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Abstract

In this article, we obtain a few Lyapunov-type inequalities for two-point dis-
crete fractional boundary value problems involving Riemann-Liouville type back-
ward differences. To illustrate the applicability of established results, we deduce
criteria for the nonexistence of nontrivial solutions and estimate lower bounds for
eigenvalues of the corresponding eigenvalue problems. We also apply these in-
equalities to deduce criteria for the nonexistence of real zeros of certain discrete
Mittag—Leffler functions.
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1 Introduction

In 1907, Lyapunov [25] provided a necessary condition, known as the Lyapunov in-
equality, for the existence of a nontrivial solution of Hill’s equation associated with
Dirichlet boundary conditions. Due to its importance, this inequality has been gener-
alized in many forms. For a detailed introduction on the Lyapunov inequality and its
applications, we refer [5,29, 30,34, 36,37] and the references therein.

In this line, Cheng [6] developed a discrete analogue of the classical Lyapunov in-
equality:
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Theorem 1.1 (See [6]). If the boundary value problem

{(N)( 1)+ g()y(t) =0, teN,
(a—1)=0, u(d+1)=0,

has a nontrivial solution, where q is a nonnegative function defined on NZ, then

4b—a+2) . :
b f(b— dd
S (s> { b-a+Db—at3) if (b—a)is odd,
s=a m, if (b - (Z) is even.
—a

Following Cheng’s work, several authors have established Lyapunov-type inequal-
ities for various classes of discrete boundary value problems [7, 10, 18, 19, 26, 35, 38].
On the other hand, Ferreira [14] generalized Theorem 1.1 for a®order (1 < a < 2)
Riemann—Liouville type forward differences.

Theorem 1.2 (See [14]). If the fractional boundary value problem

(A%u)(t) +qt+o—Dult+a—1)=0, teN'', b>2
yla—2)=0, yla+b+1)=0,

has a nontrivial solution, where q is a nonnegative function defined on {(a — 1), (o —
D+ (a—1),(a—1)+2(a—1),...,a+ b}, then

b (o) I(b+a+2)I%(2 +2)
. “o+2a)b+2)2E + a)T(b+3)
2 dlsta—1)> 1oy Do+ o+ 2242

(Q)F(b +3)r2(H + )’

if bis even,

if b1is odd.

Following Ferreira’s work, authors of [9, 16] have established Lyapunov-type in-
equalities for various classes of delta fractional boundary value problems. Motivated by
these developments, in this article, we derive Lyapunov-type inequalities for two-point
nabla fractional boundary value problems of Riemann-Liouville type.

2 Preliminaries
Denote the set of all real numbers by R. Define
N, :={a,a+1,a+2,.. . }and N’ := {a,a +1,a+2,...,b}

for any a, b € R such that b — a € N;. Assume that empty sums and products are taken
to be 0 and 1, respectively.
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Definition 2.1 (See [3]). The backward jump operator p : N, — N, is defined by
p(t) = max{a, (t — 1)}, te€N,.

Definition 2.2 (See [24,31]). The Euler gamma function is defined by
[(z):= / t=~te7tdt, R(z) > 0.
0

Using the reduction formula
I'(z+1)==zI'(2), R(z) >0,

the Euler gamma function can be extended to the half-plane $(z) < 0 except for z #
0,—-1,-2,...

Definition 2.3 (See [15]). Fort €¢ R\ {...,—2,—1,0} and r € R such that (¢t + r) €
R\ {...,—2,—1,0}, the generalized rising function is defined by

_ I'(t _
R Gl N Y
I'(t)

Definition 2.4 (See [3]). Letu : N, — R and N € Nj. The first order backward (nabla)
difference of u is defined by

(Vu)(t) == u(t) —u(t — 1), t€ Ny,
and the N'""-order nabla difference of u is defined recursively by
(VVu)(t) = (v(vN*u)) (), te€Nyn.

