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Abstract:- 
 

To solve the problems of Engineering and Management Science Generalized 
Assignment Problem (GAP) plays a very important role. The GAP is a 
classical example of a difficult combinatorial optimization problem that has 
received considerable attention over the years due to its widespread 
applications. In many instances it appears as a substructure in more 
complicated models, including routing problems, facility location models, 
knapsack problems, computer networking applications etc. Recently, Fuzzy 
Generalized Assignment Problem (FGAP) became very popular because in 
real life, data may not be known with certainty. So, to consider uncertainty in 
real life situations fuzzy data instead of crisp data is more advantageous. In 
this paper, cost for assigning the j-th job to the i-th person is taken as 
triangular fuzzy numbers. Further we have put a restriction on the total 
available cost which makes the problem more realistic and general. The 
problem is solved by modified Fuzzy Extremum Difference Method (FEDM) 
for initial Basic Feasible Solution (BFS) and to test the optimality Modified 
Distribution Method (MODI) method is used. The same fuzzy problem has 
been transformed into crisp one using Yager’s Ranking Method [17] and has 
been solved by EDM [9] for initial BFS and then for optimal solution LINGO 
9.0 is used.  
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1. Introduction :- 
Assignment Problem (AP) is used in solving real world problems. In an AP, ‘n’ 
resources (or facilities) and ‘n’ activities ( or jobs) and effectiveness ( in terms of cost, 
profit, time etc.) of each resource (facility) for each activity (job), the problem lies in 
assigning each resource to one and only one activity so that the given measure of 
effectiveness is optimized.  
 
Mathematically it can be written as – 

Minimize Z= CijXij 

s.t. xij= 1,  i = 1,2,……… n 

      xij =1,      j= 1,2,………..n      

where    xij=       
cij is the total cost of assigning j-th job to i-th person 
 
GAP can be described as that of optimally assigning n jobs to m individuals where Cij 
is the cost required to assign j-th job to i-th person and mathematically it can be 
written as-  

Minimize Z= CijXij 
 
s.t.        xij= 1,  i = 1,2,……… m 
 
 
         cijxij ≤ aj ,  j = 1,2,…….n 
 
Xij = 0 or 1      for all i,j 
 
Where Cij represents the cost of assigning resources i to activity j and aj is the total 
available cost that worker j can be assigned. 
Nowadays Fuzzy Assignment Problem [FAP] has become very popular. Chi-Jen Lin 
& Wen [4] solved the AP using a labeling algorithm. Sakawa et al. [14] solved the AP 
on production and work force assignment in a housing material manufacturer and a 
subcontract firm and formulated two kinds of two-level programming problems. Chen 
[3] proposed a fuzzy assignment model that considers all individuals have same skills. 
Wang [16] solved the AP by graph theory. Huang Long-Sheng [7] dealt with the 
solution of the unequal workers and tasks assignment problems with restriction of 
qualification. Huang Long-Sheng and Zhang Li-pu [8] have worked with the solution 
method for FAP with restriction of qualification. Kuth, H.W [10]  have used the 
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Hungarian method for the AP. The papers, by Mukherjee Sathi and BasuKajla 
[11],[12], dealt with fuzzy ranking method for solving AP with fuzzy costs and on a 
more realistic AP with fuzzy costs and fuzzy restrictions. Under the supervision of Dr. 
ZeevNutov [1] a class of Max-profit (GAP) scheduling problems that occur naturally 
in many different applications, all involving assignment of jobs to multiple of 
resources under a set of constraints have been solved. David B. Shmoys & Eva Tardos 
[2] considered the GAP as the problem of scheduling parallel machines with costs and 
to solve the problem they considered a polynomial-time algorithm. Moreover FGAP 
is solved by taking Credibility Constraints [6], Particle Swam Optimization (PSO) 
[13] and Bees Algorithm [15]. David Pisinger [5] worked on algorithms for     
different types of knapsack problems. 
In this paper we have considered FGAP with restriction on available cost of the 
workers which is more realistic and has not been used in the literature so far. 
Modified FEDM is easy and more efficient than the conventional methods. 
To make the problem more realistic we have considered the fuzzy cost C̃ij and the 
objective function is also taken as triangular fuzzy number. To solve the real life 
problem here we have considered the restriction on available cost. Then the initial 
BFS for the fuzzy problem is determined by modified FEDM and for optimal solution 
MODI method is used. To verify the above solution we have transformed the problem 
into crisp one using Yager’s ranking method and it is solved by EDM. To test the 
optimality LINGO 9.0 is used. 
 
