International Journal of Fuzzy Mathematics and Systems.
ISSN 2248-9940 Volume 1, Number 3 (2011), pp. 225-236
© Research India Publications
http://www.ripublication.com

Common Fixed Point Theorems for Six Self
Mappings in Fuzzy Metric Spaces under
Compatibility of Type (o)

M. Rangamma, G. Mallikarjun Reddy and P. Srikanth Rao

Department of Mathematics, O.U., Hyderabad. 500007, India

Abstract

In this paper we prove a fixed point theorem for six self mappings by using
compatibility of type (a).Our results extend, generalized several fixed point
theorems on metric and fuzzy metric spaces.
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Introduction
In 1965, the concept of fuzzy sets was introduced by Zadeh[26]. Following the
concept of fuzzy sets, fuzzy metric spaces have been introduced by Kramosil and
Michalek[8] and George and Veeramani[4] modified the notion of fuzzy metric
spaces with the help of continous t-norms. Recently, many authors have proved fixed
point theorems involving fuzzy sets. Vasuki[24] investigated some fixed point
theorems in fuzzy metric spaces for R-weakly commuting maps and Pant[16]
introduced the notion of reciprocal continuity of mappings in metric spaces. Pant and
Jha[18] proved on analogue of result given by Balasubramaniam.et.al.[1]. S.
Kutukcu.et.al [12] extended the result of Pant and Jha[18].

The purpose of this paper is to prove a common fixed point theorem in fuzzy
metric spaces by compatible mappings of type (a) for six self maps which generalize
the result of S. Kutukcu.et.al.[12].

Preliminaries
Definition 1.1: A binary operation *: [0, 1] x [0, 1] — [0, 1] is called a continuous t-
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norm if * is satisfying the following conditions:
e is commutative and associative,
e is continuous,
e a*l=aforall aE [0, 1],

e a*b <c*d whenever a<c and b<d for all a, b, ¢, d € [0, 1].

Definition 1.2 ([4]): A 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm and M is a fuzzy set on X* x (0, o) satisfying
the following conditions for all x, y, z € X, s, t > 0.

(fm1) M(x, y, t) >0,

(fm2) M(x, y, t) = 1 if and only if x=y,

(fm3) M(x, y, ) = M(y, x, 1),

(fm4) M(x, y, t) * M(y, z, s) < M(X, z, t+s),
(fm5) M(X, y, *): (0, ©) — [0, 1] is continuous,

Then M is called a fuzzy metric on X. The function M(x, y, t) denote the degree of
nearness between x and y with respect to ‘t’. We identify x=y with M(x, y, t) =1 for
all t=0 and M(x, y, t) =0 with oo, and we can find some topological properties and
examples of fuzzy metric spaces in paper of George and Veeramani[4].

Example 1.3 (Induced fuzzy metric [4]): Let (X, d) be a metric space. Define a*b= ab
for all a, b € [0, 1] and let My fuzzy sets on X? %(0, o) defined as follows, My(x, vy,

t
t)_ t+d(x,y)
by the metric d, the standard fuzzy metric. On the other hand note that there exists no

metric on X satisfying the above My(x, y, t).

then (X, Mgy, *) is a fuzzy metric space. We call this fuzzy metric induced

Definition 1.4 ([4]): Let (X, M, *) be fuzzy metric space then
a. A sequence {X,} in X converges to x if and only if for any 0 <& < 1 and t>0,
there exists ngEN such that M(x,, X, t)> 1 - € for all n>n, ; i.e M(x,, X, t) — 1
as n — oo for all 0
b. A sequence {x,} in X is Cauchy sequence if and only if for each 0 <& <1 and
t>0, there exists ng€ N such that M(Xy, Xn+p, t)> 1 - € for all n >ng and p>0 ;
e M(Xp, Xn+p, t) — 1 as n — oo for each t>0 and p>0.

c. A fuzzy metric space in which every Cauchy sequence is convergent is said to
be complete.

Remark 1.5: Since * is continuous, it follows from (fm4) that the limit of the
sequence in fuzzy metric space is uniquely determined.
Let (X, M, *) is a fuzzy metric space with the following condition (fm6) t1imM(x,

y, t)=1 for all x, y € X.
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Lemma 1.6(]5]): For all x, y € X, M(X, y, *) is a non decreasing function.

