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Abstract

In this paper we shall establish some new criteria for the oscillation of nonlinear
fourth order difference equations of the form

1
A? (m(m(k»a) = (k) f (x[g(0)]) + p(k)h(x[o (K))),

where « is the ratio of two positive odd integers.
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1. Introduction

Consider the fourth order nonlinear difference equation

1
A? (mm%(k»”) = q(k) f (x[g(O]) + p(Dh(x[o (k)D), (1.1)
where k € Ng = {ng, no+1, - - - }, ng is anonnegative integer, A is the forward difference
operator defined by Ax(k) = x(k + 1) — x(k), and

(i). « is the ratio of two positive odd integers,
(11). {a(k)}, {p(k)} and {g(k)} are positive sequences,

(ii1). {g(k)} and {o (k)} are nondecreasing sequences of real constants with g(k) < k
and o (k) > k for k € Ny and klim g(k) = oo,
—00

(iv). f,h : C(R,R) satisfying xf(x) > 0, f'(x) > 0, xh(x) > 0 and h'(x) > 0O for
x #0.

By a solution of equation (1.1), we mean a real sequence {x (k)} satisfying equation (1.1)
forall large k > ng € Np. A nontrivial solution {x (k)} of (1.1) is said to be nonoscillatory
if it is either eventually positive or eventually negative, and it is oscillatory otherwise.
The equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

The problem of determining the nonoscillation and oscillation of all solutions of
second order half-linear difference equations of the form

1
A (—(AX(k))a> +q(k)x“[g(k)] =0
a(k)

and

A (%(Ax(k))“) = q(k)x“[g(k)] + p(k)x*[o (k)]
has been a very active area of research in the last two decades, and for surveys of the
recent contributions, we refer the reader to the books and the papers [1-10] and the
references cited therein. A question naturally arises as the possibility of generalizing
some of the results in [2, Section 6.2.2] or [9, Section 16] to equation (1.1). The main
objective of this paper is to give an affirmative answer to the above question and to
establish some new criteria for the oscillation of equation (1.1) via comparison with first
and second order difference equations whose oscillatory characteristics are known.

2. Main Results

We define the operators

1
Lox(k) = x(k), Lix(k) = ALox(k), Lax(k) = @(Ale(k))“,

Lix(k) = ALox(k) and Lgx(k) = AL3x(k).
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Clearly, equation (1.1) takes the form

Lax(k) = q(k) f (x[g(K)]) + p(k)h(x[o (K)]).

In what follows we shall assume that

Y al“(j) = oo,
—f(=xy) = flxy) = f(x) f(y) for xy >0

and
—h(—=xy) > h(xy) > h(x)h(y) for xy > 0.

125

2.1)

(2.2)

(2.3)

(2.4)

In the following results, we shall use the following notation. For all large k > m+2 > ny,

we let
k=2

Alk, m] = Z(k —0— 1) —m)/al )
l=m

and
k—2

Blk, ng] = Z(k — =)k +1— ) egl /=y,
l=ng

Also, we let
k—1

Clk,m] = Z(e —m+ Dk +1— 0 2ql*).
{=m

We are now ready to prove the following result.

Theorem 2.1. Let conditions (i)—(iv), (2.2)—(2.4) hold,

h(u'/®) .
>c1 >0, ¢y isaconstant, for u # 0
u
and y
o
ACS >c¢ >0, c isaconstant, for u # 0.
u
If
o (k)—1
: . : 1
limsup Y p(Nh(Alo(j), o (K)]) > —,
n— o0 =k C1l
k—1
: . . 1
limsup > q(j)f(Blg(j). nol) > -,
"0 j=eto ¢
and
k—1
. , : 1
limsup Y q(j)f(Blgk).g()HD > -.
n—00 c

j=g(k)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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then equation (1.1) is oscillatory.

Proof. Let {x(k)} be an eventually positive solution of equation (1.1). Then, L4x (k) > 0
eventually and hence L;x(k), i = 1,2, 3 are eventually of one sign. Now we shall
distinguish the following three cases:

(M. Lix(k) > 0,i =1, 2, 3 eventually,
). Lix(k) > 0,i = 1,2 and L3x(k) < O eventually, and
(D). (=1)'Lix(k) > 0,i = 1, 2, 3 eventually.

