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Abstract 

In this study, MHD steady laminar flow and heat transfer in non-Newtonian 

viscoelastic fluid expanded on a horizontal plane is considered. The governing 

non-linear momentum and thermal boundary layer equations are reduced to a 

set of non-linear ordinary differential equations by appropriate transformation. 

To evaluate the temperature and velocity profiles of the problem we used 

Optimal Homotopy Asymptotic Method (OHAM). The influence of various 

parameters such as, magnetic parameter, viscoelastic parameter, Prandtl 

number, and viscous dissipation parameter on curves, speed, and temperature 

are investigated through graphs and tables. It is observed magentic parameter, 

and viscoelastic parameter increases the thickness of thermal boundary layer. 

Keywords: laminar flow; non-Newtonian fluid;  viscoelastic, MHD; Spread 

sheet. 

 

1.  INTRODUCTION 

The study of laminar boundary layer flow of non-Newtonian fluids over continuous 

moving surfaces is an important type of flow occurring in a number of engineering 

processes. Aerodynamic extrusion of plastic sheets, cooling of an infinite metallic 

plate in a cooling bath, the boundary layer along a liquid film in condensation 

processes and a polymer sheet or filament extruded continuously from a die are 

examples of practical importance. Also, glass blowing, continuous casting, and 

spinning of fibers involve the flow due to a stretching surface. Furthermore, it has 

several practical applications in the field of metallurgy and chemical engineering such 

as the material manufactured by the extrusion process and heat-treated materials 

traveling between a feed roll and a wind-up roll or on conveyor belt possess the 

feature of a moving continuous surface. 
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Viscoelasticity is a material property that exhibits both viscous and elastic 

characteristics when undergoing deformation. Materials like honey, that resist shear 

flow and strain linearly with time when a stress is applied are called viscous. and 

materials that strain when stretched and quickly return to their original state once the 

stress is removed is named as elastic. Elements that have both of these properties and, 

as such exhibit time-dependent strain are viscoelastic materials. The result of bond 

stretching along crystallographic planes in an ordered solid is usually described as 

elasticity, and the result of the diffusion of atoms or molecules inside an amorphous 

material is called viscosity.  

The magnetic hydrodynamic flow of viscoelastic fluid widescreen with respect to the 

radiation source/heat sink (non-uniform) of the energy equation has been studied by 

Nandeppanavar et al [1]. They have noted that the PHF boundary conditions are more 

suitable for the effective cooling spreadsheet. As well as to regulate the temperature 

of the system should at least be considered parameters of radiation as much as 

possible. Babaelahi et al. [2] considered their study on the momentum and heat 

transfer characteristics in an incompressible electrically conducting viscoelastic 

boundary layer fluid flow over a linear stretching sheet. The process of converting 

mechanical energy of downward flowing water into thermal and acoustical energy is 

Viscous dissipation. Recently many researchers have been extensively studied on 

Momentum, heat and mass transfer in a viscoelastic boundary layer flow over a linear 

stretching sheet because of its ever-increasing usage in polymer processing industry. 

On the study of visco-elastic boundary layer fluid flow, heat transfer a new dimension 

is added by considering the effects of heat source, viscous dissipation, and thermal 

radiation as well as a mass transfer by considering the effect of a chemical reaction. 

The visco-elastic MHD flow, heat and mass transfer over a porous stretching sheet 

with a dissipation of energy and stress work have been widely discussed by Khan et 

al. [3]. Bhargava and Goyal [4] theoretically studied the problem of MHD boundary 

layer flow and heat transfer on a permeable stretching surface in a second-grade 

nanofluid under the effect of heat generation and partial slip. MHD flow and heat 

transfer in a viscoelastic liquid over a stretching sheet with viscous dissipation, 

internal heat generation/absorption, and radiation have been investigated by 

Sidheswar and Mahabalewar [5].  

MHD flow and heat transfer of an electrically conducting viscoelastic fluid past a 

stretching surface, taking in to account the effects of Joule and viscous dissipation, 

internal heat generation/absorption, work done due to deformation and thermal 

radiation was studied by Chen [ 6]. Morozov and Deng [7] explained field and 

laboratory observations of seismic wave propagation and attenuation using the 

viscoelastic (VE) model and effective moduli. However, in sedimentary rocks, wave 

velocities and attenuation rates are dominated by pore-fluid effects, such as 

poroelasticity, squirt, and mesoscopic wave-induced fluid flows. Many researchers 
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studied briefly on visco-elastic boundary layer flow with heat transfer, and few of 

them have considered mass transfer with chemical reaction. Some of the researchers 

who studied on this problem are like Datti et al. [8], Seshadri and Sabaskar [9], 

