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Abstract

In this paper, we study the boundedness character and persistence, local and
global behavior, and rate of convergence of positive solutions of following system
of rational difference equations

ay + Bre 9 Qg + [Boe™

X = frd
n+1 a1 + bz, Yn+1 as + bayn

I

where the parameters «;, [;, a;, b; fori € {1,2} and the initial conditions z, yo
are positive real numbers. Some numerical example are given to verify our theo-
retical results.

AMS Subject Classifications: 39A10, 40A05.
Keywords: System of difference equations, boundedness, persistence, asymptotic be-
havior, rate of convergence.

1 Introduction

The study of asymptotic stability of positive solutions in difference equations is ex-
tremely useful in the behavior analysis of mathematical models in various biological
systems and other applications. In recent years, the global asymptotic behavior of the
difference equations of exponential form has been one of the main topics in the theory
of difference equations [3,4, 10—13]. In particular, in [5] El-Metwally et al. investigated
boundedness character, asymptotic behavior, periodicity nature of the positive solutions,
and stability of equilibrium point of the following population model:

In

Tpt1 = O+ an—le_
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where the parameters « and 3 are positive numbers and the initial conditions x_; and
x( are arbitrary non-negative numbers.

Aboutaleb et al. [1] investigated the global asymptotic stability of the recursive se-
quence
a — Bx,
Y + Tp—1
where «, 3,y are non-negative and the initial conditions x_1, z( are arbitrary.

Ozturk et al. [9] have investigated the boundedness, asymptotic behavior, periodic-
ity, and stability of the positive solutions of the following difference equation:

Tnt1 =

a+ e in

Yn+1 = >
" ’7+yn71

where the parameters «, (3, 7y are positive numbers and the initial conditions are arbitrary
non-negative numbers.

Motivated by the aforementioned study, our goal in this paper is to investigate the
qualitative behavior of positive solutions following system of exponential difference
equations
o + fre” g + fae” ™

y Yn - y 1.1
ap + blxn Yt az + ben ( )

Tpt1 =

where the parameters «;, (;, a;, b; fori € {1,2} and the initial conditions x, y, are
positive real numbers.

More precisely, we investigate the boundedness character, persistence, local asymp-
totic stability and global behavior of unique positive equilibrium point, and rate of con-
vergence of positive solutions of system (1.1) which converge to its unique positive
equilibrium point. For applications and basic theory of difference equations we refer
to [2,6-8, 15].

2 Preliminaries
Let us consider second-dimensional discrete dynamical system of the following form:

Tnt1 = f(xna yn)a Yn+1 = g(xna yn)a n = 07 1a (21)

where f : [ x J — Iand g : [ x J — J are continuously differentiable functions and
I, J are some intervals of real numbers. Furthermore, a solution {z,, y,, } 7, of system
(2.1) is uniquely determined by initial conditions (xg, y9) € I x J. Along with system
(2.1), we consider the corresponding vector map ' = (f, g). An equilibrium point of
(2.1) is a point (7, y) that satisfies

f:f(jvg)v g:g(fvy)

The point (7, y) is also called a fixed point of the vector map F.
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Definition 2.1. Let (Z,7) be an equilibrium point of system (2.1).

i) An equilibrium point (7, 7) is said to be stable if for any ¢ > 0 there is 0 > 0 such
that for every initial conditions (zg, o), if ||(x0,%0) — (Z,7)|| < J implies that
(20, ) — (Z,7)]| < e for all n. > 0, where ||.|| is usual Euclidean norm in R,

ii) An equilibrium point (7, 7) is said to be unstable if it is not stable.

iii) An equilibrium point (7, ) is said to be asymptotically stable if there exists r > 0
such that (x,,,y,) — (Z,7) as n — oo for all (zg,yo) that satisfy ||(zo,v0) —

(z 9l <7

iv) An equilibrium point (Z,7) is called global attractor if (z,,y,) — (Z,7) asn —
0.

v) An equilibrium point (Z,7) is called asymptotic global attractor if it is a global
attractor and stable.

Definition 2.2. Let (7, %) be an equilibrium point of a map F' = (f, g) where f and g
are continuously differentiable functions at (Z,7). The linearized system of (2.1) about
the equilibrium point (7, y) is

Xn+1 = Jr X,

n

where X,, = (m”> and Jp is the Jacobian matrix of system (2.1) about the equilibrium
point (7, 7).