Lemma 1.7([13]): Let (X, M, *) be a fuzzy metric space then M is continuous
function on X* x (o, o).

Lemma 1.8([15]): Let (X, M, *) be a fuzzy metric space if there exists k € (0, 1) such
that M(x, y, kt)>M(x, y, t) then x=y.

Lemma 1.9([15]): Let {y,} be a sequence in a fuzzy metric space(X, M, *) with the
condition (fm6). If there exists a number k € (0, 1) such that M(yn, Yn+1, kt)>M(yn.1,

v, t) for all =0 and n €N, then {y,} is a Cauchy sequence in X.

Proposition 1.10: In a fuzzy metric space (X, M, *), if a*a > a for all a € [0, 1] then
a*b=min{a, b} for all a, b € [0, 1].

Definition 1.11([3]): Two self maps A and S of a fuzzy metric space (X, M, *) are
called compatible if lim M(ASx,, SAx,, t)=1 whenever {x,} is a sequence in X such
n—-»>oo

that lim Ax,= lim Sx,= x for some x in X.

n—-oo n—-oo

Definition 1.12 ([24]): Two self maps A and S of a fuzzy metric space (X, M, *) are
called weakly commuting if M(ASx, SAx, t)> M(Ax_Sx, t) for all x in X and t>0.

Definition 1.13 ([24]): Two self maps A and S of a fuzzy metric space (X, M, *) are
called R-weakly commuting if there exists R> 0 such that M(ASx, SAx, t)> M(AXx,

Sx, % ) for all x in X and 0.

Remark 1.14: Clearly, point wise R-weakly commuting implies weak commuting
only when R<1.

Remark 1.15: Compatible mappings are point wise R-weakly commuting but not
conversely.

Definition 1.16([1]): Two self maps A and S of a fuzzy metric space (X, M, *) are
called reciprocally continuous on X if lim ASx,=Ax and lim SAx,=Sx whenever {x,}

n—>oo n—>0o
is a sequence in X such that lim Ax,= lim Sx, =x for some x in X.
n—oo n—oo

Remark 1.17: If A and S are both continuous, then they are obviously reciprocally
continuous but converse is not true. Moreover, in the setting of common fixed point
theorems for pointwise R-weakly commuting maps satisfying contractive conditions,
continuity of one of the mappings A or S implies their reciprocally continuity but not
conversely.

The following theorem was proved by S. Kutukcu.et. al.[12]
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Theorem 1.18: Let (X, M, *) be complete fuzzy metric space with a*a>a for all a€
[0, 1] and the condition (fm6). Let (A, S) and (B, T) be point wise R-weakly
commuting pairs of self mappings of X such that

AXcX, BX c SX

There exists k € (0, 1) such that M(Ax, By, kt) > N(x, y, t) where

N(x, y, t)= M(Sx, Ax, t)*M(Ty, By, t)*M(Sx, Ty, t)*M(Ty, Ax, at)*M(Sx, By,
(2-a)t) for all x, yEX, a€ (0, 2) and t>0.

If one of the mappings in compatible pair (A, S) or (B, T) is continuous then A, B,
S and T have a unique common fixed point.

Our Results
In this section we extend the theorem 1.18 which generalize the results of [1], [18]
and [12].

Definition 2.1]2]: Two self mappings A and S of a fuzzy metric space (X, M, *) are

called compatible of type(a) if lim M(ASx,, SSx,, t)=1 and lim M(SAx,, AAXx,,
n—-oo n—-oo

t)=1whenever {X,} is a sequence in X such that lim Ax,= lim Sx,=x for some x€X.

n—-oo n—-oo

We shall need the following lemma for proof of our main theorem.

Lemma 2.2 Let (X, M, *) be a compatible fuzzy metric with a*a>a for all a€ [0, 1]
and the condition (fm6).Let A, B, S, T, P and Q be mappings from X into itself such
that

(2.2.1) P(X) c AB(X), Q(X) c ST(X)

(2.2.2) There exist a k€ (0, 1) such that M(Px, Qy, kt)>N(x, y, t)

where N(x, y, t)=M(STx, Px, t)*M(ABy, Qy, t)*M(STx, ABy, t)
*M(ABYy, Px, at)*M(STx, Qy, (2-a)t)

for all x, y € X, a € (0, 2) and t>0 then the continuity of one of the mappings in
compatible type(a) pair (P, ST) or (Q, AB) on (X, M, *) implies their reciprocal
continuity.

