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Abstract

In this paper we introduce some function spaces on time scales along with their
dual spaces and obtain some relations between them. As an application, the infinite
matrix transformation on times scales is studied.
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1. Introduction

Calculus on time scales has been introduced by Bernd Aulbach and Stefan Hilger [1, 9]
to unify discrete and continuous analysis. A time scale T is a nonempty closed subset of
the real numbers, so that it is a complete metric space with the metric d(¢, s) = |t — s|.
The books by Bohner and Peterson [4, 5] are excellent references for calculus on time
scales.
In the paper by Kizmaz [10], the following sequence spaces are defined:
loo(A) = {x = (xp) + Ax € loo},
c(A) ={x = (xx) : Ax € ¢},
co(A) = {x = (xp) : Ax € co},

where Axy = Xg41 — Xk, k € Zt. These sequence spaces are Banach spaces with norm

xll = lx1] + | Axloo,
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where ||x|lcoc = sup |xx|. Also some properties of these spaces and of their «, 8, y-
1<k<oo
dual spaces have been given. Finally, matrix classes related to these sequence spaces

were studied. Later Et [6], Et and Colak [7] generalized the results of [10] considering
the n-th power of the operator A.

In [2], the results on dual spaces in which methods of [10] were adapted, had been
devoted to the function space

Loo(D)={f1|f:10,00) > R, Df = f' € Loo}.

This function space is a Banach space with norm

A= 1O+ 1l lloo

where

[ flloo = sup [f(x)I.
0<x<oo
In this paper our aim is to unify and generalize the above mentioned results by defining
the function spaces and their dual spaces on time scales.

The paper is organized as follows. In Section 2, we give some basic concepts of
the time scale calculus and also introduce some function spaces and define «, 8, y-dual
spaces. In Section 3, we obtain arelation between the «-dual of some function spaces and
construct the «a-dual of Lo, (A). In Section 4, we study infinite matrix transformations
on special time scales as an application of the results in the earlier sections.

2. Preliminaries

First, we shall briefly mention some basic definitions of time scale calculus for the
reader’s convenience. For ¢t € T we define the forward jump operator o : T — T by

o(t)=inf{seT: s >t}.

If o(¢) > t, we say that ¢ is right-scattered, and if o (#) = ¢, then ¢ is called right-dense.
The graininess u : T — [0, 00) is defined by

u(@) :=o(t) —t.

For a,b € T with a < b we define the closed interval [a,b] in T by [a,b] =
{t € T:a <t <b}. ThesetT" isdefined tobe T\ {zy} if T has a left-scattered maximum
fo, otherwise T = T*.

Now, let f be a function defined on T and let € T¥. Then we define f2(¢) to
be the number (provided it exists) with the property that given any € > 0, there is a
neighborhood U of f (i.e., U = (t — §,t + &) N'T for some 6 > 0) such that

Lf(e®) = f)I = fADIo @) — 51| < elo@) — s
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for all s € U. We call £2(z) the delta derivative of f at r. Moreover, we say that f is
delta differentiable on T provided f(r) exists for all ¢ € T*.

Note that in the case T = R we have f2(r) = f'(¢) and in the case T = Z we have
Ao =fa+1~ fo.

Here, F is called an antiderivative of a function f defined on T if F* = f holds on
T*. In this case we define a Cauchy integral by

/ F@)AT = Ft) — F(s),

where s, t € T.

Throughout this paper, we assume that T is unbounded above. Now let us suppose
that a real-valued function f is defined on [a, 00) = {t € T : t > a} and is integrable
from a to any point A € T with A > a. If the integral

A
F(A):/ f()At

approaches a finite limit as A — oo, then we call that limit the improper integral of first
kind of f from a to co and write

