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Abstract

We begin with an introduction to a calculus of fractional finite differences. We
extend the discrete Laplace transform to develop a discrete transform method. We
define a family of finite fractional difference equations and employ the transform
method to obtain solutions.
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1. Introduction

In this article we study discrete fractional calculus. We proceed to consider a family of
finite fractional linear difference equations and we shall develop a transform method of
solution. Our preliminary definitions follow in the spirit of Miller and Ross [6]. Our
goals follow in the spirit of Miller and Ross [6] and Podlubny [7] to develop the theory of
linear finite fractional difference equations analogously to the theory of finite difference
equations.
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The Riemann—Liouville fractional integral of a function f of order v has the form

1 t
Dy ) = 1 fo (t — )" £ (s)ds.

Here it is assumed that Re v > 0 and it is assumed that f is continuous on (0, c0)
and integrable on bounded subintervals of [0, o). The kernel, (¢ — s)"_1 /T(v),isa
clear generalization of a Cauchy function, (r — s)r 1 /(n — 1)!, for nth order ordinary
differential equations. Miller and Ross [6] employ this observation and develop a theory
of linear fractional differential equations that is analogous to the classical theory of linear
ordinary differential equations.

In [5], Miller and Ross initiated the process to develop the analogous theory for
fractional finite differences. In this article, we continue to build on their work, de-
velop properties of fractional finite differences, define a family of linear finite fractional
difference equations, and develop a transform method of solution.

In Section 2 we shall provide the elementary definition of a fractional sum of a
function f of order v, and we shall define the fractional difference. These definitions
are essentially due to Miller and Ross [5]. We shall also develop and present some of
the elementary properties of discrete fractional calculus.

In Section 3, we shall employ a discrete transform to solve the same family of
equations. We present examples to illustrate the method. The discrete transform, which
is not the z-transform, is the Laplace transform on the time scale of integers [2,4]. We
find the discrete Laplace transform to be the transform of convenience.

2. An Introduction to the Calculus of Finite Fractional Differences
Recall the factorial polynomial,

n—1

(W =JJ¢—-j)=re+1)/T+1-n),
j=0

where I denotes the special gamma function and if  + 1 — j = O for some j, we assume
the product is zero. We shall employ the convention that division at a pole yields zero.
For arbitrary v, define

Y =T +1)/TE+1-v).

We will list some of the properties of this factorial function with their proofs.
Theorem 2.1. Assume that the following factorial functions are well defined.
(1) At™ = =D where A is the forward difference operator.
(i) (¢ — )™ =D where u € R.

(i) u™ =T+ 1).
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(v) Ift < r, thent™ < r™ for any v > r.
(v) If0 < v < 1, then 1@ > (+@)v.
(vi) tlath) — (r — ﬁ)(a)t(ﬂ)_

Proof. The proofs of (i), (i1), (iii), (vi) are straightforward. The proof of (iv) follows
from Euler’s infinite product

1o (1
rw=-]] %
u 1+ ()
n=1 n
The proof of (v) follows from the log-convexity property of the gamma function.

e _ L+
r'e+1-—av)
C@E+1)

T+l —a)+ -+ 1)

_ L(t+1)

T+ =)+ 1)

= (t')".
This completes the proof. [ |

Define iteratively the operator A/ = A(A/ ~1), where j isa nonnegative integer, A°
denotes the identity operator and Al f(@)=Af(@t)= f(t+1)— f(z).Itis the case that
the solution of an initial value problem of the form

ANu(t) = f@), t=a,a+1,...,
u(a+j—1=0, j=1,...n,

18 the function

t—1 . (n—1
A0 =utn = Y ST ).

Here, o (s) = s + 1. We shall use this notation throughout the article. It is the intention

that some of this material will generalize to a study of fractional calculus on time scales.

. t—o(s)h
Note that the Cauchy function, ( D! vanishesats =t—(n—1),...,r—1.
n—1)!
So

t—1

(t —o(s)" P S (= o@)h
Y 9= oy f®

sS=a S=a

1 A Te-y)
T - 1)!Zr(t—s—(n—1))f(s)'

S=a
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With this observation define (as done in [5]) the vth fractional sum of f by

t—v

' —us)

g1
A f(”—r@)zar(z_s_(v_n)f“)’ .1)

S=

where v > 0. Note that f is defined for s = a, mod (1) and A" f is defined

fort = a4+ v, mod (1). For calculations, we shall assume that s = a, mod (1),

s —a > 0. This observation is important to determine lower limits throughout the paper.
Next we shall state and prove the law of exponents for fractional sums.