Proof: Suppose that (P, ST) are compatible of type (o) mappings and ST is
continuous.

We claim that P and ST are reciprocally continuous.

Let {x,} be a sequence such that Px,—z and STx,—z for some z £X as n—oo.

Since ST is continuous, we have

ST(STx,)—STz, ST(Px,)—STz as n—co.

Since (P, ST) is compatible of type (a), we also have

lim M(PSTx,, ST STx,, t)=1 and I111_1301o M(STPx,, PPx,, t)=1

n—oo

which gives lim M(PSTx,, STz, t)=1 and lim M(STz, PPx,, t)=1
n—»>oo n—»>oo
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that is PSTx,— STz and PPx,—STz as n—oo.

Since P(X) € AB(X), for each n there exists y, in X such that PSTx, = ABy, thus
we have
(2.2.3) ST STx, — STz, STPx, — STz, PPx,—STz, PSTx, =ABy,—STz as

n—o0.

We claim that Qy,— STz as n—o.
If not, there exists a sub sequence {Qyn} of {Qy,} such that for a given t>0, there
exists a number € >0 and positive integer ny such that for all m>n,
M(Qym, STz, t) < & and M(PSTxy,, Qym, t) < €.

Now from (2.2.2) and (2.2.3)
(2.2.4) M(PSTXm, Qym, kt) > N(STXp, ym, t)> M(ST STx.,, PSTxp, t)*
M(ABYm, Qym, t)

* M(ST STxm, ABym, t)* M(ABym, PSTXp, at) * M(ST STXm, Qym, (2-a)t)
(2.2.5) letting m—oo and o = 1 we get

lim M(STz, Qym, kt)> lim (M(STz, STz, t)* M(STz, Qym, t)* M(STz, STz, t)
m—oo m—oo

* M(STz, STz, t)* M(STz, Qym, t))
> lim M(STz, Qym, t)
m-—-oco

therefore from lemma 1.8, we have

(2.2.6) lim Qyy, = STz.
m-—-o0oo
Now, from (2.2.6), (2.2.2), (2.2.3) we get
(2.2.7) M(Pz, Qym, kt)>N(z, ym, t) =M(STz, Pz, t)* M(ABym, Qym, t) *

M(STz, ABym, t) * M(ABym, Pz, at) * M(STz, Qymn, (2-0)t)
letting m—oo and put 0=1, we get

(2.2.8) M(Pz, STz, kt)>M(STz, Pz, t)*M(STz, STz, t)*M(STz, STz,
t)*M(STz, Pz, t) *M(STz, STz, t)

Therefore from lemma 1.8, we have
(2.2.9) STz =Pz,

thus STPx,—STz and PSTx,—STz = Pz as n—wx, therefore ST and P are reciprocally
continuous on X.

If the pair (Q, AB) is assumed to be compatible of type (o) and AB is continuous,
the proof is similar.

Theorem 2.3: Let (X, M, *) be complete fuzzy metric space with a*a>a for all a€ [0,
1] and the condition (fm6). Let A, B, S, T, P and Q be mappings from X into itself
such that
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(2.3.1) P(X) c AB(X), Q(X) c ST(X)

(2.3.2) The pairs (A, B), (T, S), (P, S), (Q, A), (P, T), (Q, B) are commuting
(2.3.3) The pairs (P, ST) and (Q, AB) are compatible of type (o) and one of P,
AB, Q, ST is continuous.

(2.3.4) There exists a number k& (0, 1) such that M(Px, Qy, kt)>N(x, vy, t)

where N(x, y, t)= M(STx, Px, t)*M(ABYy, Qy, t)*M(STx, ABY, t)
*M(ABYy, Px, a t)*M(STx, Qy, (2-a)t)
forallx,y € X, a € (0, 2) and t>0
then A, S, P, T and B have a unique common fixed point in X.

Proof: P(X) c AB(X), for any x¢ £ X, there exists a point x;EX such that Pxj=ABx,
since Q(X) c ST(X), for this point x; we can choose a point x,EX such that
QX1:STX2.

