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Abstract

In this article, sufficient conditions are obtained for the oscillation of all
solutions of the second-order neutral delay difference equation

k
Az (yn - Zpi]}ynfm]) + UnG(ya(n)) - unH(ya(n)) = fnv
j=1

where Ax,, = x,,+1 — x,,. This paper, improve and generalize some known
results. Further the results are illustrated by examples, to which no result
in the literature could be applied.
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1. INTRODUCTION

In this article, we investigate to find sufficient conditions for the oscillation and
asymptotic behavior of solutions of a second order neutral delay difference equation
(NDDE in short)

y - Zpr{z]}yn m7 + UnG(yo(n)) - unH<ya(n)) = fn (11)

where Az, = z,.1 — T, and Az, = A(Ax,). We assume that v,, > 0, u, > 0
and f, are real sequences; mj, ms, ..., m; are non-negative integers; «(n) and o(n)
are sequences of integers which are less than n and tend to co as n — o0; and the
functions G and H belong C'(R,R). We assume zH (x) > 0, so we can study (1.1)
with positive and with negative coefficients. Different conditions on the real bounded
sequences {p{] }}k:1 are considered. The results in this paper also hold when u,, = 0,
fn = 0and G(u,) = u, in (1.1).Some of the following assumptions are to be used later

in this article.

(GO) liminf, .. G(z,) > 0 if liminf, ..z, > 0 and limsup,_, . G(z,) < 0if

lim sup,,_, oo ©,, < 0.
(G1) zG(z) > 0 for x # 0.
(G2) v, >0, 77 v, = o0
(G3) There exists a bounded sequence {F},} such that A*F,, = f,.
(G4) The sequence F;, in (G3) satisfies lim,, ,, F}, = 0.
(G5) Y o2, Nty < 00.
(G6) H is bounded.
(GT7) Y, MU = 00,

(G8) > v,,; = co.where v, is any subsequence of v,,.

A great deal of work is done and much more is to come by researchers and scientists
on the oscillatory and asymptotic behavior of neutral delay difference equations due to
its various application (see[4]) in the fields of science and technology. However, the
study of second order NDDEs (see [2, 7, 12, 13, 14]) with coefficient function changing
sign [15] seems to be very rare. Particularly, study of second order NDDE (1.1) with
multiple delays under A? and the coefficient function changing sign is yet to be taken.
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The results obtained for the oscillation of (1.1) is applied to obtain the sufficient
conditions for oscillatory and asymptotic behavior of solutions of the neutral difference
equation

k
AQ [yn - Zp:l;}ynfml] + QnG(ya(n)) = fn (12)
i=1

where ¢, changes sign. We observe that the condition that “for |u| > 0 there exists
9 > 0 such that |G(u)| > du”was assumed in a recent publication [2] for the study
of qualitative behavior of (1.2), does not hold for sublinear G, i.e; when G(z) = 2'/3.
Further, note that, the results in [2] does not hold for the general case, when ¢, in
(1.2) changes sign. However, the results of this article complements the work [2] and
the results hold for the cases when (G is linear, super linear or sublinear and also for
the general case that, ¢, changing sign in (1.2). Further, these results improve and
generalize the work in [13]which deals with the study of the second order non linear
homogeneous neutral equation

A2 (yn - pnyn—m) + UnG(yn—U) - unH(yn—r) =0 (13)

Let n; be a fixed non-negative integer and

no = min {ny — max mj, min o(n), min a(n)}.
By a solution of (1.1) we mean a sequence of real numbers {y,,} defined for n > ny
that satisfies (1.1) for n > ny. If a set of values

Yn = a, forng<n<n;+1, (1.4)

is given, then (1.1) defines an equation in which we can solve for y,,, 1o explicitly, and
we obtain a unique solution of (1.1) satisfying the given initial condition (1.4).

A solution {y,,} of (1.1) is eventually positive if ¢, > 0 for all n, large enough, and
eventually negative if y,, < 0 for all n, large enough. A nontrivial solution is oscillatory
if it is neither eventually positive nor eventually negative.

The arrangement of the contents of this article is as follows. In section §1, brief review
of literature, the motivation behind the work and the assumptions required, are stated. In
§2, sufficient conditions are found for every solution of (1.1) to be oscillatory or tending
to zero as n — oo. In §3, we find sufficient conditions for oscillatory and asymptotic
behaviour of solutions of the neutral difference equation (1.2), where the coefficient
function ¢,, changes sign. Finally in §4 concluding remark is given.
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2. SUFFICIENT CONDITION

In this section, we present few lemmas from [1, 2, 9] that would be useful for our results
in the sequel.