Theorem 2.2. Let f be areal-valued function, and let i, v > 0. Then for all # such that
= ,bL + V, mOd (1)$

ATVIATHEF] = ATE () = ATHIATY £ ()]

Proof. By definition of fractional sum, we have

t—v

1
“HATY - ATH _ (v=1)
ATHAT @) = FsA ;“ oV f(r)
: > (-1 § (v—1)
- —_— _ m— . v—
NOIND ;“ a(s)) ;G oYV )
1 t—u s—v ( b ( )
= — _ nw— _ p—
m)r(m;;“ o (NH s —a ()™ ()
1 t—(u+v) t—p e .
= _ nw— _ p—
T (I (w) ; sz;v(’ o (N s —a ()T f(r)
1 1=(utv) ft—o(r)—p ) 1
= o =~ — — (=10, @w-1
F(w)C(w) ; x;_l (t—o(r)—o(x)) X f(r)
1 t—(u+v) o)
— — _ v—
T ) 2:; (AT =a )™ f ()

1 "%”) r(v)

_ (v+up—1)
=T —F(v+u)(l o(r) VTV f(r)

r=0
— A—(M-I—V)f(t)_

This completes the proof. |
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Next, we obtain a power rule. Miller and Ross [5] obtained the following lemma
in the case that u is a positive integer by induction and = 0 with a straightforward
calculation.

Lemma2.3. Letu e R\ {..., -2, —1}.

Avpw — T+ D gy
C(u+v+1)
Proof. Set
I'(w + l)t(lH-V)
g1(1) = .
C(w+v+1)
Set

- 't —s)
t — A_Vl»(ﬂ) — — (M)
&2(1) F(V)Zf(t—s—v—l-l)s

S=

=

1 ’i L=+
 T'(v) Ft—s—v+DIis—pu+1)

§=

=

We show g1, g2 each satisfy

(t—(u—v)+DAg) = (u+v)g),
glu+v)=T(u+1).

In the next steps of the proof, the formulas (i1) and (iii) in Theorem 2.1 are used repeatedly.
First, consider g;. Apply (iii) to see that

T+ D +v)# ™ T+ DI (e +v+1)
C(u+v+1) B C(u+v+1)

g1 +v) = =T(u+1).

Apply (ii) to see that

(w+ T+ Dt — (u+v) + DHrrtr=b
C(w+v+1)
(A )T+ Dty
N I(w+v+1)

(t—=(n+v)+DAgi(t) =

= (u+v)gi(r).

Second, consider g>. Apply (iii) to see that

W — DD T (u+ 1)
C'(v) - C(v)

ou+v) = =T(u+1).



170 Ferhan M. Atici and Paul W. Eloe

We now present a tedious calculation to show g; satisfies the difference equation. Use

(i1) and add and subtract u to write

t—v

1
82(1) = ) Z(t — o (s)PDsw

== ( ;. Z(r —o(s) — (v =2)(t —o(s)"Ps™

1 t—v
F(U) Z(l —s—v—u+1+p@—- g(s))(‘) 2) ()
(t— W+ u+1) .

=Ty Lot

"t 2 Z(r — ()P = s

Consider only the first term

(t— W+ +1) ti(z () D,

I'(v) =
Note that
(v=2) ¢ (1) W=DV 41 -—nWw
‘;—1( ) Z(l O’(S))(v 2) (n) +(t—|—1 U)('U“)
So

C—+m+D (v=2) ()
roy) o)

_ (7))
=(t—(v+,u)+1)(Ag2 (‘iti V) )

=+ +DAg (t+1—v)HtD
o B v—1 '

v—1

Consider now the second term
t—v

o ;ﬂ(r — o) (s — w)s .
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Sum by parts and note that
A((t — S)(V—I)S(M-H)) = (t — U(S))(v_l)(lzb + I)S(’U“) — (=D — O’(S))(U_Z)S(M+1),
Also recall s“tD = (s — u)s™. Thus,

t—v t—v
Dt =)V =3 — o ()P (s — p)s®
S=U S=M
1 t—v
=— <<u +DY @ —o6nUsW — =DV +1 - v><ﬂ+“) :
v—1 =
In particular,
t—v 1)
_ w+1 (t+1— )t
——— Y =)V — s = ————g ) + .
I'(v) = v—1 v—1