Inductively we can find a sequence {y,} in X as follows
(235) Yon= PXZHZABXQHH and YQH+1:QXZH+1:STX2n+szI‘ Il:(), 1, 2, R

By (2.3.4) for all t=0 and a=1-q with q € (0, 1), we have
(236) M(Pin, QX2n+1, kt)Z M(STin, Pin, t)* M(ABXQHH, Qinﬂ, t)*
M(STin, ABX3p11, 1)

* M(ABXQHH, Pxsy, (l-q)t)* M(STin, Qinﬂ, (1+q)t)
(2.3.7) M(Y2n, Yon+1, kt)> M(y2n-1, Yon, 1) M(Y2n, Y2n+1, 1)* M(Y20-1, Y20, t)

* M(y2n, Y2n, (1-D)* M(y20-1, Yon+1, (1+q)t)

> M(Y2n-1, Y20, £)* M(¥20, Y2n+1, £)* M(Y20-1, Y20, £)* M(¥2n, Y2n+1, qt)

Since t-norm * is continuous, letting g—1, we have
> M(Y2n-1, Y2n, £)* M(Y20, Y2nt1, )* M(Y2n, Y2n+1, )
> M(Y2n-1, Yan, £)* M(Y2n, Yan+1, t)

It follows that
(2.3.8) M(¥2n, Yant1, Kt)> M(Yon-1, Y20, £)* M(Y2n, Y2nt1, t)

Similarly
(2.3.9) M(Y2n+1, Yant2, K> M(Y2n, Yant1, £)* M(Yant1, Yoni2, t)

Therefore for all n even and odd, we have
(2.310) M(Yn, yI’H—l, kt)z M(yn-l, Yn, t)* M(Yn, Yn+1a t)

Consequently

(2.3.11) M(Yn, Yarr1s = M(Ya-1, Yo, K% MYy Yor1, K1)
Repeated application of this inequality will imply that

M(¥n, Yn+1, > M(¥n-1, Yn, k'lt)* M(Vn, Ynti, k'lt)Z .........
.................... > M(Yn-1, Yoo K'1)* M(Yny Vo1, K™t), mEN

Since M(Vu, Yu+1, Kt) —1 as m—oo, it follows that
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(2.3.12) M(Yns Varts > M(Yn-1, ya, kK't) for all nEN.

Consequently M(yn, Vn+1, kt)> M(¥n-1, ¥a, t) for all nEN.

Therefore, by the lemma 1.9, {y,} is a Cauchy sequence in X. Since X is
complete, {y,} converges to a point zEX. Since {Pxs,}, {QxXon+1}, {ABXo+1} and
{STxons2} are sub sequences of {y,}, they also converge to the point z.

(2313) Pin, QX2n+1, ABX2n+1, STX2n+1—>Z as N—0.

Assume P is continuous.
(23 14) PPX2n=PABX2n+1—>PZ and PQX2n+1=PSTX2n+2—>PZ as N—oa0,

Since (P, ST) is compatible of type(a),
(2.3.15) lim M(PSTxz,, ST STxay, t)=1 and lim M(STPx,,, PPxa,, t)=1.
n—-oo

n—-oo

Since (P, ST) is compatible of type (o) and P is continuous, by lemma 2.2 P, ST
are reciprocally continuous, so
(2.3.16) PSTx,,—Pz, STPx,,—STz as n—o0.

In view of (2.3.15) and (2.3.16) we get
lim M(Pz, ST STxy,, t)=1 and lim M(STz, PPx,,, t)=1 thus
n—-oo

n—-oo

(2.3.17) ST STx,,—Pz and PPx,,—STz as n—o0
From (2.3.17) and (2.3.14) we get

(2.3.18) Pz=STz
Since P(X) c AB(X), there exists a point w in X such that Pz=ABw.