00 A
/ f(t)At=Alim {f f(t)At}.

In the papers by Guseinov [8] and by Bohner and Guseinov [3], many properties of the
A-integral on time scales are given.
Let T be a time scale such that T C [0, oo) and there exists asubset {f; : k € Ng} C T

with) = <t <t < ...and klim tr = oo. We define the spaces of continuous
—00

functions

Lo={flf:T—>R, Suq]?lf(f)l < 0o},

C={fIf :T—R, lim f(r) < oo},
Co={fIf:T—R, tl_i)rgof(t)zo},

with the norm

1 flloo = sup [ f(D)].

teT

One can easily see that these are normed linear spaces and Cop C C C Lo,. Next we
define

Loo(A) = {fIf € K, f® € Lo},
C(A) ={fIf ek, f2eC},
Co(A) = {fIf €K, f* € Co},
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where K = {f|f : T — Rand f is A-differentiable on T*}. It is also easy to show
that these function spaces are Banach spaces with the norm

Ifla = 1£O]+ 1 F Moo

and Co(A) C C(A) C Lo (A).
Next we define the operator

¢ : Loo(A) — Loo(A)

with ¢ (f(¢)) = f(¢t) — f(0). Itis clear that ¢ is a bounded linear operator on L, (A).
Also ¢ [Loo(A)] = {g € Loo(A) : g(0) = 0} is a subspace of Ly (A) and is a space
with norm || flla = 1| /% llco-

On the other hand we define the operator

D :¢Lo(A) > L

with D(f) = f2. D is a linear isometry so that the spaces ¢Loo(A) and Lo, are
equivalent normed spaces.

Definition 2.1. Let X be a function space and a € T. We define the dual spaces of
F C X in the following way:

(1) F* = f:/a|f(t)|At<oo,/ |f(t)g(t)|At<oof0rallgeF},
0 T

(i1) FP = f: /Oa | f(t)|At < o0, /T f(t)g(t)At is convergent for all g € F},

(iii) FY = f:/a|f(t)|At<oo,sup
0

seT

/0 f@)g(t)Ar

<oof0rallgeF}.

F%, FP and F7 are called o, B and y-dual spaces of F, respectively.
The proof of the following theorem easily follows from the above definition.
Theorem 2.2. Let F' and G be function spaces. Then
(i) F*C FP C F7,

(i) F C G implies G* C F*,x =, B, .

3. Main Results
Lemma 3.1. If f € ¢L(A), then
| f(®)]

teT\{o} !

< Q.
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Proof. If f € ¢Loo(A), then |f2(t)] < M forall t € T\ {0}, where M is a positive
constant. Let# € T \ {0}. Then we use the properties of the A-integral on time scales to
reach the desired result

IfOl=1f@) = fO)] = ‘/0 fAs)As S/O IfA(s)lAsff0 MAs = Mt.

This completes the proof. [

Theorem 3.2. We have
[DLoo(A)]* = {f :/O ()] At < oo,/Ttlf(t)lAt < oo}.

Proof. Define

D1={f:foalf(t)lAt<oo,/Tt|f(t)|At<oo}.

One can easily see that [¢ Lo (A)]* C Dy. If f € Dy, then for antg € T \ {0},

/Tlf(t)g(t)lAt = /0 If(t)g(t)lAt+/ f o ar

10 lg®)| [
< |f()g@®)|Ar+ sup —— 1 f @) At
0 telr,00) ! 1o
< o0
for all g € Lo (A). This implies that f € [¢pLoo(A)]”. [ |

Remark 3.3. It is easy to see that the set D is nonempty since one can consider f as
zero function. The Dirichlet—Abel test is a main tool for presenting a nontrivial example.

Theorem 3.4. (Dirichlet—-Abel Test [3]) Let the following conditions be satisfied.
(1) f 1s integrable from a to any point A € T with A > a, and the integral F/(A) =
A
/ f(t)At is bounded for all A > a.
a

(i1) g is monotone on [a, co) and llim g()=0.
— 00
o
Then the improper integral of first kind of the form f f(t)g(t)At is convergent.

t t 2
Example 3.5. Let f(t) = 5 ol )+2 3 ,t € T. We now use the
(t+ D@+ D+ 1)
Dirichlet—Abel test to see the convergence of the integral

r

t+o()+2 ‘
At.
t+D2(c@) + D22+ 1)
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If we take g1 (¢) tro@W+2 = 1 T then we have that
we take = , = , then we have tha
8= e+ 02 "M T