 
2. Preliminaries :-  
2.1  Triangular Fuzzy Number- (TFN) –  
It is a fuzzy number represented with three points as follows- 
A =(a, b, c), this representation is interpreted as membership functions- 
 

 µÃ(x) =  
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2.2 YAGER’S Ranking Method- 
Yager’s ranking technique is a robust ranking technique which satisfies 
compensation, linearity, and additivity properties and provides results which are 
consistent with human intuition. Given a convex fuzzy number c̃, the Yager’s 
Ranking Index is defined by – 

Y(c̃) = 0.5 ( cα
L + cα

U ) dα where ( cα
L , cα

U ) is the α-level cut of the fuzzy 
number c̃.       (1) 
2.3 Operations on Fuzzy Numbers 
If (a1,a2,a3) and (b1,b2,b3) are the two fuzzy numbers then- 

a. (a1,a2,a3) + (b1,b2,b3) = (a1+b1,a2+b2,a3+b3) 
b. (a1,a2,a3) – (b1,b2,b3) =  (a1-b3,a2-b2,a3-b1) 

 
 
3. The proposed method 
3.1 Method 1: 
Assignment Problem (AP) is used worldwide in solving real world problems. An AP 
plays an important role in industry and other applications. Generally in an AP, n jobs 
are to be performed by n persons depending on their efficiency to do the job. But here 
we consider the problem associated with the assignment of individuals to jobs 
wherein more than one job may be assigned to a single individual. Here the GAP 
under fuzzy environment is stated as – 
 
Model 1. 

Minimize Z̃ = C̃ijXij 

s.t. xij= 1,  i = 1,2,……… m 
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c̃ijxij ≤ ãj ,  j = 1,2,…….n 

Where    xij=  
 
c̃ij is the total cost of assigning j-th job to i-th person 
ãj is the total cost that worker j can be assigned.  
Xij is the decision variable denoting the assignment of the person i to job j , C̃ij is the 
cost of assigning the j-th job to i-th person and ãj is the total cost that worker j can be 
assigned.The objective is to minimize the total cost of assigning all the jobs to 
available persons (more than one job to a single individual).Now the problem is 
solved by modified FEDM for initial BFS. To test the optimality modified MODI 
method is used. 
 
ALGORITHM 
The method for solving the initial BFS of FGAP with restriction is modified FEDM. 
Step1:- Compare the available cost ãj with the smallest requirement c̃ij in column j. If 
min. c̃ij > ãj, then strike out the column j and repeat this for j = 1,2,………,n. 
Step2:- The row penalties are determined by taking the difference of the lowest and 
the highest entry of a row. Assignments are made one at a time to the job having 
largest penalty provided, such an assignment will not exceed the limit ãj available to 
worker j. 
Step3:- Now make an assignment to the minimum cost element in the row with the 
largest penalty, wherein such an assignment does not exceed the cost ãj. In case a tie is 
observed for the largest penalty, then take the maximum of all minimum cost entries 
for tied rows. Again if there is a tie for minimum cost then choose the cost element 
arbitrary keeping in view that total cost available ãj should not be surpassed . 
Step4:- Strike out the row associated with the assignment of step3 and reduced the 
available cost. 
Step5:- Repeat steps 1 to 4 until all the jobs are assigned or all columns (workers) 
have been marked off.  
A numerical illustration is given using Model 1. 
Example 3.1 Let us consider a fuzzy generalized assignment problem with 4 rows 
representing 4 jobs J1,J2,J3,J4 and 3 columns representing 3 persons A,B,C. The cost  
matrix [C̃ij] and total available cost ãj are given which are triangular fuzzy numbers. 
The problem is to find the optimal assignment so that the total cost of job assignment 
becomes minimum. The cost matrix C̃ij and total available cost ãj are shown in table 
1- 
Input data table for fuzzy model as TFN 
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Table-1 
 