Definition 2.5 (See [15]). Letw : N,y ; — Rand N € N;. The N™_order nabla sum of
u based at a is given by

- o 2 =) ). 1N,
We define
(V2%u)(t) = u(t), t€Ny.

a

Definition 2.6 (See [15]). Let u : N,;; — Rand v > 0. The v-order nabla sum of u
based at a is given by

t

(V) 0) = gy D (0= p) T u(s), 1€ Nuwa

s=a+1
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Definition 2.7 (See [15]). Let v : N,.;1 — R, v > 0 and choose N € Nj such that
N — 1 < v < N. The Riemann-Liouville type v™-order nabla difference of u is given

by
(V2u)(t) := (VN(V;(N—”)u)>(t), t € Nopw.

Theorem 2.8 (See [15]). Let v, u > 0and u : N,y 1 — R. Then,
(Vg (V;“u))(t) = (Vi u)(t), t€Ngp.

Theorem 2.9 (See [21]). We observe the following properties of gamma and generalized
rising functions.

1. T'(t) > O forallt > 0.

2. t%(t 4 a)? = o7,

3. Ift <r, thent™ < r°.

4 Ifa<t<r, thenrjagt?a.

Theorem 2.10 (See [1]). Let v € R and p € R such that pi, . + v and 1 — v are
nonnegative integers. Then,

_ - I'(p+1) —

v g = T e
V., " (t—a) F(,LL+V+1)(t a)!v teN,,

I(p+1) -

v T _ _\MB—V
Vit —a) = —F(,u—y—l—l)(t a7, teN,.

Definition 2.11 (See [15]). For |p| < 1, & > 0 and § € R, we define the nabla Mittag—
Leffler function by

t_aock"i‘ﬁ N
a ta t € N,.
Epas Zp I(ak+08+1)

Clearly, we have that Ey , o(t,a) = 1 and E, o o(a,a) = 1.
Theorem 2.12 (See [15]). Assume |p| < 1, « > 0 and € R. Then,

Vi@ Epas(t,p(a)) = Epap-o(t,pla)), €N,

Theorem 2.13 (See [15]). Assume v > 0and N —1 < v < N. Then, a general solution
of
(VZ’LL) (t) =0, teNgnw,

is given by

uw(t) = Cy(t—a)” T+ Colt —a) 24 ...+ Cn(t—a)’ N, teN,,
where C1, Cy, -+, Cy € R.
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Theorem 2.14 (See [15]). Assume v > 0, N —1 < v < N and |c| < 1. Then, a general
solution of

( ;(a)u) (t) + Cu(t) = O, t e Na+N,
is given by
u(t) = ChE_cp-1(t,pla)) + CoE_pyo(t,pla)) + ...+ CnE_c—n(t, pla)),

fort € N, where C'y, Cy, ---, Cy € R.

3 Left-Focal Type Boundary Value Problem

In this section, we derive a few important properties of the Green’s function associ-
ated with a left-focal type discrete fractional boundary value problem and obtain the
corresponding Lyapunov-type inequality.

Theorem 3.1. Let 1 < o < 2 and h : NZ 1o — R. The discrete fractional boundary
value problem

(Vou)(t) + h(t) =0, teN’,, 3.0)
(Ve lu)(a+1) =0, u(b) =0, '
has the unique solution
b
u(t)= > Gi(t,s)h(s), teN,, (3.2)
s=a+2
where
1 (b—s+1)*t—a)*2 s
bost " G-a™ te Nk,
) N a) (b—a)*—2
Gl(ty S) - 1 |:(b s+ 1)ﬁ<t _ a)a—? (t N 1)@] L e Nb
— —(t—s .
INE) (b—a)*—2 ’ ’
(3.3)

Proof. Applying V_“ on both sides of (3.1) and using Theorem 2.13, we have
u(t) = —(V, ") () + Cilt —a) T+ Cot =) %, t€Naws, (34

for some C}, Cy € R. Applying V2! on both sides of (3.4) and using Theorems 2.8
and 2.10, we have

(Vo) (t) = —(V,'h)(t) + Cil' (@), t € Ngys. (3.5)
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Using (V2 'u)(a+ 1) = 0in (3.5), we get

_ h(a+1)
“7 T
Using u(b) = 0 in (3.4), we get
1 ’ —
Cy = E (b—s+1)*"h(s).