Case (I). Let L;x(k) > 0,i =1,2,3fork > ng € Ng. Thenfor{ >m + 1> ng+1,
we have

—1
Lx(£) — Lyx(m) = Y L3x(j)
j=m
and so
Lyx(€) > (¢ — m)L3x(m),

or
A2x(0) = (€ —m)a" " (@) LY x (m). (2.10)

From the discrete Taylor formula it follows that x satisfies the equality

k—2
x(k) = x(ng) + (k — ng) Ax(ng) + Z (k—1t — I)Azx(ﬂ), k>no+2. (2.11)
{=ng
Using (2.10) in (2.11), we have
k=2
x(k) = [ k== D€ —ma @) | Ly*x(m), k=m+2=no+2
{=ng
k—2
> (Y k—e-10e— m)l/“al/“(£)> Ly/*x(m)
{=m
= Alk, mILy/*x(m) for k >m+2>no+2. (2.12)

Letting k = o (j) and m = o (k) in (2.12), we have
x[o ()] = Alo (), o W)Ly “x[o (k)] for o(j) =ok) +2=no+2. (2.13)
From equation (1.1), we see that

Lax(j) =z p(Hh(x[o (/)] (2.14)
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Using (2.13) and (2.4) in (2.14), we obtain

Lax(j) = p(Hh(Alo (), o (DALY x[o ()] for o (j) = o (k) +2 = ng +2.

Summing both sides of the above inequality from & to o (k) — 1, we have

o(k)—1

Laxlo ()] = Lax(® = | D p(h(Alo (), oD | (1 (L3 xlo®0])).

j=k

or

ok)—1
Lzx[o (k)] , _
> h(A ,o(k)]).
WL <o (0] E p()h(Alo (j), o (k)])

=k
Taking lim sup of both sides of the above inequality as k — oo, we obtain a contradiction
to condition (2.7).

Case (II). Let L;x(k) > 0,i = 1,2 and L3x(k) < O for k > ng € Ny. Then for
k+ 1> £ > ng, we have

k
Lox(k + 1) — Lox(0) = Y _ L3x(j)
j={
and so,

Lyx(€) = (k + 1 — £)(—=L3x(k)),

or

A0 = (k41— 0a ) (~LY*x (). (2.15)
From Taylor’s formula (2.11), we obtain
k—2
x(k) = Y (k—€—1)Ax() for k= no+2. (2.16)
l=ng

Using (2.15) in (2.16), we have

k=2

() = | Yo k== D+ 1-0"a @) | (~1Y*x®)
L=ng
= Blk, nol (~L5“x(®)) for k= ng+2, 2.17)

Letting k = g(j) in (2.17), we get

x[g()] = Blg(), nol (—L3/“x[g(i)1) for g()znmo+2.  (218)
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From equation (1.1), we have

Lax(j) = q(j) f(x[g(j)]) for g(j) = no+2. (2.19)
Using (2.3) and (2.18) in (2.19), we obtain

Lyx()) = () f(BIg(). nol f (=LY x[g()1).

The rest of the proof is similar to that of Case (I) and hence omitted.

Case (IIN). Let (—1)'L;x(k) > 0,i = 1,2, 3 for k > ng. Then as in the proof of Case
(IT) we obtain (2.15). From Taylor’s formula and for k — 1 > m > n( one can easily see

that
k—1

x(m) > Z(ﬁ +1—m)A2x(0). (2.20)

{=m

Using (2.15) in (2.20), we have

k—1
x(m) = (Z(ﬁ +1—mk+1- ﬁ)l/aa”“w)) (—Li"x))

{=m

— C[k, m] ( ”"‘x(k)) for k—1>m > no. 2.21)
Substituting g(j) and g(k) for m and k, respectively, in the above inequality, we get

*[g())] = Clg), g (~Li“x[g (1) for g(0) =12 g(j) Zno.  (222)
From equation (1.1), we have
Lax(j) 2 q(Df lg(DD. j = no.
Using (2.3) and (2.22) in the above inequality, we obtain
Lax()) = () (Cle®), g(DDF (—L5“x[g(1) for g(k) — 1
> g(j) = no. (2.23)

Summing both sides of (2.23) from g(k) to k — 1, we have

k—1
~Laxlg®1 = [ D a()F(Cle®), gD | £ (~L3“xlg@hn).
j=gk)
or -
—L k
e N GO )

S(= L x[g(k)D j=g(k)
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Taking lim sup of both sides of the above inequality as k — oo, we arrive at the desired

contradiction. This completes the proof.

Next, we shall replace conditions (2.3) and (2.6) by
S w)

u
and conditions (2.4) and (2.5) by

>b >0, b isaconstant, for u #0

hl/a(u)
u

> by >0, by isaconstant, for u #0

and prove the following result.