Lemma 2.1. [2, Lemma 2.12] Assume y,, > 0 for n > ng with liminf, ..y, = 0.
Suppose that

k
Zn = Yn — Zp;[g}yn—m] (21)
j=1

Further, assume that lim,, . z, = 0 exists finitely. Then

(a) pr;{ﬂ'} > 0thend < Oandpij} < 0thend > 0.

(b) Further, suppose that v,, is bounded and the bounded sequences pilj } g =1,2,..k,
satisfy one of the following four conditions.

k
b; > p;{lj} >0 forevery j=1,2,..k and Zlimsuppflj} <b<l1l (22

j=1
k
—b; Sp,‘gj} <0 forevery j=1,2,..kand Zliminfpflj} >—-b>—-1. (2.3)
j=1
—b; < pflj} <0 forevery j=1,2, ..k andthereexists i€ {1,2,3,... .k} such that
lim sup pq{f} — Z lim inf pfbj < 1. 2.4)
J#
b; > pij} >0 forevery j=1,2 ..k andthereexists i€ {1,2,3,....k} such that
lim inf pf? — > " limsupplt > 1. (2.5)
J#i

In the above by, by, ..., by, and b are scalars such that by + by + ... + b, = b. Then § = 0
and lim,, o y, = 0.

Lemma 2.2. []1] Let z, be a real valued function defined for n € N(ng) = {ng,no +
1,..},no > 0and z, > 0 with A™z, of constant sign on N(ng) and not identically
zero.Then there exists an integer p, 0 < p < m — 1, with m + p odd for A"z, < 0 and
(m + p) even for A™z, > 0, such that

Az, >0 for n>ng0<i<np,
and

(=1)PY A2, >0, for n>ng,p+1<i<m-—1.
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Remark 2.3. From the above lemma, for m = 2, if A’z, < 0and z, > 0 thenp = 1
and Az, > 0.

Lemma 2.4. [9] Let m € N and x (n) be a non oscillatory sequence which is positive
for large n. If there exists an integer p € {0,1,...,m — 1} such that APw (00) exits
(finite) and A'w (00) = 0 foralli € {p+1,...,m — 1}. Then

A"w (n) = —x(n), (2.6)
implies
()t &

m—p—1)! d (i+m—p—1- n) PV (), (2.7)

1=n

APw (n) = APw (00) +

for all sufficiently large n.

Theorem 2.5. Suppose that (G1), (G3)~(G5),(G7) hold. Assume that p’ for j =
1,2,3, ..., k satisfies one of the conditions (2.2) — (2.5). Then every bounded solution
of (1.1) oscillates or tends to zero as n — <.

Proof. Assume vy, is a bounded and eventually positive solution of (1.1). Then there
exists a ng such that for n > no: Y, Ya(n)> Yo(n)» Yn—m, for each i are positive.

Define -
Cp = — Z(s —n—+ 1>U5H<ya(s)) forn Z No . (28)

By assumptions (G5) and (G6), the above summation converges, thus c, is a well
defined real-valued sequence, and

lim ¢, = 0. 2.9)
n—oo
Note that the 2nd order difference of ¢, is A%c, = —u,H (Ya(n)). For simplicity of
notation, we define z,, as in (2.1) and
Wy = 2y + ¢ — F, (2.10)

where A2F,, = f,. Since v,, > 0, then from (2.10), (G1) and (1.1) it follows that

A*w, = —0,G (Yo(n)) <0 (2.11)

Then it follows from (2.11) that w,,, Aw are monotonic and of constant sign on some
interval [ny,00). As y, is bounded, then z, and w,, are bounded. Let A := lim,,_,,, w,
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which exists as a finite number because w,, is monotonic and bounded. Applying
Lemma 2.4 to (2.11) i.e; twice summation on (2.11), we obtain

Wy, = A — Z(S —n+ I)USG(yU(s))'

S=n

Since w,, 1s bounded, the above summation is convergent. That is

o0

Z(s —n+ 1)vsG(Yo(s)) < 00.
This in turn, by (G7), implies liminf, . G(y,5)) = 0. As G(z) # 0 for x # 0,
liminf, . ¥s(s) = 0, other wise there exists a positive scalar o and a large integer
ny > ny such that y,,) > a > 0, n > ny. Boundedness of y, gives us an upper
bound 3 for y,(,). Since G is continuous, the term G(ya(n)) has a positive lower
bound +, a contradiction. Thus, liminf, . ¥, = 0. Because lim,, .., o(n) = oo,
liminf, . vy, = 0. Since lim,,_,,, w, exists, c¢,, F,, approach zero, and each pflj }, 7=
1,2, ...,k are bounded, it follows that lim,, .., 2, exists as a finite number. Applying

Lemma 2.1 we prove lim,, ,. y, = 0.