(b= a)*~’T(a)

s=a+2
Substituting the values of C'; and C5 in (3.4), we have

t

1 h(a+1) —

u(t) = “a) > (t—s+1)"h(s) + o) (t—a)*!
s=a+1
a—2 b
PGl S (b s+ 1) Th(s)

(b—a)*2I'(a) Rt
_ _ﬁ ST (= s+ )Th(s) 4 — DS (- s 4 1) h(s)

s=a+2

t

:L Z [(b—8+1)a_1(t_a>a_2 —(t—s—i—l)ﬁ]h(s)

['(a) ot (b—a)2
) S S
1 (b—s+ 1)1t —a)*2
+ — h(s)
@2 o
b
= ) Gilt, s)h(s).
s=a+2
This concludes the proof. 0

First, we show that this Green’s function is nonnegative and obtain an upper bound
for the Green’s function and its integral.

Theorem 3.2. The Green’s function Gy(t, s) satisfies G(t,s) > 0 for (t,s) € Nb_; x
N,

Proof. Clearly,
Gi(b,s) =0, seN_,.

Assume (t,s) € NIV x NP, Fort € Nz(ﬁ, consider

(b—s+1)* It —a)? - To—-s+a)l(t—a+a—-2)'(b—a)
['(a)(b—a)*2 S T()T(b—s+1DI(b—a+a—2)T(t—a)

Gl (t, S) =
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It follows from (1) of Theorem 2.9 that Gy(¢,s) > 0. Now, suppose ¢+ € N°~'. Since
t<band (2 —a) < (t—a) < (b— a), by Theorem 2.9, we have

(t—s+1)* < (b—s+1)Tand (b—a)* 2 < (t —a)* 2,

implying that
1 (b — S+ 1)ﬁ(t — CL)m o
Gy(t, s) = [ A C(t—s+ 1) 1}
l( S) F(O&) (b—a)a_ ( S )
1 _ -
— | (b— Dot —(t - 1‘”_1] .
> o) [( s+1) (t—s+1) >0
This concludes the proof. [
Theorem 3.3. The maximum of the Green’s function G(t, s) defined in (3.3) is given
by
b—a—1
max Gi(t,s) = u.
(t,s)END , | xNb_, (v —1)

Proof. Fixs € N',,. Lett € N’**). Consider

1 (b—s+1)>"T
P(@) (b—a)=2
2—a)(b—s+ 1)t —a)*3

() (b—a)?
-—a)Tb—s+a)l'(t—a+a—-3)IT(0—a)

I'a) TO—s+1DI'(b—a+a—2)T(t—a)

Vi [Gi(t,s)] = Ve[(t —a)*?]

It follows from (1) of Theorem 2.9 that V,[G(t,s)] < 0 implying that Gy(t, s) is a
decreasing function of ¢. Now, suppose ¢ € N°. Consider

Ve[ Gilt, 5)] = F(1a> [(b@i;izlvt [(t = &)™ = V[t — s + 17|
_ QCoo)b-s+ ) (E—0) (a=1) . 5
I CY (b— a2 Ty ¢+l

2-—a)Tb-—s+a)(t—a+a—-3)(b—a)
I'a) Tb—s+1)I'b—a+a—2)I'(t—a)
(a—1DT'(t—s+a—1)

~ T(a) TDt—-s+1)

From (1) of Theorem 2.9, we have

Vt [Gl(t, S)} < 0,
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implying that G,(t, s) is a decreasing function of . Now, we examine the Green’s
function to determine whether the maximum for a fixed s will occur at (a + 1, s), (a +
2,s) or (s,s). We have

 (b—s+ 1)ﬁ
Gila+1,5) = (@ —1)(b—a)*2’
Gi(a+2,5) = %

and

(b—s+1)"1(s—a)*?
L(e)(b—a)*?
Clearly, Gi(a+2,s) < Gi(a+1,s). Since (2 — «) < 2 < (s — a), by Theorem 2.9, we

have

Gl(S,S) = — 1.