Theorem 2.2. Let conditions (i)—(iv), (2.2), (2.24) and (2.25) hold. If

o(k)—1 s3—1 s2—1s1—1 e )
hm sup Z Z a(sy) Z Z p(s) > =
s3=k sr=k s1=k s=k 1

1/
1
lim sup B[g(k), no] (Zq(s)) > 5’ ng € Ny

k— 00 s—k
and
k=1 k— k=1 k-1 1/a !
lim su v -,
man ¥ 3 (a3 Saw) -
v3=g (k) v3=12 V2=V1 V1=V

then equation (1.1) is oscillatory.

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Proof. Let {x(k)} be an eventually positive solution of equation (1.1). As in the proof of
Theorem 2.1, we shall consider the three Cases (I), (II) and (III). Suppose (I) holds. For

s1 — 1 > k > ng € Ny, it follows from equation (1.1) that

s1—1 s1—1
L3x(s1) = ) p()h(x[o(s)]) = (Z p(s)) h(x[o (k)]).
s=k s=k

Summing the above inequality fromktos, — 1,50 — 1 > 51 — 1 > k > ng, we have

Sz—] Sl—l

Lox(s2) = | D ) p(s) | h(x[o (k)D),
s1=k s=k
or 1
sp—1s1—1 “«

Ax(sp) = |as2) Y > p) | hGlok)D.

s1=k s=k
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Next, summing the above inequality fromk tos3 —1,s3—1 > s0—1>s1—1 > k > no,
we obtain

s3—1 so—1s51—1 l/a
Ax(s3) = Y lats) Y D p&) | A7 Glo)).
so=k s1=k s=k

Once again, summing the above inequality from k to o (k) — 1, we obtain

1/a
o(k)—1s3—1 sp—1s1—1
o) = *xlo)) D D fat YD pe)| .
s3=k sp=k s1=k s=k
or
l/a
*[o (k)] %IZI ( )ZIZ] (s) k
a— = a\sr pPs , Z no.
hl/ (X O’(k)]) s3=k sp=k s1=k s=k

Taking lim sup of both sides of the above inequality as k — oo, we arrive at a contra-
diction to condition (2.26).
Suppose (II) holds. From equation (1.1), it is easy to see that

—Lx(k) > (Z q(s>> fxlg®)) for k> np.

s=k

Using inequality (2.18) with j = k and the fact that —L3x (k) is nonincreasing, we have
x[g(0)] = Blg(h), nol (—L3“x[g®)1)

> Blg(k), nol (—Ly/*x(k))

00 1/a
> Blg(k), no] <Z q(s)) Y xlgD), k= no.

s=k

The rest of the proof is similar to that of Case (I) and hence omitted.
Suppose (III) holds. For k — 1 > v; > ng, we have

k—1

—L3x(v)) > (Z q(v)) fxlg))).

v=v]

Summing the above inequality from v tok — 1,k — 1 > vy > vy > ng, we obtain

k—1 k—1
Lox(v2) > < oy q(v)) fxlg(b))),
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or
k=1 k—1

1/
A’x(v2) = (a(vz) > q(v)) SV &g (0]).

V=V V=U]

Summing the above inequality from vz tok — 1,k — 1 > v3 > vy > v > ng, we get

k—1 k=1 k—1 /o
Ax(u) = Y (a(vz) > Zq(v)) SV x[g(0]).

V=13 V=V V=V
Finally, we sum the above inequality from g(k) to k — 1, to obtain
k=1 k— k=1 k-1 /e
x[g (k)] (
i > & > (ot Y Y aw)
fHe(x[gk)]) S vms it

Taking lim sup of both sides of the above inequality as k — oo, we obtain a contradiction
to condition (2.28). This completes the proof. [

Nextfork > m + 1 > ng € Ny, we let

k=1 £-1

Clk, m] = ZZ V()

{=m j=m
and present the following comparison results.

Theorem 2.3. Let conditions (i)—(iv), (2.2)—(2.4) hold. If all the unbounded solutions
of the advanced second order equation

A%y (k) — p(k)h (C [G(k), @]) h (yl/“ [@D =0, (2.29)

and all the bounded solutions of the second order delay equations
A*z(k) — q(k) f(Clg k), no)) f (z/“[g(K)]) = O (2.30)

and

A*wk) —qk) f (C [@ g(k)D f (wl/"‘ [@D =0 (2.31)

are oscillatory, then equation (1.1) is oscillatory.

