..,andy =n+1,... where Y (---)=0if j <i.
k=i
Lemma 4.6 for y = n + 1 and for v = m + 1 can be regarded as generalizations
of the well-known theorem of Hamilton-Cayley from matrix theory to solutions of the
determining equations (4.8).
To apply the Laplace transform we need

Theorem 4.7. Suppose rr[l(z)l)z] Il ()] = My and ||u(?)| < M»e°’,t > 0 (where M,
rell,

M3 and o are the positive constants), then there exist positive numbers N and « such
that all solutions of the system (4.1)—(4.3) satisfy the following conditions

lx(®l < Ne*', Iyl < Ne*', 1 >0,
where N, « are defined only by M, M>, o and the system parameters.

Applying the Laplace transform to system (4.1)—(4.3), we obtain the formulae for
the representation of solutions of the system into series of their determining equation
solutions.

Theorem 4.8. The solution of the system (4.1)—(4.3) with piecewise continuous control
u(t), T > 0, exists, is unique and can be represented by the following formulae:

+oo [t/h]

t—ih o k
x(t,0, X0, . 1) = ZZXk+1(zh)/ uu(f)dr

k=0 i=1
+ x(¢,0, xo, ¥,0), >0, 4.11)

Lol t—ih (t—t—zh)k
Y(t,0,x0, ¥, u) = ZZYk+1<zh>f ————u(r)dr
k=0 i=1
[1/h]
+ Y Yolihyu(t —ih) + y(1,0,x0,%,0), t>0,  (4.12)
i=1

where the vector functions x(¢, 0, xo, ¥, 0), y(¢, 0, xo, ¥, 0) depend on the initial data
only.
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The results formulated can be applied to the investigation of such basic problems
of the qualitative control and observation theory of DAD systems as controllability,
observability and duality.

Definition 4.9. System (4.1), (4.2) is called:

i) R"-controllable with respect to x on [fy, t,] if for any xo, x, € R" and for any
piecewise continuous m-vector function ¥ (t), T € [to, to + h], there exists a
piecewise continuous control u(t), T € [tg, t.], such that

x(t*7t09x0, wv u) :x*; (4'13)

ii) R"-attainable with respect to x on [fy, t,] if (19) holds for xo = 0 and ¥ (t) = 0,
T € [to, to + hl.

Similarly, the notion of R"-controllability with respect to y is defined.
Consider the following dual system (¢, > ty + h):

iX*(T) +x*(0)A11(7) + y* (1) A2 () =0
dt ’
YT —h) —x" (D) ARE) -y (1)An(T) =0, 1€, 4, (4.14)
with initial conditions
Xt — 0) = x" (1) = x%, y(1) =¥ (1), T €[t —h, 1],
and the output

Z*(t) - Z*(t7 t*’ X*’ w*)
= x*(t)Bi(v) + y*(r) Ba(7), T € [10, 1], (4.15)

where x*(1) € R, y*(r) € R and ¢* is a piecewise continuous m-row function.

Definition 4.10. System (4.14), (4.15) is said to be R"-observable with respect to x on
[th t*] lf

25t b, X, 0T = 25t 1, pFLUT) ae. £ € (1o, 1] = xF = p*.

Lemmad4.11. Along the trajectories of the basic (4.1) and the dual (4.14), (4.15) systems,
the following duality correlation is valid:

x*(te — 0)x(t, — 0) = x™(to + 0)x (fo + 0)

to+h ty+h
+ / Yyt —h)y@t)dr — / y*(t — h)y(r) dt
fo Iy

Ly
+ f Z*(Ou(t) dt.
0]

Theorem 4.12. The following statements are equivalent:
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i) System (4.1) is R"-controllable with respect to x on [fg, #,];
ii) System (4.1) is R"-attainable with respect to x on [y, t,];
iii) The matrix rows
X*(ts, T)B1(T) + Y™ (ts, T) B2(7), T € [t0, 1],
are linearly independent a.e. in [7g, t.];

iv) System (4.14), (4.15) is R"-observable with respect to x on [y, ¢,].