Lemma 2.3 (See [15]). Assume that X,,,1 = F(X,),n = 0,1,..., is a system of dif-
ference equations such that X is a fixed point of F. If all eigenvalues of the Jacobian
matrix Jp about X lie inside the open unit disk |\| < 1, then X is locally asymptotically
stable. If one of them has a modulus greater than one, then X is unstable.

The following results give the rate of convergence of solutions of a system of differ-
ence equations

Xpi1 = [A+ B(n)] X, 2.2)

where X, is a m-dimensional vector, A € C"™*"™ is a constant matrix, and B : ZT —
C"™ ™ is a matrix function satisfying

|B(n)|| = 0 whenn — oo, (2.3)

where ||.|| denotes any matrix norm which is associated with the vector norm

Iz, )l = Va2 +y>
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Proposition 2.4 (Perron’s theorem [14]). Assume that condition (2.3) holds. If X,, is a
solution of system (2.2), then either X, = 0 for all large n or

p= lim /] X, ] (2.4)

exists and is equal to the modulus of one of the eigenvalues of matrix A.

Proposition 2.5 (See [14]). Assume that condition (2.3) holds. If X, is a solution of
system (2.2), then either X,, = 0 for all large n or

i 1o
n—oo ”Xn“

(2.5)

exists and is equal to the modulus of one of the eigenvalues of matrix A.

3 Main Results

3.1 Boundedness and Persistence

In this section, we show the boundedness and persistence of the positive solutions of
system (1.1).

Lemma 3.1. Every positive solution {(x,,, y,)} of system (1.1) is bounded and persists.

Proof. For any positive solution {(z,, y,)} of system (1.1), one has

$n+1§a1+/81 :U17 yn+1§a2+52 :UQ; n:Oa]~727"' (3'1)
ap a2
Furthermore, from system (1.1) and (3.1), we obtain that
o + fre g + foe™
Tpy1 > —————— = L, 1 > ———————— =1Ly, n=1,2,3,... 3.2
+1 =2 ar + b U L Yntl (s + boUs 2 (3.2)

From (3.1) and (3.2), it follows that
nganUh LQSyn§U27n:273747"'
So the proof is complete. [

Lemma 3.2. Let {(z,,yn)} be a positive solution of system (1.1). Then [Ly,U;| x
(Lo, Us) is invariant set for system (1.1).

Proof. The proof follows by induction. [
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3.2 Stability Analysis

In this section, we shall investigate the asymptotic behavior of system (1.1). Similar
method can be found in [16].
Let (Z,7) be the equilibrium point of system (1.1) then

_ o+ e agt e
r=—""F— Y=—,—":
a; + bll' as + b2y

The linearized form of system (1.1) about the equilibrium point (7, 7) is given by

XnJrl = JF<f; ﬂ)Xm

blf Ble_y
where X, = (x:) and Jp(Z,7) = _alﬂ;ﬁz = Z;Zyb@

ay+bay  az+boy
In order to study the asymptotic behavior of positive equilibrium of system (1.1), we
state and proof the following theorem.

Theorem 3.3. Assume that [ : (0,00) X (0,00) — (0,00) and g : (0,00) x (0,00) —
(0, 00) be continuous functions and a, b, ¢, d are positive real numbers with a < b, ¢ < d.
Moreover, suppose that f : [a,b] X [¢,d] — [a,b] and g : [a,b] X [¢,d] — [c,d] such that
Jfollowing conditions are satisfied:

i) f(x,y),g(x,y) are decreasing in both x and y.

ii) Let my, My, mo, My are real numbers such that
m; = f(Mla M2)7 Ml — f(mlme)amQ - g(M17 M2)7M2 - g(mth) (33)
then m; = M, and mqy = M,.

Then the system of difference equations (2.1) has a unique positive equilibrium point
(Z,7) and every solution (x,,y,) of the system (2.1) with (xq, yo) € [a,b] X [c,d] con-
verges to the unique equilibrium (T, 7).

Proof. Consider the function
T :[a,b] x [e,d] — [a,b] X [c,d]

given by
T(z,y) = [f(z,9),9(z,y)].