Proof. Let {x(k)} be an eventually positive solution of equation (1.1). As in the proof of
Theorem 2.1, we shall consider the three Cases (I), (II) and (III).



132 Ravi P. Agarwal, Said R. Grace and Patricia J.Y. Wong

Case (I). Suppose L;x(k) > 0,i =1,2,3fork > ng € Ng. Then for £ > m + 1 > ny,

we have
-1

Lix(€) — Lix(m) = Y a/™*(j)Ly*x(j).
j=m
or
-1
Ax(@) = Lix(©) = [ D a*()y | Ly *x(m). (2.32)
j=m

Summing both sides of the above inequality from m to k — 1, we obtain

x(k) > Clk, m]Ly/*x(m) for k>m+1> no. (2.33)

Let y(k) = Lox (k). Substituting o (k) and (k 4+ o(k))/2 for k and m, respectively, in
(2.33), we get

k -l-a(k)] Ji/a |:k + o (k)

> > :| for k > ny. (2.34)

x[o(k)] = C [G(k),

Using (2.4) and (2.33) in equation (1.1), we obtain
A*y(k) = p(k)h(x[o (k)])

> p()h (c [a(k), @D L (yua [@D |

By applying a result in [2, 10], we see that the equation (2.29) has an eventually positive
solution which is a contradiction.

Case (IT). Suppose L;jx(k) > 0,i = 1,2 and L3x(k) < O for k > ng. Then for
k>m+ 1> ng, we get

-1
Ax(@) = Lix(0) = [ Y a" () | Ly *x ). (2.35)

j=m
Summing the above inequality from ng to k — 1, we find
x(k) = Clk, nol Ly x (k). (2.36)
Let z(k) = Lox (k). Substituting g (k) for k in (2.36), we get
x[g(k)] = Clg(k), nolz/*[g(k)], k = no+ 1. (2.37)
Using (2.3) and (2.37) in equation (1.1), we obtain

A%z(k) = q(k) f (x[g(K)])
> q(k) f(Clg(k), nol) f(z*[g(k)]).
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Now by a result in [2], one can easily see that equation (2.30) has an eventually positive
solution, which is a contradiction.

Case (III). Suppose Lix(k) < 0, Lox(k) > 0 and L3x(k) < O for k > ng. Then as in
Case (II) we obtain (2.35). Summing (2.35) from m to k — 1 > m > ng, we have

x(m) = Clk, m]LYx (k). (2.38)

Let w(k) = Lox (k). Substituting (k 4+ g(k))/2 and g (k) for k and m respectively, in
(2.38), we find

k+ gk k+ ok
x[g(k)] > C |:+Tg() g(k)] wl/® |:-|—Tg():| . (2.39)

Using (2.3) and (2.39) in equation (1.1), we find

A*w(k) > q(k) f(x[g(k)])

k k k k
> g f (c [%() g(k)]) f (w”“ [+Tg()D .

The rest of the proof is similar to that of Case (II) and hence omitted. This completes
the proof. [

Theorem 2.4. Let conditions (i)—(iv), (2.2)—(2.4) hold. If the first order advanced equa-

tion
Ay (k) — p(k)h (A [o(k), W]) h (yl/“ [@D =0 (2.40)

and the first order delay equations
Az(k) + q (k) f(B[g(k), no]) f z'/“[g(k)]) =0, k >ng >0 (2.41)

and

Awk) +q k) f (C [kJrz—g(k) g(k)D f <w1/“ [l%g(k)]) =0 (2.42)

are oscillatory, then equation (1.1) is oscillatory.

Proof. Let {x(k)} be an eventually positive solution of equation (1.1). As in the proof of
Theorem 2.1, we consider the Cases (I), (II) and (III).

Case(). If Lix(k) > 0,i =1,2,3fork > ng € Ny, then (2.12) holds fork > m +2 >
no. Let y(k) = L3x (k). Replacing k and m by o (k) and (k 4 o (k))/2 respectively, in
(2.12) we obtain

x[o (k)] > A |:o(k), M] yl/a {M

: : ] k—1>n;>ng.  (243)
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Using (2.4) and (2.43) in equation (1.1), we get

Ay(k) = p(k)h(x[o (k)])

> p(h (A [o<k>, @]) h (y”“ [@D . k=n1 = no.

By a result in [2, 10], one can easily see that equation (2.40) has an eventually positive
solution, which contradicts the hypothesis.