(s—a)ﬁg QW’

implying that

Crlant L. 5)— Gils,s) = (b—s+ 1)~ [( 1 (s —a)* ]

(b—a)*2 a—1) ()
(b—s+1)>Tr 1
> L —1]. 3.6
— (b—a)*? [(oz—l) ] (3.6)
It follows from Theorem 2.9 that the term
(b—s+ 1)1 I'b—s+a)'(b—a)

(b—a)*2 Fb—a+a—-2)I'b—s+1)

in the expression (3.6) is positive. Since

—F—1>0
(@=1) ’

we obtain G(s, s) < Gi(a + 1, s). Thus,

b _ _ 1 a—1 b _ o 1
max Gi(t,s) = max Gi(a+1,s) = (b—a ) _ ( a )
(t75)6N2+1XNZ+2 SENZ+2 (CY — 1)(b — a)a—Q (Oé — 1)

This concludes the proof. [

Theorem 3.4. The following inequality holds for the Green’s function Gi(t,s) from
(3.3).
b

Z Gi(t,s) < (b_a_;)(gj:?)—i_a_%’ tENZH-

s=a+2
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Proof. Consider

sza—:0—2 Gilt:) = % s=a+2 [(b — j(Lblzaa)cgtﬂ i (t=s+ 1)
1 b (b—s+ 1)t —a)*?
! F(a) s=t+1 (b B CL)ﬁ
(=0 G h—s+ 1) S (t—s+ 1)
S (b—a)? &~ T(a) S;Q (@)
_ (t—a)*2(b—a—-1)" (t—a—1)°~
- Ta+1) T+l

We now find the maximum of this expression with respect to ¢t € N° +1- From Theorem
2.9, we have
(t—a—-1)* Tt—-a+a-1)
Fa+1)  Dla+ )Tt —a—1)

2 07 te Na—i—l

Since (2 —a) < 1 < (t — a), by Theorem 2.9, we have

implying that
b
b—a—1 b—a—1)(b— —2
S Gt LmasI_pmaDe—ata=2)
fapr ala—1)(b—a)™ ala—1)
This concludes the proof. [

We are now able to formulate a Lyapunov-type inequality for the left-focal type
discrete boundary value problem.

Theorem 3.5. If the following discrete fractional boundary value problem

(Vau)(t) +q(t)y(t) =0, te Nm,
{(Vg_lu) (a+1) =0, u(b) = G1)
has a nontrivial solution, then
Z () > e (3.8)
- b (b—a—1) '

s=a+2
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Proof. Let B be the Banach space of functions u : N? +1 — R endowed with norm

[ull = max fu(t)].
a+1

It follows from Theorem 3.1 that a solution to (3.7) satisfies the equation

b

u(t) = Z G(t,s)q(s)u(s).

s=a+2
Hence,
b b
Jull = max | 37 Gt s)a(s)uls)| < max | - Git.s)la(s)l[uls)]
teNg, | S~ teNg,, L o)
b
< Jlull | max 37 Gt )a(s)]|
atl g=q+2
b
<lull|  max - G(ts)] D las)l
(t,s)ENZ+1XNZ+2 S;—Q
or, equivalently,
b
1< max G(t,s } s)|.
<[z, 6] 3 0
An application of Theorem 3.3 yields the result. 0

Now, we discuss three applications of Theorem 3.5. First, we obtain a criterion for
the nonexistence of nontrivial solutions of (3.7).

Theorem 3.6. Assume that 1 < o < 2 and

> als)l < (b(g;l) 3.9)

s=a+2 —a- 1)

Then, the discrete fractional boundary value problem (3.7) has no nontrivial solution
on NV 41

Next, we estimate a lower bound for eigenvalues of the eigenvalue problem corre-
sponding to (3.7).

Theorem 3.7. Assume that 1 < o < 2 and u is a nontrivial solution of the eigenvalue
problem

o . b
{(Vau) (t) + Au(t) =0, teN.,,, (3.10)

(Ve 'u)(a+1) =0, u(d) =0,

a
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where u(t) # 0 for each t € N23. Then,

(v —1)

Al > ———.
Al (b—a—1)2

(3.11)

Finally, we deduce a criterion for the nonexistence of real zeros of certain nabla
Mittag-Leffler functions.