If y, is an eventually negative solution of (1.1) for large n then we set z, = —y, to
obtain x,, > 0 and then (1.1) reduces to

k
A? (mn — Zpij}xn_mj) + vné(xg(n)) — unﬁl(xa(n)) = fn, (2.12)
j=1
where
fo=—fn, G)=-G(-v) H(w)=—-H(—v). (2.13)
Further,
F,=—F, implies AX(F,) = f,. (2.14)

In view of the above facts, it can be easily verified that G, H and F satisfy the
corresponding conditions satisfied by the functions G, H and F' in the theorem.
Proceeding with (2.12) as in the proof for the case y,, > 0, we may complete the proof
of the theorem. [

Remark 2.6. The above theorem 2.5 generalizes [2][Theorem 3.4] and extends[10][
Theorem 6].

Theorem 2.7. Suppose that (GO)—(G6) hold. Assume that there exists a positive
constant b such that the sequence pr{f b 7 = 1,2,..., k satisfies the condition (2.3).

Then every solution of (1.1) oscillates or tends to zero as n — oo.
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Proof. Let y,, be a solution of (1.1), which is eventually positive for n > ny. Then
proceeding as in Theorem 2.5, we define z,, ¢, and w, by (2.1),(2.8) and (2.10)
respectively to obtain (2.11). By (G2), A%w, is not identically zero in any interval
[ng, 00). It follows that there exists n; > ng such that w,,, Aw,, are monotonic and of
constant sign on [n, c0). However, we do not know yet that w,, > 0.

If possible let y,, be unbounded, then, there exists an increasing sequence {a; } such that

lim a; = 0o, lim y, = oo, withy, = max y;.
j—00 j—oo " Y J n1<s<a;

By (2.9), for each € > 0, there exists NV such that
Ca; < € forj > No.

Since o(n), each n —m; approach oo as n — oo, there exists N; > N such that: o(a;),
each a; —m; > ny forj > Ny. By (G3), there is an upper bound 1) for | F},|. Using that
yn, > 0, the definition of {a;}, and that n — m; < n, we have: by (2.3),

k
waj = yaj - Zpii-}yaj—mi + Caj - Faj
i=1
Z(l_b)ya]’_e_na jZNl

Taking limits in the inequality above, we have lim;_, W, = 00. Since wy, Aw,, are
monotonic and of constant sign, it follows that w, > 0 and Aw, > 0. As A%w, < 0
and w,, > 0 then by lemma 2.2and remark2.3 one may have Aw,, > 0 for n > n;. Next
it is to be shown that y,, is bounded below by a positive constant, which will be used for
bounding the G term from below. From (2.3) and that w,, is positive and increasing, it
follows that

k k k
i=1 =1

i=1

k
i=1
k . k .
+ Zp;{zl} [ynfmi - [Zpij—}miyn*mi*m]’] + Chem; — anmi]
i=1 j=1

k
=1
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Note that each p{} <0 andpff_}mj <0,0=1,2,..,kj=1,2,....,kand y, > 0in the
inequality above. This implies

<1—Zb>wn§yn |cn|+|F|+Z|p M len-m,

Then it follows that

k k
(1—Zbi>wn Syn—l—e—l—n—l—Zbi(e—i-n) forn > n;.
i=1 i=1

Since lim,, ,, w, = oo, it follows that lim,,_,, v, = oo. Then there exists no, > n,

+ |Fn mg

such that for n > n2: Y, Ya(n)> Yo(n)» Yn—m, for each i are bounded below by a positive
constant. Due to (G0),(G1) and continuity of G, we find that, for s > ny, G(ys(n)) is
bounded below by a positive constant /5. Taking summation on (2.11),

Awn - A'lUnQ + Z _USG(yU(5)> S Aan - 6 Z Us-

s=ng s=ng

Note that by (G2), the right-hand side approaches —oo, while the left-hand side
is positive. This contradiction implies that the solution can not be unbounded and
eventually positive. Hence y,, is bounded. Since (G2) implies (G7) then we proceed
as in Theorem 2.5 to prove lim,, ,, y, = 0. If ¥, is an eventually negative solution of
(1.1) for large n then we set z,, = —1,, to obtain x,, > 0 and then (1.1) reduces to

Zp{]}xn mj + UnG(IO'(n)) - unﬁl(l‘a(n)) = f~n7 (215)

Further, note that (2.13) and (2.14) hold. Then we may proceed with (2.15) as in the
proof for the case y,, > 0 and complete the proof of the theorem. [

Theorem 2.8. Suppose that (G0)—(G6) hold. Assume that there exists a positive
constant b such that p{] b 7 = 1,2,...,k satisfies the condition (2.2). Then every

solution of (1.1) oscillates or tends to zero as n — o<.