A 1
/0 lg1(D)|Ar = TAT1)2 +1

forall A e T (A > 0)and llim hi(t) =0, hlA(t) < 0 so that /1 is monotone decreasing
—00
on T*. Hence

/0 g1(Dh (1) At =/0 | f(t)|At < 00

for all @ € T. To verify that the second condition is valid, we have
t+o()+2

/0 N D20 + D202

where 5o > 0, so € T. We take

+1)'At=/0 t|f(t)|At—|—/s t (6| At < oo,

0

t+o(t)+2 t
1) = , ho(t) = ——, t €[50, .
820 = P en 2 0= ppy el )
We have that
/A| Olar=-—— ¢ 1
o TTA+D T ot 1)?

isbounded forall A € T (A > sg) and tlim hy(t) =0, th(t) < 0 sothat &, is decreasing
—00

on [sg, 00). This implies

/tlf(t)lAt=/t
T T

Hence we obtain f € Dj.

t+o(t)+2

(t+ Do () + D22+ 1) At < oo.

Lemma 3.6. If f € L (A), then
|f ()]
sup

Z‘ETI+1

< 0

Proof. If f € Loo(A), then | f2(r)] < N forall 1 € T, where N is a positive constant.
Let t € T. Then we use the properties of the A-integral on time scales to reach the
desired result

If(t)l—lf(O)ISlf(t)—f(0)|=‘/0 F2(s)As s/o IfA(s)IAsst NAs = Nt.

Then it follows that
| f(OI <Nt +|fO0)] <A +1), A=max{N,|f(0)[}.

This completes the proof. |
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Theorem 3.7. We have
[pC(A)]* = [@Loo(A)]*.
Proof. Let f € [¢C(A)]*. Then/ | f(t)g(t)| At is convergent for all g € pC(A). We

T
cantake g(t) =t,t € T. Therefore f € [pLoo(A)]* by Theorem 3.2. It can easily seen
that [ L~ (A)]* C [¢C(A)]* by Theorem 2.2. [ |

Theorem 3.8. We have
[C(A)]* = [Loo(A)]”.

Proof. Let f be an element of the space [C(A)]*. Then f € [¢Loo(A)]* by Theo-
rem 3.2. If we use Lemma 3.6, then

/Tlf(t)g(t)lAt = /(t-l-l)lf(t)IMAt

2]
< s £ (/tlf(t)lAH/Tlf(t)lAt)

< o0

for all g € Loo(A). This implies that f € [Loo(A)]*. The other side of the inclusion
follows from Theorem 2.2. [ |

Corollary 3.9. Let F stand for L, or C. Then

[F(A)]* = {f :/o | f ()| At < o0, /;rtlf(t)lAt < oo}.

Theorem 3.10. Let F stand for L or C. Then

wo _ | [° |/ (D]
[F(A)] _{f. ; | f(t)|At < o0, fgqlr)t+1 <oo}.

Proof. From Definition 2.1, we can write that

[Loo(A)]* = {f 1/0 | f ()] Ar < oo, /Tlf(t)g(t)lAt <ocforall g € [Loo(A)]“}-

Let

D, = {f: a|f(t)|At < 00, sup|f(t)| <oo}.
0

If f € Dy, then forall g € [Loo(A)]%,

/Tlf(t)g(l)lAt = /(H-I)MI (t)| At

sup |f( )| (/(t—i— 1)|g(t)|At>
te’JI‘

< OoQ.

A
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This implies that f € [Loo(A)]*“.

Now suppose that f € [Loo(A)]** and f ¢ D;. Then we have sup

Ozlem Batit

O _

teT

00. So

there is a strictly increasing sequence (f,) such that¢, € T, withO <t <th <13 < ...

and

o f (1) (et D7 f ()l _

k2.