Following Brouwer’s fixed point theorem, the function 7" has a fixed point (z, ) which
is clearly an equilibrium point of system (2.1), and so it true that the system (2.1) has at
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least one equilibrium point.
Let {(zn, Yn) }oo be a solution of system (2.1). It suffices to show that

lim (z,,y,) = (Z,7).

n—o0

Set
m) =a, MY =b,m9 = ¢, My = d,

and for k = 1,2, 3, ... define

{m’f = fOM{7 M, ME = fnf md ), 54

my = g(M{~', My™h), My = g(my~' my "),
Using the assumption (i), we have
mi =a < f(MY, My) < f(my,my) <b= M,

and
my = ¢ < g(M?, M3) < g(m{,m3) < d = Mj,

and so we see that

m) <mi <M} <MY, and md<mj <M, <M.
Similarly, we have
my = f(MY, Mg) < f(My, My) < f(m3,ms) < f(mi,m5) = My,

and
my = g(My, My) < g(M{, My) < g(my,my) < g(m?, m3) = M,,

and so we see that
m) <m} <mi < M} <M} <M,

and
m§ < mjy <mj < Mj < My < MJ.

Note that
m?:agasngb:M{), and mg:cgynﬁd:Mg for all n > 0.
For all n > 0, we have
my = f(M7, My) < fl@n,yn) < f(m},my) = My,

and
my = g(M{, M) < g(zn,yn) < g(m?, m3) = M,
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and so
m% <z, < Mll, and m% <y, < ]\/[21 forall n > 1.

For all n > 1, we have

m? = [(M}, M) < f(n,ya) < f(mi,mb) = M},
and

m3 = g(M}, M) < g(x0,yn) < g(mi, m3) = M3.

So that
m% <z, < M12, and mg <y, < ]\/[22 forall n > 2.

It follows by induction that for £ > 0, the following statements that true:
M a=ml<ml<m?< .. <mf<MF<.. . <M2<M <M =

2) c=my<mi<mi<..<mb<MF<. .. <MZ<M <M =d

(3) mt <, < MF forall n>k.
4) mk <y, <My forall n>k.

Set

my = lim m% M, = lim M¥ my = lim m%, and M, = lim M}.
k—o00 k—o0 k—o00 k—o00

Then

a S ma S h_mnﬁooxn S mn—>c>own S Ml S b7

By the continuity of f and g, from (3.4), we obtain

my = f(Ml,MQ), M, = f(ml,m2)7
mo = g(Ml, Mz), My = g(ml,m2)-

Using the assumption (ii), implies m; = M; = T, my = My = ¥y. This completes the
proof. ]

In the next theorem, we show the asymptotic behavior of the positive solutions of
system (1.1).

Theorem 3.4. Suppose that the following relation holds true:

B1P2 < aras. (3.5)

Then system (1.1) has a unique positive equilibrium (T,7) and every positive solution
of system (1.1) tends to the unique positive equilibrium as n — oo.
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Proof. Consider the following functions:

ay + Bre™?
a1 + blfL’

ag + Poe™®

flz,y) = P

o glzy) =
where x € I} = [Ly,Uy],y € Iy = [Ls, Us] which implies that f(x,y) € 11, g(x,y) €
I, and so that f : I} x Iy — I;,9 : I x Iy — I,. Then, it is easy to see that
f(z,y),g(x,y) are decreasing in both = and y. Let (m, M,r, R) be a solution of the
system

Then, one has

ay + Bie B ag + Bie
a1 + bli\f/l a; +bim (3.6)
as + Pae ag + o™
as + b2R ’ as + bQT
From (3.6), we get
Bie™" = M(a; +bym) —ay, Bie® =m(ay +b M) — ay,
Bae™™ = R(ay + bor) — aa,  fae™™ =r(as + byR) — s,
which imply that
M—m = &(677‘ o fR) — &efrfR(eR - er)’
ay a1
5 3 (3.7)
R—r=22(em—eM)=ZemMEM_ gmy,
Q2 a2
Moreover, we get

M —em = e (M —m), min{M,m} <0 < max{M,m}.

Then relations (3.7) and (3.8) imply that

M—-—m= ﬁe_T_RJ“f(lfi —-r), R—r= @e_m_MW(M —m)
ay az

and so
M —m) < D4R =] R = < 20—y (3.9)
a1 a2
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In addition, observe that relations (3.5) and (3.9) imply that

(1—Blﬁz)|M—m|§0, (1—6152)|R—r|§0

a10as 102

from which we see that M/ = m and R = r. From Theorem 3.3, it follows that system
(1.1) has a unique positive equilibrium (7, 7) and every positive solution of system (1.1)
tends to the unique positive equilibrium as n — oo. This completes the proof of the
theorem. ]

In the next theorem of this section, we will study the global asymptotic stability of
the positive equilibrium of system (1.1).