Proof. By contradiction assume y,, to be an eventually positive solution of (1.1), which
does not tend to zero as n — oo. Then there exists a ng such that for n > ng:
Yn Ya(n)s Yo(n) are positive and lim sup,, . ¥, > 0. Define ¢, z, and w,, by (2.8),(2.1)
and (2.10) respectively to obtain (2.11). By (G2), A%w, is not identically zero in any
interval [ny, 00). Then from Lemma 2.2, it follows that w,,, Aw,, are monotonic and of
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constant sign on some interval [n;, 00). We do not know that w,, > 0 yet. Since (2.2)
holds,

k
=1

Taking the limit superior, using that w,, is monotonic and that ¢,, and F;, converge to

zero, we have
k

A= lim w, > (1 — b;) limsupy, > 0.

B> (1= Y0 imsy

Then w,, is positive for n large enough. By [6, Lemma 5.2.1], A?w,, < 0 and w,, > 0
imply the existence of n; such that Aw, > 0 for n > n;. Next we show that
lim inf,, o 3, > 0, which will be used for bounding G (yx(»)) from below by a positive

constant. Using that 0 < p,{lj},j =1,2,...,kand y,, > 0, we have

Taking the limit inferior, using that w,, is monotonic and that c,, and F;, approach zero,
we have
0 < A= lim w, <liminfy,.

n—00 n—oo

Then there exists a ny > n; such that for n > ns: Yy, Ya(n): Yo(n), are bounded below by
a positive constant. Using (G0), (G1) and continuity of GG, we find for s > n,y, G (ya(n))
is bounded below by a positive constant 3. Taking summation on (2.11),

Aw,, = Awy, + i —VG(Yo(s)) < Awp, — B i Us.

S=ngy S=nN2

Note that by (G2), the right-hand side approaches —oo, while the left-hand side is
positive. This contradiction implies that the solution can not be eventually positive
without approaching zero.

If y, is eventually negative and does not tend to zero as n — oo, then proceeding as in
the above, we complete the proof of the theorem. ]

Remark 2.9. The above two Theorems 2.7 and 2.8 extend [10][Theorems 1 and 2] and
generalize [2][Theorem 3.1].

Corollary 2.10. If pt! satisfy (2.3) or (2.2) and (GO) —(G6) hold then every unbounded
solution of (1.1) oscillates.

Theorem 2.11. Assume (GO), (Gl, (G3)~(G6). Further, assume that p’, j =
1,2, ..., k satisfy
—b<pY <0 foreach;. (2.16)
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Let o(n —m;j) = o(n) —m; for j =1,2,.. k. Suppose that
Z vy =00; where v; = min{vVp,, Vp_my, s Un—my }- (2.17)

Further, suppose that there exists a positive constant 9, such that for x; > 0, for
1=1,2,....k+1and u > 0,

k+1 k+1

G(Z z;) < 6ZG(:@-), G(ux;) < G(u)G(x;); for each i (2.18)
i=1 i=1

and that for v; < 0, fori=1,2,....k + 1, and u > 0,

k+1 k+1
G(Z x;) > 5(2 G(z:)), G(uz;) > G(u)G(x;); for eachi. (2.19)
i=1 i=1

Then every solution of (1.1) oscillates or tends to zero as n — <.

Proof. By contradiction assume v, is an eventually positive solution of (1.1), which
does not tend to zero as n — oo. Then there exists a ngy such that for n > ng:
Yn» Ya(n)» Yo(n) are positive and lim sup,, , . ¥, > 0. Define ¢,, z, and w,, by (2.8), (2.1)
and (2.10) respectively to obtain (2.11). Then, A%w, < 0 and w,,, Aw,, are monotonic
and of constant sign on some interval [n, c0). From p;{lj } < Oforeachj =1,2,....k
and y,, > 0, it follows that w,, > y,, + ¢, — F},. In the limit

A= lim w, > limsupy, > 0.

n—00 N—00

Since ¢, and F;, approach zero then lim, ,, 2z, = lim, ,ccw, = A > 0. z, is
bounded below by a positive constant, for all n large. Using y,, + Zle biYn—m; >
Yn — Zlepif}yn_mi, lim,,_,o 0(n) = oo, and o(n — m;) = o(n) — m;, for eaach j,
it follows that ¥y (,,) + Zle biYo(n—m,) 18 also bounded below by a positive constant, on
some interval [ny, 00). Then by (G0)—(G1), there exist a positive constant § such that

B < G (Yo + Zle biYo(n—m,))- Using (2.18) , we obtain
k
6 < G(ycr(n) + Z biya(n7m¢)>

i=1

k
< 5[G(yg(n)) + Z G(bzya(n—mz))]
=1

<9 [G(yo(n)) + Z G(bi)G@O(n—mi))] :
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From (2.11),it follows that

k
Aw, + Y Gb) A%wy i,
=1

k
< —u) [G(yg(n)) + Z G(bi)G(ya(n—mi))}

=1

< —vip/s.