Cortell [10], Hayat et al. [11], Vajravelu [12], Mustafa et al. [13], Abel et al. [14] and 

Zhang et al. [15].  Nayak et.al [16 ] studied heat and mass transfer effects in a 

boundary layer flow through a porous medium of an electrically conducting 

viscoelastic fluid subject to a transverse magnetic field in the presence of heat 

source/sink and chemical reaction. Metri et al.[17] developed a numerical model to 

study the MHD mixed convective boundary layer viscoelastic fluid flow over a 

stretching sheet embedded in a porous medium in the presence of viscous dissipation 

and non-uniform heat source have been investigated. More recently Heydari and 

Taleghani [18] studied fluid flow and heat transfer in non-Newtonian viscoelastic 

fluid and MHD steady laminar flow expanded on a horizontal plane. Motivated by the 

above study, in the present analysis, we have considered a visco-elastic fluid of 

Walters B-Model. Further, we have incorporated heat source, viscous dissipation and 

velocity slip to the work of Heydari and Taleghani [18 ]. Our study is confined to 

convective MHD boundary layer flow of an incompressible non-Newtonian visco-

elastic fluid past a stretching sheet in the presence of a transverse magnetic field. To 

obtain an analytical solution of the considered problem we used the method of 

Optimal Homotopy Asymptotic method (OHAM) as developed by Nandeppanavar 

[19]. The present study has relevance in its own right due to its method of solution 

and generalized approach to study the flow and heat transfer phenomena of a visco-

elastic fluid representing some common fluids. 

 

2. FORMULATION OF THE PROBLEM 

 

Figure 1: The current configuration on page spread 
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Consider a two-dimensional steady laminar boundary layer flow of a viscoelastic fluid 

with electrical conductivity on a page spread is considered in the presence of uniform 

magnetic field perpendicular to the screen. Which is powered by two different-

oriented and with equal force are applied and expanded along with x-axis (the center 

is kept constant). With a speed of the stretching sheet 𝑢𝜔(𝑥) = 𝑏𝑥, a uniform 

magnetic field of strength 𝐵0 is applied to the sheet along with 𝑦. The equation of 

continuity, momentum,  and energy are given from equation (1) to (3) with the help of 

approximation of the boundary layers. In this case, the screen rate spreads by a fixed 

speed of 𝑏. physical geometry and a co-ordinate system are shown in figure 1. The 

problem for viscoelastic fluid is used from both fluid quadratic model (also called the 

fluid walters) and the second fluid with having continuity, momentum, and energy 

equation are defined as follows.                                                                                                                      

𝜕𝑢
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Where 𝑢 and 𝑣 are the high velocities  and are in line with 𝑥 and 𝑦-axes with 

kinematic viscosity �, visco-elastic parameters 𝑘0, electrical conductivity 𝜎, uniform 

magnetic field 𝐵0, fluid density 𝜌, specific heat at constant pressure 𝑐𝑝, thermal 

conductivity 𝐾, temperature of the fluid 𝑇, and viscosity of the fluid 𝜇 with boundary 

conditions: 

𝑢 = 𝑢𝜔(𝑥) + 𝐿
𝜕𝑢

𝜕𝑦
, 𝑣 = −𝑣𝜔

𝑇 = 𝑇𝜔 = 𝑇∞ + 𝐴 (
𝑥

𝑙
)
2 }, at 𝑦 = 0                                                                  (4) 

𝑢 → 0
𝑇 → 𝑇∞

} as 𝑦 → ∞                                                                                                   (5) 

By introducing the stream function of the flow 𝜓, 𝑢 =
𝜕𝜓

𝜕𝑦
  and 𝑣 = −

𝜕𝜓

𝜕𝑥
 and using 

similarity transformations the given non-linear PDEs of the momentum and energy 

equations has been transformed in to a non-linear ODEs as follows: 

𝜂 = √
𝑏

𝜈
 𝑦,

𝜓 = √𝑏𝜈 𝑥𝑓(𝜂),

𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝜔−𝑇∞
, }
 
 

 
 

                                                                                                      (6) 

Where η is the similarity variable, 𝑓(𝜂) and 𝜃(𝜂) are the dimensionless velocity and 

dimensionless temperature. Thus, the transformed non-linear ODES is 
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𝑓′′′ − 𝑓′2 + 𝑓𝑓′′ − 𝑀𝑓′ + 𝐾1(𝑓′′2 − 2𝑓′𝑓′′′ + 𝑓𝑓′′′′) = 0,                                       (7) 

𝜃′′ − 𝑃𝑟[2𝑓′𝜃 − 𝑓𝜃′ − 𝛿𝜃 − 𝐸𝑐𝑓′′2] = 0,                                                                  (8) 

 

with corresponding boundary conditions   

𝑓′(𝜂) = 1 + 𝑘𝑓′′(𝜂), 𝑓(𝜂) = 𝑆,

𝜃(𝜂) = 1
} at 𝜂 = 0                                                                  (9) 

𝑓′(𝜂) → 0, 𝜃(𝜂) → 0} as η→ ∞                                                                                 (10) 

where the primes denote differentiation with respect to η, constants appearing in Eqs. 