Theorem 3.5. Consider system (1.1) where (3.5) holds true. Also suppose that

biUy n bylUs biboUrUs + By et 712

< 1. 3.10
aq + b1L1 a9 + bQLQ ((11 + b1L1>(6L2 + bng) ( )

Then the unique positive equilibrium point (T,7y) of system (1.1) is globally asymptoti-
cally stable.

Proof. First, we will prove that (7, 7) is locally asymptotically stable. The characteristic
equation of the Jacobian matrix Jp(Z,y) about (Z,7) is given by

N pid+py =0, (3.11)
where
bx boy
P = — —
aq + blx (05} + bgy
b1b27Y pre ¥ [ae T

P2 = (CLl + b@)(ag + ng) B a; + blf.ag + bzy

From condition (3.10), we get

T bay b1boTy Bre™  fae™®
p1| + [p2| = —+ - — - —. —
ay + blx as + b2y (CLl + blx)(CLQ + bgy) ay + blx ag + bgy
blUl b2U2 i b1b2U1U2
T a1 +biLy  as+bLy (a1 +biLy)(ag + baLo)
—Lso —L;
L e b ™y,

a; + blLl .(IQ + bng

Therefore, follows [7, Remark 1.3.1], all the roots of equation (3.11) are of modulus less
than 1, and it follows from Lemma 2.3 that the unique positive equilibrium point (7, 7)
of system (1.1) is locally asymptotically stable. Using Theorem 3.4, we obtain that
(Z,7) is globally asymptotically stable. This completes the proof of the theorem. [
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3.3 Rate of Convergence

In this section, we give the rate of convergence of a solution that converges to the equi-
librium of the systems (1.1). Similar method can be found in [16].
Let {(zy, y»)} be an arbitrary solution of system (1.1) such that lim z, = 7, and

n—oo

lim y, =7y, where T € [Ly, U], and § € [Ls, Us]. To find the error terms, one has from
n—oo
the system (1.1)

ay + Bre v ot pre ¥

Tpp1 — T = P e
_ (Oll + Blefyn)(al + blf> — (Oél + 5167@)(@ + blffn)
- (a1 + b1xy) (a1 + 01T)
_ —aibi (@, —T) + Brag(e7¥ — e7Y) 4 Bibi(e7VT — e V)
- (a1 + b1xy) (a1 + 01T)
o~ 7)  Brane (T - 1)
- (a1 + bi,) (a1 + 17
Bibi(e79T — e Yrx, + e Ynx, — e Vx,)
i (a1 + bizy) (a1 + b1 )
(a1 + Bie”")by . peTvr(er TV — 1) _
T bz bzt (a1 + 0T) (Y — ) (Y — ),
and
gt e g+ Bee?
Yn+1 — Y = —

as + bayy, as + by
(a2 + Bae™"")(az + bo¥) — (a2 + Bae™")(az + bayn)
(ag + bayy,)(az + bo7)
—aby(yn — ) + Baas(e™™ — ™) + Baba(e™™Y — e "yn)
(ag + bayy,)(az + boy)
— by (Yn — ) — Baage™ " (e™ 77 — 1)
(az + bayn)(az + bay)
n Baba(e™™Y — e yn + """y — € "Yn)
(az + bayn)(az + bay)
P (e 1)
 (ay + boy)(xp — T)

_ (g + Bae™"m)by _
(v, —T) — (02 % Do) (@ T baT) (Yn = 9)-

Letel =z, — T, and €2 = y,, — 7, then one has

R 2
€ni1 = ne, + bper,

2 _ 1 2
€pi1 = CnCy + dpe;,
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where
(cy + Bre )by

(a1 + bixy)(a; + 01T)’

Bre ¥ (e¥n ¥ — 1)

(a1 +01T)(Yn — 7)

B Poe (e — 1)

(ag + boy)(z, — T)’
(ag + Boe™"m)by

(ag + bayn)(as + boy)

Ap = —

n —

Cp =

d, = —
Moreover,

lim a, = ——— _—
n—00 a, + blfj n—00 aj + blfj

lmc¢,=—————, limd,=——"""—.
n—o0 as + boy n—o0 as + boy

So, the limiting system of the error terms can be written as

biT Bre™?
6;4—1 — aq + blf ai +_blf 67;1
Cnt1 _ 52671 b2y €n

as + boy Cay bay

which similar to the linearized system of (1.1) about the equilibrium point (7, 7). Using
Proposition 2.4 and 2.5, one has following result.