Taking summation from n = ns to s — 1 we obtain

k
Aw, + Y G(b) Awy_p,
=1

k s—1
< Ay + > Gb) Ay, — (B/8) Y vy
i=1 r=ns
In the limit as s — oo, by (2.17), the right-hand side approaches —oo while the left-hand
side is positive. This contradiction proves that eventually positive solutions must
converge to zero. For eventually negative solutions, one may proceed with substitution
rn = —Y, > 0 and proceed as above for the case ¥, > 0 and complete the proof. Thus
the proof is complete. ]

Remark 2.12. The above Theorem 2.11 generalizes and compliments [2][Theorem
3.6].

Remark 2.13. The condition (2.17) implies (G2). However, if v,, is monotonic then
both (2.17) and (G2) are equivalent. Indeed, if v, is decreasing then v, = wv,.
Hence the equivalence of (2.17) and (G2) is immediate. On the other hand if v,
is increasing then assume that (G2) holds. As v, is increasing, v; = v,_, where
r = max{m,my,...,my}. Hence D702 v vr = 372 v v, = 305 v; = 00.
Thus, (2.17) holds, and is equivalent to (G2), when v,, is monotonic.

Theorem 2.14. Assume (GO)—(G6) to hold. Further, assume that pij }, =12 ..k
satisfy (2.16). Let o(n — m;) = o(n) —m; for j = 1,2,...,k. Suppose that (2.18),
(2.19) hold and that v,, is monotonic. Then every solution of (1.1) oscillates or tends to

zero as n — OQ.

Proof. The proof follows from the proof of Theorem 2.11 and the remark 2.13.

Remark 2.15. The above result generalizes [2][Theorem 3.6].
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Remark 2.16. The prototype of the function G satisfying (GO0), (G1), (2.18) and (2.19)
is G(u) = (B + |u|*)|u|*sgnu, where A > 0,1 > 0, A\ + u > 1, 3 > 1. For verification
we may take help of the well known inequality(see[5, p.292])

(u+v)P, 0<p<l,

uP + P >
217P(u + )P, p> 1.

Theorem 2.17. Suppose that (G0),(G1), (G7) hold. Let p¥*, j = 1,2,....k satisfy
(2.5). Consider the homogeneous NDDE

k
A (g =Y P nm,) + aG (Yom) = 0. (2.20)
=1

Then the following are true.

(A) every bounded solution vy,, of (2.20) oscillates or tends to zero as n — 0.

(B) every unbounded solution vy, of (2.20) oscillates or satisfies

lim,, o0 | Zle Yn—m,| = +oo orliminf, . |y,| = 0.

Proof. Let y, be a eventually positive solution of (2.20). Then setting z,, as in (2.1) we
obtain
A%z, = —0,G (Yo(my) <0 (2.21)

it follows that z,,, Az, are monotonic and of constant sign on some interval [n;, c0). By
this we have two distinct possibilities; i.e, case (i) Az, < 0 or case(ii): Az, > 0.

Let us prove (A) and suppose that y,, is bounded. As pilj}, J =1,2, ... k satisfy (2.5),
this implies z,, is bounded. As z, is monotonic also then A := lim,,_,, 2, exists as a
finite number. Let us consider case(i); i.e Az, < 0. Then clearly, limz, = —o0, a
contradiction. Then consider case(ii); i.e Az, > 0. Then lim,, .., Az, exists finitely.
Summing (2.21) from n=n, to s — 1, and taking limit s — oo we obtain

> uiG(ye) < 00 2.22)
i=ng
Now we claim that lim inf y,, = 0. Taking summation on (2.21), two times,

[e.e]

Zp— A= — Z(s — 1+ 1)vsG(Yo(s))-

sS=n

Since z, is bounded, the above summation is convergent. This in turn, by (G7),
implies liminf, .o G(Yo(s)) = 0. As G(x) # 0 for x # 0, liminf, . Yors) = 0
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and because lim,,_,, 0(n) = oo, liminf,, . v, = 0. From lemma 2.1 it follows that
lim, ,o 2, = 0 = 0 and lim,,_,, ¥, = 0. The proof for the case when y,, is bounded
and eventually negative solution of (2.20) is similar. Thus every bounded solution vy,
oscillates or tends to zero as n — oo and part (A) of the theorem is proved. Let us prove
(B) and suppose y,, be an unbounded solution which is positive for n > ny. First, case