Using (2.3.4) with a=1 and (2.3.18), we get
(2.3.19) M(Pz, Qw, kt)>N(z, w, t)=M(STz, Pz, t)* M(ABw, Qw, t)* M(STz,
ABw, t)

* M(ABw, Pz, at)* M(STz, Qw, (2-a)t)

> M(Pz, Pz, t)* M(Pz, Qw, t)* M(Pz, Pz, t)* M(Pz, Pz, t)* M(Pz, Qw, t)

M(Pz, Qw, kt)> M(Pz, Qw, t) which shows Pz= Qw thus

(2.3.20) Pz=STz=Qw=ABw.
Now, from (2.3.13) and (2.3.4) with a=1 we get

(2.3.21) M(Pz, z, kt) = lim M(Pz, Qxon+1, kt)
n—-oo
> lim N(z, Xon+1, t)
n—>oo
> lim {M(STz, Pz, t)* M(ABX2n11, QXon+1, t)* M(STz, ABX2n+1, t)
n—>oo

* M(ABx2nt1, Pz, t)* M(STz, QXont1, 1)}
>M(Pz, Pz, t)*M(z, z, t)*M(Pz, z, t)*M(z, Pz, t)*M(Pz, z, t)
M(Pz, z, kt)>M(Pz, z, t) which shows z= Pz thus
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(2.3.22) Pz=7z=STz=Qw=ABw.

Taking w,=w for all n>1, it follows that Qw,—Qw=z and ABw,—ABw=z as
n—oo

Since (Q, AB) is compatible mappings of type(a)

I111_r>ro1o M(QQw,, ABQwy, t)=1

M (QQw, ABQw, t)=1
M(Qz, ABz, t)=1 which implies Qz=ABz thus

(2.3.23) Qz= ABz.

Now we show that z is the fixed point of Q
(2.3.24) M(z, Qz, kt)= lim M(Pxy,, Qz, kt)> lim N(x,y, z, t)
n—oo n—-oo

> lim { M(STxz,, Pxon, )*M(ABz, Qz, t) *M(STx,,, ABz, t) *M(ABz, Px,,
n—»>oo

at)*M(STxz,, Qz, (2-a)t)}
letting a=1
>M(z, z, 1)*M(Qz, Qz, t)*M(z, Qz, t)*M(Qz, z, t)*M(z, Qz, t)
>M(z, Qz, t) which shows z=Qz thus

(2.3.25) 7z=P7z=Qz=ABz=STz.

Now we show that z=Tz by putting x=Tz, y=x2,+1 With a=1 in (2.3.4) and using
(2.3.2),(2.3.25)

(2.3.26) M(PTz, Qxant1, kt)>N(Tz, X2nt1, t)
>M(STTz, PTz, t)* M(ABxX2n+1, QXont1, t)* M(STTz, ABxapt1, t)
* M(ABinﬂ, PTZ, t)* M(STTZ, Qinﬂ, t)
letting limit as n—o0
M(Tz, z, kt)>M(Tz, Tz, t)*M(z, z, t)*M(Tz, z, t) *M(z, Tz, t)*M(Tz, z, t)
>M(Tz, z, t) which shows Tz=z.

(2.3.27) Tz=z.

Since STz=z therefore Sz=z.
Finally we have to show that Bz=z.
By putting x=z, y=Bz with 0=1 in (2.3.4) and using (2.3.27), (2.3.25)

(2.3.28) M(Pz, QBz, kt)>N(z, Bz, t)
> M(STz, Pz, t)*M(ABBz, QBz, t)*M(STz, ABBz, t)
*M(ABBz, Pz, t)*M(STz, QABz, t)
>M(z, z, t)*M(Bz, Bz, t)*M(z, Bz, t)*M(Bz, z, t)*M(z, z, t)
>M(z, Bz, t)
which implies M(z, Bz, kt)>M(z, Bz, t)
therefore z=Bz.
since ABz=z therefore Az=z.
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By combining the above results, we have Az=Bz=Sz=Tz=Pz=Qz=z that is z is the
common fixed point of A, B, S, T, P and Q.

For uniqueness, let w(w+#z) be another common fixed point of A, B, S, T, P and Q
with a=1.

Then by(2.3.4), we get M(Pz, Qw, kt)>M(STz, Pz, t)*M(ABw, Qw, t)*M(STz,
ABw, t)

*M(ABw, Pz, t)*M(STz, Qw, t)

>M(z, z, t)*M(w, w, t)*M(z, w, t)*M(w, z, t)*M(z, w, t)

M(z, w, kt) >M(z, w, t),

therefore z=w, z is the unique fixed point of A, B, P, Q, S and T.

If we put B=T=Iy (the identity map on X) in the theorem 2.3 we have the
following.