Theorem 3.8. Let 1 < o < 2. Then, the function N\E_ 4 o—1(t,0) + E_) o a—2(t, 0) has
no real zeros for
(1)

I\ < m

Proof. Leta = 0, b =n € Ny and consider the eigenvalue problem

(Rl em
By Theorem 2.14, a general solution of (3.12) is given by
u(t) = C1E_yna-1(t,0) + CoE_y 0 a-2(t,0), te€ Ny, (3.13)
where C;, Cy € R. Applying V5! on both sides of (3.13), we get
(Vo 'u)(t) = C1E_x00(t,0) = AC3E_) 0.0-1(t,0), n € Nj. (3.14)

Using (V§u)(1) = 0, we get C; = ACs. Using u(n) = 0, we have that the eigenval-
ues A € R of (3.12) are the solutions of

AE ) 00-1(n,0) + E_) 404-2(n,0) =0, (3.15)

and the corresponding eigenfunctions are given by

u(t) = >\E7)\,a,a71<ta O) + E,)\7a,a,2<t, O), t e Nl. (316)
By Theorem 3.5, if a real eigenvalue \ of (3.12) exists, i.e., A is a zero of (3.12), then
—1
|A| > (a—). This concludes the proof. O
(n—1)?

4 Right-Focal Type Boundary Value Problem

In this section, we derive a few important properties of the Green’s function associ-
ated with a right-focal type discrete fractional boundary value problem and obtain the
corresponding Lyapunov-type inequality.
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Theorem 4.1. Let 1 < o < 2and h : N° 1o — R. The discrete fractional boundary

value problem

(Vau)(t) +h(t) =0, t €Ny,
u(a+1) =0, (Vo u)(b) =0,

has the unique solution

s=a+2
where
— (t—a—1)""T, t e N°Y),
G (t,s) = F(106) a1 a-T b
——(t—a—1D)*" —(t — 1> t .
fag (o= DT (st )7, e,

Proof. Using (V¢ 'u)(b) = 0in (3.5), we get

Using u(a + 1) = 0 in (3.4), we get

1
Cy = o) Z h(s).

t—a)* 2?2 <&

(F(a —> D ;2h(5)
- ﬁ > |t = (@ =1t =) = (t = s+ 1) |h(s)
iy 2 [ @ = (o= 1= a7 ags)

4.1)

4.2)

4.3)
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b

+Fé5§:@—a—1W4MQ::EIGAL@M@.
s=t+1

s=a+2
This concludes the proof. [

First, we show that this Green’s function is nonnegative and obtain an upper bound
for the Green’s function and its integral.

Theorem 4.2. The Green’s function G..(t, s) satisfies G,(t,s) > 0 for (t,s) € N_; x
N,

Proof. Clearly,
Gy (a+1,5)=0, seN_,.

Assume (t,s) € N2 , x N ,. Fort € NZ(f%, consider

B (t—a—l)ﬁ_ I't—a+a—2)
Grlts) =y T TTi—a-1)

It follows from (1) of Theorem 2.9 that G,.(t, s) > 0. Suppose t € N°. Since a + 2 < s,
from Theorem 2.9, we have

(t—s+1)* "< (t—a—1)"1,

implying that
1 _ -
G (t, :—[t— STt — s+ 1) 1] >0
(19) = gy [t =0 — - s 417 2

This concludes the proof. [
Theorem 4.3. The maximum of the Green’s function G, (t, s) defined in (4.3) is given
by _

b—a— 1)t

max G.(t,s) = (bza-1)
(t,s)ENS | xNb F(a)

Proof. Clearly,
Gy (a+1,5)=0, seN_,.