(i) may be considered. Consequently lim,, . 2, = —00. As pij ! for 7=1,2,...,k are

bounded, then there exists a positive real b such that pT{lj b < b for each j. Then

k
Zn = Yn — Zp:lzi}yn*mi
=1

k
Z —b Z Yn—m,; -
i=1

This implies Zle Yn-m; = =% — +00asn — o0

So lim,,_, Zle Yn—m; = -+00. Consider case (i1). Then one may proceed as in
the proof of part (A) and obtain liminf, ,. vy, = 0. The proof for the case when
Yn 1s unbounded and eventually negative for large n is similar. Thus the theorem is

proved. ]

Theorem 2.18. Suppose that (G0),(G1),(G3)~(G6),(G8) hold. Let pi’, j = 1,2, ...k
satisfy
0<pi <b, forj=1,2,..,k (2.23)

Then

(A) every bounded solution of (1.1) oscillates or tends to zero as n — oc.

(B) every unbounded solution y,, of (1.1) oscillates or lim,,_,, | Zle Yn—m,;| = +00.
Proof. Note that (G8) implies (G2). Let y,, be a eventually positive solution of (1.1).
Then setting c¢,,, 2,,, and w,, as in (2.8), (2.1) and (2.10), we obtain (2.11). From (2.11)
, it follows that w,,, Aw,, are monotonic and of constant sign . Then two distinct cases
arise .i.e, case (i) Aw,, < 0 or case (ii)) Aw, > 0. Let us prove (A). Suppose that
{yn} is bounded and eventually positive solution of equation (1.1). The proof for the
case when y,, is eventually negative is similar. Then boundedness of pT{Lj ; , Cn, F, implies
w,, is bounded. Consider the case (i) Aw, < 0, which implies that lim w,, = —o0, a
contradiction due to the boundedness of w,,. Next consider case (ii) Aw, > 0 which
yields
lim Aw, = l(finite)

n—oo
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Then summing (2.11) from n = n; > ny to s — 1, we obtain

s—1

Aw’l’bl - Aws = Z UnG(ya(n))'

n=nj

Taking limit s — oo in both sides of the above equation, one may obtain

[e.9]

> 0iG (o) < 00 (2.24)

Jj=n1

Then we claim that lim sup,,_, . y», = 8 = 0. If not, then 8 > 0. Since lim,,_,», 0(n) =
oo then lim sup,,_, . ¥o(n) = /3 and we find a subsequence {7 (n;)} of {o(n)} such that
My o0 Yo(ny) = B. This implies that we can find a positive integer no, > n; and a
positive real 7 such that y(,,) > 7 >0 for j > ny. Then the sub sequence y,(n))
is bounded below by 7 and above by 3 + ¢, where ¢ is arbitrary positive number. From
continuity of G and (GO) we can find a positive lower bound 0 for G on {n, 3 + €}.

Hence G (Yo(n;)) > p > 0for j > ng > ny

Z Un; G (Yo(ny)) > 1 Z Vp, —+ 00
j=ns j=ns

by (G8), which contradicts (2.24). Thus limsup,,_,. ¥, = 0 which implies that

Let us next prove (B) and suppose y,, be an unbounded positive solution of (1.1). We
prove lim,, Ele Yn—m; = 00. The proof for the case when y,, is unbounded and
negative is similar. If case (i) happens then lim w,, = —oo implies lim 2z, = —oc0. As
p,{lj } for j = 1,2, ..., k are bounded, then there exists a positive real b such that pilj b <
for each j. Then from (2.1), it follows that

k
=1

k
Z —b Z Yn—m,; -
i=1

This implies 25, Yn_m, > 2 — 400 asn — 0o

So lim,, Zle Yn—m,; = +oo. If case(ii) happens i.e, Aw, > 0 then proceeding as
before we arrive at (2.24). As y,, is unbounded, there exists a subsequence {yg(nj)} of
Yo(n) Which — +o00 as 7 — oo. Hence yy(,;,) > v > 0 for j > no. Then by (GO),

J
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G(Yo(ny)) > n > 0forn > ng > ny. Therefore

Z Un; G(Wo(ny) 21 Z Up, — +00

j=ns3 Jj=n3

by (G8), a contradiction to (2.24). Thus case(ii) cannot happen. Then
lim,, o Zle Yn—m,; = 00. Thus, the theorem is proved. [

Remark 2.19. The above result generalizes [2][Theorem 3.12].

Next we present few examples to illustrate our results.