Corollary 2.4: Let (X, M, *) be a complete fuzzy metric space with a*a> a for all a&
[0, 1] and the condition (fm6), let A, S, T be mapping from X into itself such that

(2.4.1) P(X) c A(X), Q(X) c S(X)

(24.2) The pairs (P, S) and (Q, A) are compatible of type(a) and one of P, A,
Q and S is continuous.

(2.4.3) There exists a number k € (0, 1) such that

M(Px, Qy, kt)>M(Sx, Px, t)*M(Ay, Qy, t)* M(Sx, Ay, t)*M(Ay, Px, at)

*M(Sx, Qy, (2-a)t) for all x, y €X, a€ (0, 2) and t>0 then A, S, P and Q have a
unique common fixed point in X.

If we put P=Q, B=T=I in the theorem 2.3 we have the following.

Corollary 2.5: Let (X, M, *) be a complete fuzzy metric space with a*a> a for all aE
[0, 1] and the condition (fm6). Let A, S, T be mappings from X into itself such that

(2.5.1) P(X) c A(X), P(X) c S(X)

(2.5.2) The pairs (P, A), (P, S)are compatible of type(a) and one of P, A, S is
continuous.

(2.5.3) M(Px, Py, kt)>M(Sx, Px, t)*M(Ay, Py, t)*M(Sx, Ay, t)*M(Ay, Px,

at)*M(Sx, Py, (2-a)t)

for all x, yEX, a€ (0, 2) and t> 0 then P, S, A have a unique common fixed point
in X.

If we put A=S and B=T=I in the theorem 2.3 we have the following.

Corollary 2.6: Let (X, M, *) be complete fuzzy metric space with a*a>a for all a€ [0,
1] and the condition (fm6).Let P, Q and S be mappings from X to itself such that

(2.6.1) P(X) c S(X), Q(X) c S(X)

(2.6.2) The pairs (P, S) or (Q, S) is compatible of type (o) and one of P, S, Q
is continuous

(2.6.3) M(Px, Qy, kt)>M(Sx, Px, t)*M(Sy, Qy, t)*M(Sx, Qy, t)*M(Sy, Px,

at)*M(Sx, Qy, (2-)t)
for all x, y € X, a € (0, 2) and t>0 then P, Q, S have a unique common fixed point
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in X.
If we put P=Q, A=S and B=T=I in the theorem 2.3 we have the following.

Corollary 2.7: Let (X, M, *) be complete fuzzy metric space with a*a>a for all a& [0,
1] and the condition (fm6). Let P, S be compatible mappings of type (o) of self maps
such that P(X) c S(X), and there exists a constant k € (0, 1) such that

M(Px, Py, kt) >M(Sx, Px, t)* M(Sy, Py, t)* M(Sx, Sy, t)* M(Sy, Px, at)

* M(Sx, Py, (2-a)t)

forall x, y € X, a € (0, 2) and t>0 then P and S have a unique common fixed point
in X.

Remark 2.8: Since a*b= min{a, b} then the condition (2.3.4) in the theorem 2.3
becomes

M(Px, Qy, kt)> min{M(STx, Px, t)*M(ABy, Qy, t)*M(STx, ABYy, t)

*M(ABYy, Px, at)*M(STx, Qy, (2-a)t)}

for all x, y €X, a& (0, 2) and t>0.

Now, we prove the theorem 2.3 from complete fuzzy metric space to complete
metric space.

Theorem 2.9: Let A, B, S, T, P and Q be self mappings of a complete metric space
(X, d) suppose that the pairs (P, AB) and (Q, ST) are compatible mappings of type (a)
such that P(X) c S(X), Q(X) c S(X) and also the pairs (A, B), (S, T), (P, S), (P, T),
(Q, A), (B, Q) are commuting, one of P, Q, AB, ST are continuous. If there exists a
constant k € (0, 1) such that for all x, y €X

d(Px, Qy) < k max{d(STx, Px), d(ABy, Qy), d(STx, ABy), Y2[d(ABy, Px)+d(STx,
Qy)l}

then A, B, S, T, P and Q have a unique common fixed point in X.

Proof: The proof follows from theorem 2.3, by considering the induced fuzzy metric
space (X, M, *) where a*b=min {a, b} and M(x, y, t) = Aty
This result also generalizes the results of Pant and Jha[18] and Balasubramaniam

et.al.[1],
Kutukcu et.al.[12] for complete metric space in the above said sense.
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