Workers→ 
Jobs↓ 

A B C 

J1 (2,4,6) (8,10,13) (2,3,5) 
J2 (7,8,10) (8,9,12) (6,7,9) 
J3 (4,5,6) (5,7,10) (9,11,12) 
J4 (6,7,8) (3,5,7) (8,9,10) 

ãj→ (10,12,14) (11,13,19) (16,18,20) 
 
 
Solution:-  
In conformation to model1 the FGAP can be solved by modified FEDM- 

 
Table-2 

 
 A B C Row penalties↓ 

J1 (2,4,6) (8,10,13) [(2,3,5)] (3,7,11) 
J2 (7,8,10) (8,9,12) [(6,7,9)] (-1,2,6) 
J3 [(4,5,6)] (5,7,10) (9,11,12) (3,6,8) 
J4 (6,7,8) [(3,5,7)] (8,9,10) (1,4,7) 

ãj→ (10,12,14) (11,13,19) (16,18,20)  
 
 
The assignment is J1→C, J2→C, J3→A, J4→B. 
Total minimum cost = (2,3,5)+(6,7,9)+(4,5,6)+(3,5,7) =(15,20,27) 
Y(15,20,27) = 20.50 
 
Now to find the optimal solution we use modified MODI method. Number of required 
solution =m+n-1=4+3-1=6. So, the solution is degenerate. To overcome degeneracy 
we assign an infinitesimally small amount є, close to zero to 2 independent cells C11, 
C41 and treat the cells as occupied cells. Then we solve the problem in the usual 
manner. 

 
Table-3 

 
 A B C Ũi↓ 

J1 (2,4,6) (8,10,13) [(2,3,5)] (2,3,5) 
J2 (7,8,10) (8,9,12) [(6,7,9)] (6,7,9) 
J3 [(4,5,6)] (5,7,10) (9,11,12) (0,4,9) 
J4 (6,7,8) [(3,5,7)] (8,9,10) (2,6,11) 

Ṽj→ (-3,1,4) (-8,-1,5) (0,0,0)  
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Here the non-basic variables are x12   , x21, x22, x32, x33 and x43    The respective 
penalties for these non-basic variables are as follows:                              
∆12=u1+v2-c12=(2,3,5)+(-8,-1,5)-(8,10,13)=(-19,-8,2), Y(-19,-8,2)=-8.25 
Similarly, ∆21=-0.25, ∆22=-3.50, ∆32=-4.25, ∆33=-6.50, ∆43=-2.75 
All ∆ij’s are negative. So the solution is optimal. Optimal assignment is- 
Job J1→ Person C, Job J2→ Person C, Job J3→Person A, Job J4→Person B. 
Optimal cost= (2,3,5)+(6,7,9)+(4,5,6)+(3,5,7)= (15,20,27) 
Y(15,20,27)= 20.50 
 
3.2 Method 2: 
Again, we have solved the problem by converting the FGAP into crisp one using 
Yager’s Ranking Method and for initial BFS we have used EDM. To test the 
optimality the problem is transformed into L.P.P. form and then solved by LINGO 
9.0. 
 
MODEL-2 

Y(Z̃) = Minimize Z = Y(C̃ij) xij 

s.t. xij = 1,  i = 1,2,……..,m 

Y (C̃ij) xij≤  Y(aj) , j= 1,2,…….,n 

Where   xij =  
Xij is the decision variable denoting the assignment of the person i to job j , C̃ij is the 
cost of assigning the j-th job to i-th person and ãj is the total cost that worker j can be 
assigned.The objective is to minimize the total cost of assigning all the jobs to 
available persons (more than one job to a single individual). Since Y(C̃ij) and Y(ãj) are 
crisp values , the problem is obviously the crisp GAP which can be solved by the 
Extremum Difference Method(EDM).  