(7)-(9) are  the magnetic field parameter 𝑀, viscoelastic parameter 𝐾1, Prandtl 

number 𝑃𝑟, heat source parameter 𝛿, viscous dissipation parameter 𝐸𝑐, velocity slip 

parameter 𝑘 and suction parameter 𝑆 and they are defined as: 

𝑀 =
𝜎𝐵0

2

𝑏𝜌
, 𝐾1 =

𝑘0𝑏

𝜈
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𝜇𝑐𝑝

𝐾
, 𝛿 =

𝑄

𝑏𝜌𝑐𝑝
, 𝐸𝑐 =

𝑢𝜔
2

(𝑇𝜔−𝑇∞)𝑐𝑝
, 𝑘 = 𝐿√

𝑏

𝜈
 , 𝑆 =

𝑣𝜔

√𝑏𝜈
 

The other important characteristics of the present investigation are the local skin 

friction coefficient 𝐶𝑓  and the local Nusselt number 𝑁𝑢 defined by 

𝐶𝑓 =
𝜏𝜔

𝜇(𝑏𝑥)√
𝑏

𝜈

= (1 − 𝐾1)𝑓′′(0)                                                                             (11) 
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𝜌𝑓
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)
𝑦=0
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                                     (12) 

𝑁𝑢 =
𝑞𝜔

𝑘(𝑇𝜔−𝑇∞)√
𝑏

𝜈

= −𝜃′(0),   

where 𝑞𝜔 = −𝑘 (
𝜕𝑇

𝜕𝑦
)
𝑦=0

= −𝑘√
𝑏

𝜈
 (𝑇𝜔 − 𝑇∞)𝜃′(0),                                              (13) 

 

3. SOLUTION BY OHAM 

Applying the basic principles and procedure of OHAM as done by Nandeppanavar 

[19], the solution of Eqs. (7) - (8) with respect to the corresponding boundary 

conditions (9)-(10) can be solved by optimal homotopy asymptotic method as: 

 

(1 − 𝑝)(𝑓′′ + 𝑓′) − 𝐻1(𝑝)[(𝑓′′′ − 𝑓′
2 + 𝑓𝑓′′ − 𝑀𝑓′ + 𝐾1(𝑓′′2 − 2𝑓′𝑓′′′ + 𝑓𝑓′′′′)) − (𝑓′′ + 𝑓′)],

(1 − p)(𝜃′ + 𝜃) − 𝐻2(𝑝)[(𝜃′′ − 𝑃𝑟[2𝑓′𝜃 − 𝑓𝜃′ − 𝛿𝜃 − 𝐸𝑐𝑓′′
2]) − (𝜃′ + 𝜃)]

}(14) 

Obviously when p = 0 and p = 1  

𝜙(𝜂, 0) = 𝑣0(𝜂)    and       𝜙(𝜂, 1) = 𝑣1(𝜂)                                                            (15) 

Thus as p increases from 0 to 1, the solution varies from v0(η) to v1(η). For p = 0 
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we can write 

𝐿(𝑣0(𝜂)) + 𝑔(𝜂) = 0, 𝐵(𝑣0) = 0,                                                                           (16) 

The auxiliary equation H(p) is chosen as: 

𝐻(𝑝) = 𝑝𝐶1 + 𝑝
2𝐶2 + 𝑝

3𝐶3 +⋯,                                                                           (17) 

Where C1, C2, C3…are constants. 