Example 2.20. Consider the higher order neutral difference equation with two delay

terms
2 _ 1 _ 1 32,
A [yn + (2 "+ 1_6)yn—4 + (2 "+ 3—2)yn_5} + [3(1) 2" 5}y73l_3 = f,, forn >5
(2.25)
where

fo=3027""%)+ 96(%)222”

Every non oscillatory bounded solution of (2.25) tends to zero as n — oo by Theorem
2.5 or Theorem 2.7. As such y,, = 27" is a non oscillatory solution of (2.25) which
tends to zero as n — oo.

Example 2.21. From Theorem 2.18 it follows that every unbounded solution of

1 1 nt1 1
Ay, — (1+ 2_n)yn—1 —(4+ 2_n)yn—2] + 2%%};’—4 = 0.

oscillates or tends to co as n — oo. In particular, y,, = 2" is the unbounded solution of
the equation tending to oo as n — o0.

Example 2.22. Consider the neutral difference equation

A (yn=pt Y1 =PI yno) Fonys =27 H (ys) = (=1)"7127", n > 4, (2226)

where
14 1 1 1 1
- - 2t _ - =
Un 3 7p’n, 2 n7pn 3 n?
—n+1 u2
Uy = 2 yH(u) = 2 1Sgn(u).

Here pi/’ satisfy (2.2) for k = 2. From Theorem 2.5 and 2.8, it follows that every
bounded solution (or solution) of (2.26) oscillates or tends to zero as n — oo. In

partcular, (2.26) has a solution y,, = (—1)™ which oscillates .
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3. APPLICATION TO NEUTRAL DIFFERENCE EQUATIONS WITH
OSCILLATING COEFFICIENTS

In this section, we find sufficient conditions so that every solution of the higher order
(m > 2) neutral differential equation (1.2) oscillates or tends to zero as n — oo, where
qn is allowed to change sign. Let ¢ = max{¢,,0} and ¢, = max{—g,,0}. Then
qn = ¢ — q;, and the equation (1.2) can be written as

y _Zp Yn— ml +QqJ1FG(ya n)) G(ya(n)) = fn (31)

Now we proceed as in the previous section by setting v, = ¢, u, = ¢, and
H(z) = G(z). Assumptions (G2), (G5), (G6) and (G7) become

(b2) Z;’; g, =00, (bS) Z:{’) ng, < oo, (b6) G is bounded,

(b7): ZZ‘O’ ng; = oo, respectively, which are feasible conditions. Therefore, the study
of (1.2) reduces to the study of (1.1) in Theorems 2.5, 2.7, 2.8 and 2.11. Thus we can
have the following results for (1.2), where ¢,, changes sign.

Theorem 3.1. Suppose that (G1), (G3),(G4),(bS) and (b7) hold. Assume that the
sequence {p{] }} satisfies one of the four conditions (2.2)— (2.5). Then every bounded

solution of (1.2) oscillates or tends to zero as n — oc.

Theorem 3.2. Assume (G0), (G1), (b2), (G3), (G4), (b5) and (b6)to hold. Further

{7}

assume that py’ satisfy (2.3). Then every solution of (1.2) oscillates or tends to zero as

n — OQ.

Theorem 3.3. Assume (G0), (G1),(b2), (G3), (G4), (bS), (b6) to hold. Suppose that
{J Y lies in the range given by (2.2). Then every solution of (1.2) oscillates or tends to

zero as n. — oQ.

Theorem 3.4. Assume (GO0), (G1), (G3), (G4),(b5),(b6), (2.17), (2.18) and (2.19) to
hold. Further, let c(n—m;) = o(n) —m; for j =1,2,...,k. Suppose that Pt satisfy
(2.16). Then every solution of (1.2) oscillates or tends to zero as n — oQ.

For the results in this section, we need G to be bounded, continuous, and to satisfy (GO)
and (G1). The prototype of such a function is

G(y) = y*"sgn(y) /(1L + ).

At the end, one example is presented to illustrate and signify our results.
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Example 3.5. Consider the non-linear neutral difference equation with several delay

1 1
A (yn = Jn1 = g¥n2) + @ Glynr) = fu, (3.2)
where G(u) = ﬁ sgn (u). Let us define ¢, which changes sign, and f,, as given
below.
1, nis odd,
In = , (3.3)
-2 nis even.
4(2% +4)71 nis odd,
fn= . 3.4)
—4(2%" 4 2mt2) 71 piseven.

{¢t} ={1,0,1,0,1,.., }and ¢, = {0, },0, 55,0, g5, - }.

It is easily verified that eq. (3.2) satisfies all the conditions of Theorem 3.1 and 3.3. As
such, every bounded solution of (3.2) oscillates or tends to zero as n — oo and as such,
this equation admits a non oscillatory solution given by y,, = 27" which tends to zero
as n — oo. However, none of the results in the articles given in the reference can be
applied to (3.2).