 
Table 4 : Input data table for fuzzy model as TFN 

 
Workers→ 

Jobs↓ 
A B C 

J1 (2,4,6) (8,10,13) (2,3,5) 
J2 (7,8,10) (8,9,12) (6,7,9) 
J3 (4,5,6) (5,7,10) (9,11,12) 

J4 (6,7,8) (3,5,7) (8,9,10) 
Available cost 

ãj→ 
(10,12,14) (11,13,19) (16,18,20) 
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Solution :-  
In conformation to the model the FGAP can be formulated in the following 
mathematical programming form – 
Minimize [ Y(2,4,6) x11+Y(8,10,13) x12+ Y(2,3,5) x13+ Y(7,8,10) x21+ Y(8,9,12)x22+ 
Y(6,7,9) x23+ Y(4,5,6) x31+ Y(5,6,10) x32+Y(9,11,12) x33+ Y(6,7,8) x41+ Y(3,5,7) 
x42+ Y(8,9,10) x43  

s.t. xij = 1,   i = 1,2,3,4 

C̃ijxij ≤ ãj ,   j =1,2,3 
xijє { 0,1} 
Now we calculate Y(C̃ij) and Y(ãj) by Yager’s ranking method which is defined by  

Y(C̃) = 
1

0

 0.5(Cα
L + Cα

U) dα, where (Cα
L ,Cα

U) is the α- level cut of the fuzzy number 

C̃ . e.g., Y(2,4,6) can be calculated as – 
The membership function of the triangular fuzzy number (2,4,6) is – 

µ (x) =  
The α-cut of the fuzzy number (2,4,6) is (Cα

L , Cα
U) = (2α+2, 6-2α) for which    

Y(C̃11) = Y(2,4,6) = 0.5(2α+2+6-2α) dα = 0.5(8) dα = 4 
Proceeding similarly, the Yager’s ranking indices for the fuzzy costs C̃ij and total cost 
ãj are calculated as – 
Y(C̃12) =Y(8,10,13) = 10.25, Y(C̃13) = Y(2,3,5) = 3.25,  Y(C̃21) = Y(7,8,10) = 8.25, 
Y(C̃22) = Y(8,9,12) =9.5, Y(C̃23) Y(6,7,9) = 7.25,  Y(C̃31) = Y(4,5,6) = 5, Y(C̃32) = 
Y(5,7,10) = 7.25, Y(C̃33) = Y(9,11,12) = 10.75,  Y(C̃41) = Y(6,7,8) = 7, Y(C̃42) = 
Y(3,5,7) =5, Y(C̃43) = Y(8,9,10) =9. 
Available cost ãj , j = 1,2,3 are – 
Y(ã1) =Y(10,12,14) =10, Y(ã2) = Y(11,13,19) =12, Y(ã3) =Y(16,18,20) =14 
Using EDM we can solve FGAP as – 

 
Table5: Final Step of EDM 

 
 A B C 

J1 4 10.25 (3.25) 
J2 8.25 9.25 (7.25) 
J3 (5) 7.25 10.75 
J4 7 (5) 9 

ãj→ 10 12 14 
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Therefore the optimal assignment is, J1→C, J2→C, J3→A, J4→B. 
Total minimum cost = 3.25 + 7.25 + 5 + 5 = 20.50 
Y(C̃14) + Y(C̃24) + Y(C̃31) + Y(C̃42)  = Y(2,3,5) + Y(6,7,9) + Y(4,5,6) + Y(3,5,7)  = 
Y(15,20,27) = 20.50 
For optimal solution the problem is transformed into L.P.P. form and solved by 
LINGO 9.0. 
Minimize Z=   
4x11+10.25x12+3.25x13+8.25x21+9.5x22+7.25x23+5x31+7.25x32+10.75x33+7x41+5x42+9
x43 

s.t.   xij= 1,  i = 1,2,……… m 

         c̃ijxij ≤ ãj ,  j = 1,2,…….n 
By LINGO 9.0. we get the solution as x13=1, x23=1, x31=1, x42=1 
Therefore the optimal assignment is- J1→C, J2→C, J3→A, J4→B 
Optimal cost = 3.25+7.25+5+5 = 20.50 
Therefore the solution is verified as same result has been obtained by both Method1 
and Method 2. 
 