Case (I). If L;x(k) > 0,i = 1,2 and L3x(k) < O for k > ng € Ny, then (2.18) holds.
Letting j = k and —L3x(j) = z(j) in (2.18), we have

x[g(k)] = f(Blg(k), nol) f ="/ *[g®)]). &k = ni = no. (2.44)

Using (2.3) and (2.44) in equation (1.1), we have

—Az(k) > q(k) f (x[g(k)])
> q(k) f(Clg(k), nol) f(z/*[g(k)]),
or
Az(k) + q(k) f(Clg(k), nol) f(z'/*[g(k)]) <O for k > ny.

By a known result in [2, 10], equation (2.41) has an eventually positive solution, which
is a contradiction.

Case (III). If (—1)iLix(k) >0,i =1,2,3fork > ng € Ng, then (2.21) holds. Let
w(k) = —L3x (k). Substituting (k4 g(k))/2 and g (k) for k and m respectively, in (2.21)
we find

x[g(k)] = C [w’ g(k)] wl/e [M

> > :| for k> n| > ny.

Using (2.3) and the above inequality in equation (1.1), we have

—Aw(k) = q (k) f(x[g(K)])

k k k k
> (o) f (C [%() g(k)D f (w““ [%”D Ck=an

The rest of the proof is similar to that of Case (I) and hence omitted. This completes
the proof. |

The following corollary is immediate.

Corollary 2.5. Let conditions (i)—(iv), (2.2)—(2.4) hold,

+00 dbt
/ ot <% (2.45)
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and p
u
Lo ) < 0. (2.46)
If -
3" p(ih (A [am, W]) - (2.47)
Y " q() f(Blg(j). nol) = 00, k> ng (2.48)
and

S gt f ( [J +g(”,g<j>]) = oo, (2.49)

then equation (1.1) is oscillatory.

Example 2.6. As an illustrative example, we consider the equation

a* (m(ﬁzx(k))“> = q()xP1g()] + p)x" [0 (k)] (2.50)

where 8 and y are the ratios of two positive odd integers with0 < 8 < o < y. Equation
(2.50) is oscillatory if

Zp(z)AV [om (’)] o0,

> q()BPIg(j),nol =00 and Y q(j)B” [’Tg(” g(j)] = 0.
Next for a special case of equation (1.1), namely, the equation
A? (m(Azx(k))“) = q(k)x%Tk —t + 1]+ p(k)x*[k + o + 1], (2.51)

where 7 and o > 2 are integers, we have the following corollary.

Corollary 2.7. Equation (2.51) is oscillatory if

k—1+4+(0/2) o2
. . . .. O o—2
liminf Y p(jHA° [] Yo+ —] > ( ) : (2.52)
k— 00 . 2 o
Jj=k+1
k—1 T T+1
lim inf HYBY[j — T, 2.53
im in j_Ek_Tq(J) [/ — 7, nol > (T+1> (2.53)

and

k=1 N
) (2.54)

T
lim inf 'C“['——,'—}
iy 3 et [i= 307> (s
j=k—1/2
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Remark 2.8.

1. From Theorems 2.3 and 2.4 we see that the oscillation of equation (1.1) is related
to those of first or second order equations whose oscillatory characters are studied
intensively in [1,2,5, 10]. These criteria in [2, 10] may be applied to the equations
given in Theorems 2.3 and 2.4 and produce many results for the oscillation of
equation (1.1). The details are left to the reader.

2. The results of this paper can be extended to neutral type equations of the form

1
A? (—(AZ(X(/C) + C(k)X[f(k)]))“> = q(k) f(x[g(K)]) + p(k)h(x[o (k)]),

a(k)

(2.55)
where {c(k)} is a sequence of real numbers and {7 (k)} is an increasing sequence
of real numbers with klim (k) = o0o. The details are left to the reader and for

—> 00

similar results we refer to our results in [6] for second order nonlinear equations.

3. We note that the bounded oscillation of a special case of equation (1.1), namely,
the equation

1
A? (—(Azx(k»“) = q(k) f(x[g(k)]), (2.56)
a(k)

can be investigated from the following result.

Corollary 2.9. Let conditions (i)—(iv) hold with p(k) = 0 and h(x) = 0. Then all
bounded solutions of equation (2.56) are oscillatory, if one of the following hold:

(I;). Conditions (2.3), (2.6) and (2.9) hold,
(In). Conditions (2.25) and (2.28) hold,
(I3). Condition (2.3) holds and all bounded solutions of equation (2.31) are oscillatory,

(I4). Condition (2.3) holds and equation (2.42) is oscillatory.
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