Fixt € N)_,. For s € N/, we have
V,[G.(t,s)] =0,
implying that G,.(¢, s) is a constant function of s. Now, suppose s € N/, +o- Consider

['(t—s+a)
Dla—1)I({t—s+2)

Vo [Gltys)] = e —L(t — s +2)" 2 =
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It follows from (1) of Theorem 2.9 that
V,[G.(t, )] >0,
implying that GG,.(¢, s) is an increasing function of s. So, we examine the Green’s func-

tion to determine whether the maximum for a fixed ¢ will occur at (¢,¢) or (¢,¢+1). We
have

(t—a—1)"1
tt+1) = —7——
GT( Y + ) P(a) )
and L
(t—a—1)"1!
Gtt)=—=n—2 1.
Clearly,
G,(t,t) < G.(t,t+1), teN,
and -
(b—a—1)"1
Gt t+1)=
g Gt ) ="
Thus, L
b—a—1)>"!
max G, (t,s) = (bza-1)
(t,s)EN, L xNG o F(a>
This concludes the proof. 0
Theorem 4.4. The following inequality holds for the Green’s function G, (t,s) from
(4.3).
. _
b—a—1)1b—a-1) b
Z GT<t7 8) S F(Oé) ) le I\IaJrl'
s=a+2
Proof. Consider
b t b
Y Gits)= Y Gilt,s)+ Y Gits)
s=a+2 s=a+2 s=t+1
1 < —
_ - t — _1a_1—t— 10{—1]
Faj 2 |tma= D = —s )
s=a+2
1 b
T S
(Oé) s=t+1
C(t—a—1)*t—a—1) i (t—s4+1)>""
B I(c) I(c)
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(t—a—1)*Yt—a—1) (t—a—1)"
I'(a) - T(a+1)

We now find the maximum of this expression with respect to ¢ € N”_ ;. From Theorem
2.9, we have
(t—a—-1)* Tt—-a+a—1)
la+1) Tla+DI(t—a—1)

> 0,

and - -
(t—a—-1*1<(b—a-1)"
implying that
b
b -l b—a—-1
S Gyt < Pem ezl
s=a+2 (CY)
This concludes the proof. 0

We are now able to formulate a Lyapunov-type inequality for the right focal bound-
ary value problem.

Theorem 4.5. If the following discrete fractional boundary value problem

{(vgu) (1) +at)y(t) =0, tE€N,,, (4.4)

0,
u(a+1) =0, (Vi tu)(b) =0,

a

has a nontrivial solution, then

b

3 Jals) = Ha) (4.5)

s=a+2 <b —a- 1>ﬁ'

Now, we discuss three applications of Theorem 4.5. First, we obtain a criterion for
the nonexistence of nontrivial solutions of (4.4).

Theorem 4.6. Assume that 1 < o < 2 and

S gl < —— “6)

Then, the discrete fractional boundary value problem (4.4) has no nontrivial solution
on N° 41

Next, we estimate a lower bound for eigenvalues of the eigenvalue problem corre-
sponding to (4.4).
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Theorem 4.7. Assume that 1 < o < 2 and w is a nontrivial solution of the eigenvalue
problem

(Veu)(t) + \y(t) =0, teN,,
{“(a +1) =0, (Vo 'u)(b) =0, 4.7)

where u(t) # 0 for each t € N° 5. Then,

(o)

A= b—a—-1)(b—a—1)"1

(4.8)

Finally, we deduce a criterion for the nonexistence of real zeros of certain nabla
Mittag-Leffler functions.

Theorem 4.8. Let 1 < o < 2. Then, the function E_) ,0(t,0) + AE_) 4.a-1(t,0) has
no real zeros for

[(a)
(n—1)(n—1)a1
Proof. Leta = 0,b =n € Ny and consider the eigenvalue problem

(Vgu)(t) + Au(t) =0, teNg,
{<>= 75y =0 -

Al <

Using u(1) = 0in (3.13), we get Cy = —C5. Using (V') (n) = 0in (3.14), we have
that the eigenvalues A € R of (4.9) are the solutions of

E 300(n,0) + AE_\ 0.0-1(n,0) =0, (4.10)
and the corresponding eigenfunctions are given by
u(t) = E_xaa-1(t,0) = E_y n.a—2(t,0), t€&Nj. 4.11)

By Theorem 4.5, if a real eigenvalue \ of (4.9) exists, i.e. A is a zero of (4.9), then

r
A > ( 1)(<&) = This concludes the proof. O
n—1)n-—1)*"
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