4. CONCLUSION

In this article, it is proved that the condition (b2) is sufficient under (bS) for every
solution of (1.2)to be oscillatory or tending to zero, where ¢, changes sign. Note
that the condition (b2) implies (G2), if (bS) holds. This could become a reality due
to the relaxation of the condition that “For |u| > 0 there exists § > 0 such that
|G(u)| > du’that was assumed in [10]. As a result, the left out class of sub linear
NDDEs from [10] are included in this work and their oscillatory and asymptotic
behavior are investigated. Further, some results for the unbounded solutions of (1.1)
when piLj V satisfies (2.5) are obtained. Further investigation is needed for the behavior
of unbounded solutions of (1.2) with g,, changing sign when G(z) = z, because in this
case our assumption “G is bounded”is not met. Let us have the following remark which

would be helpful for a comparison of the results of this paper with that of [13].

Remark 4.1. As we assumed that the pilj b5 are bounded sequences, therefore (2.16)
is less restrictive than (2.4), and (2.23) is less restrictive than (2.5). If pif} = Dy
and pi} =0, forj = 1,2,....k, but j # 4, then the conditions (2.2), (2.3), (2.4),

(2.5),(2.16) and (2.23) reduce to the conditions
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AD:0<p, <b<1l, (A2):=-1<-b<p,<0, (A3): —by<p, <-b< -1,
(Ad): by >p,>b>1, (AS5): —co< —-b<p,<0, and (A6):0<p, <b< o0,
respectively. These conditions are assumed in [8, 9, 13].

Note that, if G is non decreasing then (GO) holds. Further, if o(n) = n — r then
o(n —m) = o(n) — m. Moreover, if the condition G(—u) = —G/(u) holds then (2.18)
implies (2.19). In view of these consideration and the above remark, some results of
this work improve and generalize the following results of [13] as GG and H are assumed
to be non decreasing in [13].

Theorem 4.2. [13, Theorem 2.1]Suppose (AS5) holds and 0 + 1 > m. Assume (2.17)
and (2.18) to hold and G(—u) = —G(u) for u > 0. Suppose that

¢ du
; @ < Q. “4.1)

Then every solution of (1.3) oscillates or tends to zero as n — oo.

Theorem 4.3. [13, Theorem 2.6] Suppose (Al) holds and 0 > m. Assume the second
condition of (2.18) to hold and G(—u) = —G(u) for u > 0. Suppose that (G2) and
(4.1) hold. Then every solution of (1.3) oscillates or tends to zero as n — o<.

Theorem 4.4. [13, Theorem 2.10] Suppose (A4) holds and m > 2 + 0. Assume the
second condition of (2.18) to hold and G(—u) = —G(u) for u > 0. Suppose that (G8)
holds and o g
u
— < . 4.2
. Gl =% @2

Then every solution of (1.3) oscillates or tends to zero as n — oo.

Theorem 4.5. [13, Theorem 2.9] Suppose (A4)and (G2) hold. Assume the second
condition of (2.18) to hold and G(—u) = —G(u) for w > 0. Then every solution
of (1.3) oscillates or tends to zero as n — <.

The conditions “G and H are non decreasing “are relaxed in this work. As such,
theorems 2.11, 2.8, and 2.18 of this work improve and generalize the theorems 4.2,
4.3, and 4.4 respectively. Note that (G6) is not assumed in the results of [13]. But, with
out (G6), the infinite series function k(n) = >~ (s —n+ 1)r(s)H(y(s — 7)) defined
in [13, page 253] is not well defined because, it cannot be proved that the infinite sum
k(n) is convergent under the assumption “H is non decreasing”’and a general y,, which
may be bounded or unbounded. This is a short coming of the paper [13]. Further, it

seems Theorem 4.5 is a wrong resut as the neutral equation

A2 (yy, — 4y, 1) +APHIBYLE —
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satisfies all the conditions of Theorem 4.5, but, it admits a non oscillatory solution
yn = 2", which tends to oo, as n — o0, contradicting the theorem. Moreover, no result
of the papers [2, 7, 12, 13, 14] could be aplied to the examples 2.20, 2.21, 2.22 and 3.5,
thus, signifying the importance of this work. Most importantly, theorems 3.1, 3.2, 3.3
and 3.4 of this article answers the open problem in [2, problem 4.2] for order 2. Before
we close this article, we put an open problem before the readers for further research.

PROBLEM

We observe that, in all most all the results, concerned with the qualitative behaviour of
inhomogeneous neutral difference equations of order m > 1, with positive and negative
coefficients, the solutions oscillate or tend to zero as n — oco. Can stronger sufficient
conditions be obtained so that all the solutions of these inhomogeneous or homogeneous
neutral equations, would only oscillate.
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