In the same way we can write the auxiliary equations for the momentum and heat 

transfer (17) as: 

𝐻1(𝑝) = 𝑝𝐶11 + 𝑝
2𝐶12 +⋯

𝐻2(𝑝) = 𝑝𝐶21 + 𝑝
2𝐶22 +⋯

}                                                                                   (18) 

Expanding ϕ(η, p) in series with respect to p one can write: 

𝜙(𝜂, 𝑝, 𝐶)𝑖 = 𝑣0(𝜂) + ∑ 𝑣𝑘(𝜂, 𝐶𝑖)𝑝
𝑘, 𝑖 = 1,2,3…𝑘≥1                                               (19) 

Now following the method and substituting (18) in to (14) we can write:  

The Zeroth order as: 

𝑝0:                          𝑓′′0 + 𝑓′0 = 0

𝑓0(0) = 𝑆, 𝑓′0(0) = 1 + 𝑘𝑓′′0(0)

𝜃′0 + 𝜃0 = 0

𝜃0(0) = 1 }
 

 

                                                                          (20) 

One can obtain the zeroth order  with corresponding boundary conditions 

𝑓0(𝜂) =
ⅇ−𝑥(−1+ⅇ𝑥+ⅇ𝑥𝑆+ⅇ𝑥𝑘𝑆)

1+𝑘
,

𝜃0(𝜂) = 𝑒−𝜂
}                                                                                 (21) 

Similarly we can obtain the first and second order solutions too. Hence, solutions for 

the momentum equation and heat transfer equation (up to second-order terms) are 

given by 

𝑓(𝜂) = 𝑓0(𝜂) + 𝑓1(𝜂) + 𝑓2(𝜂)

𝜃(𝜂) = 𝜃0(𝜂) + 𝜃1(𝜂) + 𝜃2(𝜂)
}                                                                            (22) 

On substituting the values of 𝑓(𝜂) and  𝜃(𝜂) from (22) in to equations (7) and (8), we 

can find residuals as 𝑅1(𝜂, 𝐶11, 𝐶12) and 𝑅2(𝜂, 𝐶21, 𝐶22) , subsequently we can obtain 

the Jacobians                                            𝐽1 𝑎𝑛𝑑  𝐽2  as follows: 

   𝐽1(𝜂, 𝐶11, 𝐶12) = ∫ 𝑅1
2𝑏

0
(𝜂, 𝐶11, 𝐶12)𝑑𝜂                                                             (23) 

 𝐽2(𝜂, 𝐶21, 𝐶22) = ∫ 𝑅2
2𝑏

0
(𝜂, 𝐶21, 𝐶22)𝑑𝜂                                                               (24) 

Using these constants which we call it convergence parameters, approximate solution 

of the problem (to order m ) can be determined very easily. 
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4. RESULTS AND DISCUSSIONS 

In this study,  the transformed non-linear ODEs of momentum and energy eqs.(7) and 

(8) subject to the boundary conditions (9) and (10) were analytically solved by using 

Optimal Homotopy Asymptotic Method (OHAM). The results obtained are explained 

through graphs and tables. The skin friction coefficient and temperature gradient for 

different values of the governing parameters are shown in Table 1. From the tabele it 

is observed that both the skin friction coefficient and the heat transfer rate decreases 

with an increase of the velocity slip parameter. Figures 2 and 3 show the effect of 

velocity slip parameter k on velocity profile and temperature profile. Thus it is 

observed that increasing the velocity-slip parameter k reduces the velocity profile, this 

is due to the reason that the effect of increasing parameter shifts the streamlines 

towards stretching boundary and thereby reduces thickness of the momentum 

boundary layer, while the reverse trend happens for temperature profile,i.e. velocity 

slip parameter k enhances the temperature profile. In figures 4 and 5,  the impact of 

magnetic parameters M on velocity and temperature distribution curve is shown. In 

this situation,  a drag force, which we called it Lorentz force arises due to the 

magnetic field applied perpendicular to the flow of electrical conductivity. Increasing 

temperature and flow rate near the screen causes to decrease the Lorentz force. Thus, 

the increasing of the magnetic parameter M results in a reduction in speed and an 

increase in the thermal boundary layer thickness. Hence, it must be clear that a large 

resistance on the fluid particles that generate heat in the fluid, caused by increasing 

magnetic field parameters M. From figures 6 and 7 it is observed that as the suction 

parameter S increases both the dimensionless  velocity and temperature profile 

decreases near the stretching sheet.Figures 8 and 9 show the impact of visco-elastic 

parameter K1 on the velocity profile and temperature profile. We have observed that 

the axial velocity increases near the stretching sheet with an increase of visco-elastic 

parameter k1, while near the edge of the boundary layer the reverse process happened. 

Thus, viscoelasticity plays an important role in the boundary layer thickness. In the 

case of the temperature profile, increasing the visco-elastic parameter K1 increases 

the temperature profile. This shows that the visco-elastic parameter k1 increases the 

thermal boundary layer thickness, i.e. increasing the visco-elastic parameters for 

Walters' fluid due to reducing the amount of fluid increases the dimensionless 

temperature. While the opposite behavior is observed for secondary fluid. Walters' 

fluid heat transfer rate decreases with increasing the visco-elastic parameter k1.  