Theorem 3.6. Assume that {(x,,y,)} be a positive solution of system (1.1) such that
lim z, = 7, and lim y,, =y, where T € [L1,U,] and§ € [Lo,Us]. Then the error
n—oo

n—oo
1
vector e, = (ZS) of every solution of (1.1) satisfies both of the following asymptotic

relations:

. 1 — . €n —
Tim (fleal) = Maade@m ), tim 1l 3o ),

n=oo | |en||

where A\ 2 Jp (T, ) are the characteristic roots of Jacobian matrix J(Z,7).

4 Numerical Simulations

In order to verify our theoretical results and to support our theoretical discussion, we
consider several interesting numerical examples. These examples represent different
types of qualitative behavior of solutions of the systems (1.1). All plots in this section
are drawn with MATLAB.
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Example 4.1. Let o = 0.1751 = 90,&1 = 45,b1 = 9,0[2 = 0.1,&2 = 2,@2 = 5, and
b, = 2. Then system (1.1) can be written as

0.1 +90e™ ¥ 0.1+ 2e
Tnt1 = 1519z, Ynt1 = — o5 4.1)

5+ 2y,
with initial conditions xy = 0.05, and yy = 0.001.

05°

0 10 20 30 40 50 60 70 80 90 100

(a) Plot of x,, for the system (4.1)
050
0,3;

02}

0.1+

I I I I I
0 10 20 30 40 50 60 70 80 90 100

(b) Plot of y,, for the system (4.1)
05-
04r
03F
02"

0.1r

I . 1 I I
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

X
n

(c) An attractor of the system (4.1)
Figure 4.1: Plots for the system (4.1)

In this case, the unique positive equilibrium point of the system (4.1) is given by
(Z,y) = (1.396890,0.113769). Moreover, in Figure 4.1, the plot of x, is shown in
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Figure (a), the plot of y,, is shown in Figure (b), and an attractor of the system (4.1) is
shown in Figure (c).

1
G0 20 40 60 80 100 120 140 160 180 200
n

(a) Plot of x,, for the system (4.2)

. H | ! | | H | | ]
0 20 40 60 80 100 120 140 160 180 200
n

(b) Plot of y,, for the system (4.2)

(c) Phase portrait of system (4.2)

Figure 4.2: Plots for the system (4.2)

Example 4.2. Let o; = 66, 51 = 35,a; = 1.7,b; = 80, ap = 23.8, B3 = 350, ay = 55,
and by, = 14. Then system (1.1) can be written as

66 + 3569 _ 23.8+ 350~
174802, " T T 551 14y,

with initial conditions xy = 1.3, and y9 = 0.6.

Tpyy = (4.2)
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In this case, the unique positive equilibrium point of the system (4.2) is unstable.
Moreover, in Figure 4.2, the plot of z,, is shown in Figure (a), the plot of y,, is shown in
Figure (b), and a phase portrait of system (4.2) is shown in Figure (c).

5 Conclusion

This work is related to qualitative behavior of a system of exponential difference equa-
tions. We have proved the boundedness and persistence of positive solutions of system
(1.1). Moreover, we have shown that unique positive equilibrium point of system (1.1)
is locally as well as globally asymptotically stable under certain parametric conditions.
The main objective of dynamical systems theory is to predict the global behavior of
a system based on the knowledge of its present state. An approach to this problem
consists of determining the possible global behaviors of the system and determining
which parametric conditions lead to these long-term behaviors. Furthermore, the rate
of convergence of positive solutions of (1.1) which converges to its unique positive
equilibrium point is demonstrated. Finally, some illustrative numerical examples are
provided to support our theoretical discussion. Examples 4.1 show that the unique posi-
tive equilibrium point of system (1.1) is stable with different parametric values whereas
Example 4.2 show that the unique positive equilibrium point of system (1.1) is unstable
with suitable parametric choices.
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