In summary we have shown

(t=+w+DAg@)  C+1-v)"D  (u+1)ea)

§2(0) = v—1 v—1 v—1
t+1-— 1))(lH—l)
v—1 ’
Thus, (t — (u —v) + 1)Aga(t) = (1 + v)g2(t). The proof is complete. |

The definition of a fractional difference is analogous to the definition of a fractional
derivative [5]. Let u > 0 and assume that m — 1 < u < m, where m denotes a positive
integer. Set —v = u — m. Define

Afu(t) = A"V u(t) = A"(A™u(t)).

Lemma 2.3 gives indication that fractional difference equations can make sense. We
argue that the difference equation

Ay =0
makes sense in the fact that it generates two linearly independent solutions on the set

21 4
{_5’ 33 } Consider u;(t) = 1V and us (1) = 1273,

A3 (1) = A2(A231013)y = g A2/C3+1/3) g,

2 1
Moreover, A23¢1/3) implies t = 3 + 3 mod (1). Similarly, u; satisfies

AYuyt) =0

fort =

W
I
W

, mod (1).
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3. A Discrete Transform Method of Solution

We first introduce the reader to a discrete transform which is the Laplace transform on
the time scale of integers [2,4]. This is not the more common z-transform. We choose a
Laplace transform to employ the common analogous properties of the common Laplace
transform.

Define the discrete transform (R-transform) by

00 1\
Rto<f<r>><s>=2<m) £, 3.1)

1=lo
Ro(f())(s) is the Laplace transform on the time scale of integers [2,4].

Lemma 3.1. Foranyv e R\ {..., -2, —1,0},
I'(v)

SV

(i) Ry—1(t""D)(s) =

o'~ (v)
s+1—0a)

Proof. (1) For v = 1, one employs a straightforward calculation with the geometric
series. The cases v = 2, 3, ... follow by induction once we apply Theorem 2.1 (i) and
summation by parts. For0 < v < 1,

00 1\
Rea@ 0 = 2 (1) 0

t=v—1

(il) Ry—1(t" Val)(s) =

0

1 u-+v
u=0 s+

(V' 1 \'Tu+v)
_(s—l-l) Z(s—i—l) FTw+1)

u=0

Apply [1, Theorem 2.2.1] to the right-hand side and introduce the hypergeometric func-
tion  F1 in the following way:

00 t+1
1 o) 1 1
Z t = FwoF(1v; 1, ——
s+1 s+ 1)V s+1

t=v—1

1 rora 1, _V< 1 ) !
= "1 —1) ] ——— dt
s+ DT —v) Jo s+1

1 1 /1 (1 —w)’~ 1ty
e du
s+DvIra—v) Jo s+u
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1
TG+ DITA -

_F(v)
=

B(w,1—v)(1+s)" s

b

where B is the beta function. Here we used [3, Exercise 4.2.10]. This completes the
proof for 0 < v < 1. The equality

Ro1 (1" D)(s) = Z R, (¢ ™),
S

where v € R\ {..., =2, —1, 0}, follows from Theorem 2.1 (i) and summation by parts.
The proof of (i) is complete.
The proof of (ii) follows from the proof of (i). |

We shall also need to make use of a convolution theorem. Bohner and Peterson [2]
have developed the convolution on general time scales; it has been developed on the time
scale of integers in [4].

Let h(t) = Y~ and g(t) = a'. Define the convolution

t—v

(hxg)(t) =Y (t —o ()" Vgls),

s=0

where v € R\ {..., =2, —1, 0}.
We now obtain a standard property for R, ((h x g)(¢))(s).