Along with system (4.1)—(4.3), consider the following dual system

x5 (1) =x*(t)A1n + y (1) Az, 4.16)
Y@t +h) =x"Ap+y (1) Axn,
x(+0) = x(0) = x5, y(r) =v¥*(1), T € [-h,0),
with the output
2(t) = z(t; x5, ¥™) =x"()B1 + y* (1) B> 4.17)

Definition 4.13. System (4.1)—(4.3) is called #1-controllable for t| > h if for any vector
[xl] e R™™ and for any initial conditions (4.2) there exists a piecewise continuous

1
x(ﬁ)]

control #(-) such that the condition [
y(t1)

= |:);1:| holds for the corresponding solution
1
x(t), y(t) of the system.

Then we can formulate the following parametric controllability and observability
criteria for time stationary systems.

Theorem 4.14. System (4.1)—(4.3) is relatively #;-controllable if and only if

Xi(@ih) _ o ) _
rank |:|:Yk(ih)]’ k=0,1,...,n; i =0, 1,...,m1n{T,,_0,m}] =m + n.

Theorem 4.15. System (4.1)—(4.3) is relatively #;-controllable with respect to x if and
only if
rank [Xx(ih), k=1,2,...,n; i =0,1,...,min{T;,_o, m}] = n.

Theorem 4.16. System (4.1)—(4.3) is relatively #;-controllable with respect to y if and
only if

rank [Yx(ih), k=0,1,...,n; i =0, 1,..., min{T;_o, m}] = m.
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Definition 4.17. System (4.1)—(4.3) is called R"-controllable with respect to x if it is
R"-controllable with respect to x in [tg, t,] for some ¢, > f.

Definition 4.18. System (4.14), (4.15) is R"-observable with respect to x if
(@, x5, UT) =25, X5, vT) aefort > 19 = x5 = X
Theorem 4.19. The following statements are equivalent:
i) System (4.1)—(4.3) is R"-controllable with respect to x;
ii) System (4.14), (4.15) is R"-observable with respect to x;
iii) rank [Xx(ih), k=1,2,...,n; i =0,1,...,m] =n.

5. Open Problems

The concept of hybrid system theory has not been uniquely defined yet and that is why
the first open problem under consideration is the following one.

Problem 5.1. The construction of general hybrid system control and observation model.

Let us turn to systems (3.3)—(3.5). For such a system the following problems are still
open.

Problem 5.2. The statement of the initial value problem.
Problem 5.3. Variation-of-constants formulae for nonstationary systems.
Problem 5.4. Exponential bound for solutions of stationary systems.

Problem 5.5. Representations of solutions of stationary systems into series of their
determining equation solutions.

Definition 5.6. System (3.3)—(3.5) is called completely H-t|-controllable at t; > to+h
if for any initial data of the system there exists a control such that for the corresponding
solution the following condition is valid:

x(th+1) 0
H = t>0.
[y(tl + t)] [O] T
Problem 5.7. Find parametric criteria for complete controllability of the system.

Using game approach [14], we can consider more general concepts of controllability
like (s, p)- and R" — (s, p) controllability.

For given p > 0,5 > p,and s > 0, system (3.2) is said to be R"-(s, p)-controllable
with respect to x at time t, = ty + s if for any initial data ¢q, ¢ and Vo, ¥ and for any
piecewise continuous r-vector function v there exists a piecewise continuous control
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function u = u(-) such that for the corresponding solutions the following condition
holds:

X(t*, Iy — s, ®o0, ¢, I/l) = X(t*, Iy — P, WO, 1//9 U).
Problem 5.8. Find parametric criteria for (s, p)- and R"-(s, p)-controllability and its
dual observability problems.

The classical problem of dynamic control theory is a problem of stability and stabi-
lization.

Consider DAD system (3.6) with u(t) = 0 for # > 0 and the corresponding charac-
teristic equation

det |:)» — An —Ar

—Ay 11— Azze‘”h] =AM =0, reC.

Then the condition Re A < 0, for all complex numbers A such that A(A) = 0, is
necessary for each type of the following kinds of stability: asymptotic, exponential, and
L, stability.

Problem 5.9. Investigate several kinds of stability of open system (3.3)—(3.5) and give
necessary and sufficient stability conditions.

Problem 5.10. Modal control, stabilization, and reconstruction of DAD systems.

Problem 5.11. Realization of DAD systems in scale [15, 16] of dynamic systems.

6. Concluding Remarks

In the paper we have discussed the character and several examples of hybrid systems.
Numerous available results in the field are given and some open problems are formulated.
The methods used can be applied to 2-D hybrid discrete continuous dynamic systems.
This is a subject of another paper.
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