Figure 10 shows the influence of viscous dissipation parameter Ec on the temperature 

profile. Thus, as it is visible from the figure, we observed that increasing the viscous 

dissipation parameter Ec increases the temperature profile. This shows that the 

thermal boundary layer thickness increases with an increase of viscous dissipation 

parameter Ec. This due to the fact that the energy stored in the fluid region as a 

consequence of dissipation because the viscosity and elastic deformation.The effect of 
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heat source parameter 𝛿 on the temperature profile is shown in figure 11. From the 

figure, we found that the heat source parameter 𝛿 increases the conductivity of the 

fluid and the thickening of the thermal boundary layer. This shows that the thermal 

boundary layer thickness increases with an increase of the heat source parameter 𝛿. In 

figure 12, the combined effect of the magnetic parameter M and the viscoelastic 

parameter K1 on the skin friction coefficient is shown. it is seen that increasing the 

magnetic parameter M increases the skin friction coefficient number, while the visco 

elastic parameter K1 decreases the skin friction coefficient number. Figure 13 shows 

the combined effect of the viscous dissipation parameter Ec and the viscoelastic 

parameter K1 on the temperature gradient. We observed that increasing both the 

viscous dissipation parameter Ec and the visco-elastic parameter decreases the 

temperature gradient. 

 

5. CONCLUSION 

In this study, we considered fluid flow and heat transfer in non-Newtonian 

viscoelastic MHD steady laminar flow on a horizontal spread sheet. The governing 

non-linear PDEs associated to the boundary conditions were transformed to a non-

linear ODEs using similiarity transformation equations. The dimensionless ordinary 

differential equations obtained are solved analytically using Optimal Homotopy 

asymptotic method. From the study, we investigated the following results 

1. The increase of the velocity slip decreases the velocity profile while it ncreases 

the temperature profile. 

2. Increasing the magnetic field parameter 𝑀 decreases the velocity profile and 

increases the temperature profile. 

3. The suction parameter 𝑆 reduces both the velocity profile and the temperature 

profile. 

4. An increase of the viscoelastic parameter 𝐾1 decreases the velocity profile but it 

increases the temperature profile. 

5. Both the viscous dissipation parameter 𝐸𝑐 and heat source parameter 𝛿 enhances 

the temperature profile. 

6. The skin friction coefficient increases with an increase of the magnetic field 

parameter 𝑀, but decreases with an increase of the viscoelastic parameter 𝐾1. 

7. The temperature gradient is reduced with an increase of both the viscous 

dissipation parameter and viscoelastic parameter. 
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Table 1: A comparison of the skin friction coefficient −(1 − 𝐾1)𝑓′′(0) and 

temperature gradient −𝜃′(0). 

M k S K1 Pr 𝜹 Ec −(𝟏 − 𝑲𝟏)𝒇′′(𝟎) −𝜽′(𝟎) 

0.1       0.874094 1.11184 

1       1.10875 0.94107 

2       1.28782 0.807768 

 0.3      1.12915 0.753692 

 0.5      0.909151 0.666718 

 0.7      0.762838 0.602457 

  1     0.847099 1.11072 

  2     0.936348 1.9451 

  3     0.993845 0.998857 

   0.03    0.99955 0.967321 

   0.05    1.00539 0.931306 

    2   1.00539 0.682495 

    3   1.00539 0.47003 

    4   1.00539 0.394325 

     0.3  1.00539 0.378865 

     0.4  1.00539 0.366788 

     0.5  1.00539 0.358126 

      5 1.00539 2.03616 

      10 1.00539 3.77628 

      15 1.00539 5.69729 
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Figure 2: Behavior of 𝑘 on velocity 

profile 

 

Figure 3: Behavior of 𝑘 on 

temperature profile 

 

Figure 4: Behavior of 𝑀 on velocity 

profile 

 

Figure 5: Behavior of 𝑀 on 

temperature profile 

 

Figure 6: Behavior of 𝑆 on velocity 

profile 

 

Figure 7: Behavior of 𝑆 on 

temperature profile 
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Figure 8: Behavior of 𝐾1 on velocity 

profile 

 

Figure 9: Behavior of 𝐾1 on 

temperature profile 

Figure 10: Behavior of 𝐸𝑐 on 

temperature profile 

 

Figure 11: Behavior of 𝛿 on 

temperature profile 

 

Figure 12: Behavior of 𝑀 & 𝐾1 on 

Skin friction coefficient 

 

Figure 13: Behavior of 𝐸𝑐 & 𝐾1  on 

temperature gradient 
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