Lemma 3.2. Foranyv e R\ {..., -2, —1,0}
Ry((h* g)(®))(s) = Ry—1(h(1))(s)Ro(g(®))(s).
Proof. We have

oo 1 t+1 t—v
Ry((h*)()(s) =) ( ) Y e =)V Ve

r=0

00 1\t
> (S +1> t—o(r)” Ve

(2 ) ) ) )

= Ry_1(h(2))(s)Ro(g())(s).
This completes the proof. |
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We introduce a few more properties of the R-transform before we solve some frac-
tional difference equations.
Treat A~V f(¢) as a convolution and apply Lemma 3.2 to obtain

Rapy (AT f())(s) = 57" Ra(f (D)) (). (3.2)

Lemma 3.3. For 0 < v < 1 and the function f defined forv — 1,v,v+1,...,

Ro(A” f(D))(s) = s"Ry_1(f(1)) — f(v = 1).

Proof. It is already shown [2,4], that if m is a positive integer, then

m—1
Ro(A™ f)(s) = s"Ro(f)(s) = Y s"* T AX flico.
k=0

For m = 1, we have

00 1 r+1
Ro(A"f(1)) = Ry(AA UV f(1)) =) ($> AAI F @)
t=0

|
1

t+1
) A=Y £ (1) — A0 £ (1),

£

=0
=0

+
1 t+1
(s - 1) AT f@y — fw=1)

>3

t

s 00 1 \7H! 00 1\t
— (=v)
= — t — — —1
F(l—v)_z(s-l—l) Z(s+1) JO = =1
==V r=v—1
L YR (o) - f - D)
= _ — Vv —
T(d—v) si—v 7!
=s"Ru_1(f(O))(s) — fv—1).
This completes the proof. |
One can easily generalize this result to higher order. Soif u > Oandm—1 < u < m,
where m denotes a positive integer and f is defined foru —m, u —m + 1, ..., then
m—1
Ro(A* £)(5) = 8" Ry—m(f)(s) = Y s" K TAkmb0 £ g, (33)
k=0

Example 3.4. Consider the problem A*3y(t) = 0 forr = 0, 1,2, .... We shall look

214 1/3 .
.¢- Assume that A*/”y(¢) is defined and

for a solution y(¢) defined on { ——, —, =, ..
3’33

finite.
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First we take the R-transform of each side of the equation to obtain
Ro(A*y(0) = s*Ro(A™*Py (1) = s AT y(®)li=0 — APy (@)]i=0 = 0.

Since Ro(A™*3y (1)) = s > R_5/3(y(t)) by (3.2), it follows by Lemma 3.1(i) that

Rosjs(y(0)) = y( )|S4(;3 sy (=3)

A3 (y(1) =0 1/3 -2/3
= —R1/3(t / )) + —R—2/3(t( / ))~
r () r(3)

Note that R; 3 (t(]/s)) =R 53 (t(l/S)), and so we conclude that

y(=3)

2
y(t):%t(l/z)JrL—F)t(_zm
r(3) r(l)
{ 21 4 }
forte Ty Ty Sy e f-
3733

Example 3.5. Consider the problem Al 2y(t) =5fort =0,1,2,.... We shall look
113
for a solution y(¢) definedon { —=, =, —, ... ¢.
2°2°2
Applying the R-transform for each side of the given equation, we have

Ro(A'2y(1)) = Ry(5),

1 5
sYPR_1p(y() — ¥ (—5) ==
y (_%) (—1/2) 5 (1/2)
R_12(y(@)) = R_12(2 )+ ——=<Ripp(t7).
I (3) r(-3)

Since Rl/z(t(l/z)) = R_l/z(t(l/z)), we have the solution

_YE2) gy S Lap
)= I'(1/2) ' + F(—3/2)t

Example 3.6. Consider the problem A>3 y(1)+(1—a)A?3y(r) = 0fort =0, 1,2, .. ..

125
We shall look for a solution y(¢) defined on {—5, 33 }

fort € {—

| W

11
272’
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Applying the R-transform to each side of the equation, we have

y(=%)
r'(-1)
L —y(=1/3) + A3 (y () |i=o X

r'@3)

R_1/3(y(l')) = R_1/3(f(_4/3) % al)

2/3(1‘(_1/3) xa').

Using the step function u, () defined in [2, Example 3.93, page 125], we see the relation

Ra(f(Dua(t)) = Rat1 (f(1)).

Then the solution of the fractional difference equation is

y(=1/3) (1 —a)y(—3) + AP yE))l=0
Y0 = T%)(t( Hxah+ 3F(%) — (Ao a(0)
fort € {—l, z, é, .. }
33’3
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