Real life case study on GAP- 
GAP is used in various places of engineering and management science. To solve 
FGAP there are different methods. Among them EDM is very simple and easy to 
understand and has not been used in the literature so far. Besides machine- job 
problem GAP can be used in facility location problem, knapsack problem etc. As a 
real life case study we can solve 0-1 knapsack problem by EDM. 
GAP can be described using knapsack problem as follows- 
Given n items and m knapsacks with pij = profit of item j if assigned to knapsack i, wij 
= weight of item j if assigned to knapsack i, ci = capacity of knapsack i. Assign each 
item to exactly one knapsack so as to maximize the total profit assigned without 
assigning to any knapsack a total weight greater than its capacity ie, 

Maximize Z =
 

m

i

n

j1 1
pij xij ………………. [1]  

s.t.              


n

j 1
wij xij ≤ ci , i є M= {1,2,….m} ……….. [2] 

                    


m

i 1

xij = 1 , j є N = {1,2,…..n}………… [3] 

                    Xij = 0 or 1, i є M, j є N…………..  [4] 
                    Xij = 1, if item j is assigned to knapsack i 
                         = 0, otherwise. 
 
If the profit pij equals the weight wij for each item in a 0-1 knapsack problem we 
obtain the Subset-Sum problem which can be written as- 
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Maximize Z =   


m

i 1



n

j 1
wij xij 

s.t.              


n

j 1
wij xij ≤ ci , i є M= {1,2,….m} ……….. [5] 

                    


m

i 1

xij = 1 , j є N = {1,2,…..n}………… [6] 

                     Xij = 0 or 1,  i є M , j є N………….. [7] 
 
The minimization version of the problem can also be written by defining cij as the cost 
required to assign item j to knapsack i as- 

Minimize Z = 
 

m

i

n

j1 1
cij xij 

s.t.             


n

j 1
cij xij ≤ ci ……….. [8] 

                   


m

i 1

xij = 1 , j є N = {1,2,…..n}………… [9] 

                     Xij = 0 or 1, i є M , j є N………….. [10] 
The above can be solved by the proposed method. 
 
Numerical Example 
Let us consider a knapsack problem with 4 rows representing 4 knapsacks K1, K2, K3, 
K4 and 3 columns representing 3 items A, B, C. The cost matrix C͂ij and C͂i is the total 
capacity of knapsack i which are triangular fuzzy numbers. The problem is to find the 
optimal assignment of each item to exactly one knapsack so as to minimize the total 
cost assigned. The cost matrix C ͂ij and C ͂i are as follows – 
 

Item → 
Knapsack↓ 

A B C C͂i 

K1 (14,15,16) (7,9,11) (15,16,17) (17,19,21) 

K2 (8,10,12) (16,17,18) (17,19,21) (19,20,21) 

K3 (4,6,8) (11,12,13) (13,14,15) (20,22,24) 

K4 (8,9,10) (9,11,13) (7,8,9) (13,14,15) 
  
 
The problem can be solved by FEDM and also can be verified by converting it into a 
crisp one and solving it by LINGO 9.0  
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 A B C C͂i 

K1 15 [9] 16 19 

K2 10 17 19 20 

K3 [6] 12 14 22 

K4 9 11 [8] 14 

Column penalties → 9 8 11  
 
 
Optimal Assignment :- Item A → K3, B → K1, C → K4 
Optimal Cost :- 6 + 9 + 8 = 23 
 
 
4. Results and discussions 
In this paper we have solved a GAP with restriction on costs under fuzzy 
environment. In real life situation the data cannot be taken as crisp one. So to solve 
the GAP we have used two methods. In method 1, we have taken the costs as TFN 
and to get the BFS modified EDM has been used. For optimal solution MODI method 
is used and Table 3 shows the result. In method 2, we have transformed the problem 
into crisp one by using Yager’s Ranking method and solved it by EDM for initial 
BFS. For optimal solution the problem (Objective Function) has been written in L.P.P 
form and has been solved by LINGO 9.0 (Table 4&5). 
 
 
Conclusions 
In this paper we have solved a FGAP considering the restriction on the available cost 
of the workers by modified FEDM. Considering the data as TFN the initial BFS has 
been found by modified FEDM. To test the optimality we have used modified MODI 
method with the data as TFN which has not been used in the literature so far. Also we 
have solved the problem by converting the FGAP into crisp one using Yager’s 
ranking method and solved it by EDM for initial BFS and then for optimal solution 
we have used LINGO 9.0. This result verifies the result of model1.To solve the real 
life GAP this new modified FEDM is very helpful and easy to understand. The FGAP 
can also be solved by the above method considering the data as TrFN. 
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