Tyl — Ik

Tk+1 — Ik

Without loss of generality, f(¢) # 0, t € (t,). We define the function g by

gt) = {

Then we have

/ TN
T

a
It is easy to see/ lg(t)|At < 0.
0

/ | f()g()|Ar
T

This is a contradiction to our assumption that f € [L(A)]*“. Hence f € D,.

Remark 3.11. Itis easy to see D; is nonempty. Let f (1) =

we have

| fl ™",
0,

=1

t #£ t.

/ el f ()| Ay
Uz )

1
e
U2, ) K= (k1 — 1)

0.¢]
Z 1
2
ok
Q.

I

<

Hence g € [Loo(A)]* and

/ | f (1) 8 (1) | Aty
U/?iﬂfk}

/ | f Ol f )™ A
Uz ()

f 1AL
U/?il{fk}

Q.

t+o(t)+2
(t+ D2 () + 1)

t+o(t)+2 1

/ If(t)IAt=/
0 0

f©

and

teT
Hence f € D;.

(t+ 120 () +1)2

- 41
(a—|—1)2+

t+o(t)+2

su = Su < 0
D1 TR e F e + 12
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4. Matrix Transformations

In this section, as an application, we shall study infinite matrix transformations on special
time scales of the form T = {#; : 11 =0, tx < tx+1, k € N}. Let X and Y be function
spaces defined on T. We denote the set of all infinite matrices from space X to space Y
by (X, 7).

Let A = (g, (tx) 1t (tx)) be an infinite matrix of real valued functions g; (i € N) which
are continuous functions on T and w(#;) = tx41 — tx. Define

( g1t —1n) g1t —n) . . . f(t)
et —1) gm)(tz—1n) . . . f()
A(f) = ) ) . .

\

/ g1t ft) (2 — 1) +g1(02) f(R2) (3 — 12) + ...
) ft)(t — 1)+ ) f()(t — 1) + ...

\

( > g1t £t )

k=1

_ | D et rawnw

k=1

We write formally, provided the series converges for each n and A, (f) € Y whenever
feX,

An(f) =) gn@) f(t)pt), n €N
k=1
such that

0
AAL(f) = Agu(t) f (). n € N.
k=1
Lemma 4.1. The following is valid:

LgO:le{f|f:T—>R,/|f(t)|At<oo}.
T
Proof. Let

f e LP = {f | /Oa | f(t)|At < w,Af(t)g(t)At is convergent for all g € Loo}.
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Then we let g be

I,  f@t)>0
gt)y=sgnf(t)=41 -1, f@) <0
0, f@®)=0.

Hence/ |f(t)|At < ocoand f € L;. If f is an element of Ly, then for all g € L
T

fo(t)g(t)At SAIf(t)g(t)IAISSUPIg(t)I Tlf(t)lAt < oo.

teT

Hence f € L’go. [
Theorem 4.2. A € (Lo, C(A)) if and only if
0
) > lgn(t)| u(tx) < oo for eachn € N,
k=1
(i1) B € (Loo, €), where B = (h, (tr) (1)) = ((8n+1(tk) — &n(tr)) p(tk))-
(0¢]
Proof. (=)LetA € (L, C(A)). Thenforalln € N, Z gn(te) f (tr) u(ty) is convergent
k=1
and A, (f) € C(A) forall f € Ln.
(1) Forall f € Lo,

fT g () fOAL =" gu(t) f ) (1 — 1) = ) gata) f (t1) () < 00.
k=1

k=1

a

It is easy to see that / |gn(tx)| Aty < oco. Hence g, € L’go and g, € L by
0
Lemma 4.1. This implies that

[ 16001 81 = 3 lgn(e0] G = 10 = 3 a0l ) < o0,
k=1 k=1
(i1)) We have

AAR(f) = Y Agn () F 1) = Y (8nr1(0) — gn (1)) f(E)(te) = Bu(f),
k=1 k=1

for all f € L. Therefore B,(f) € C. Hence B € (L, C).
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(<) Let (i) and (ii) be true. Then foralln € Nand f € Lo,

|gn (1) f (G ()| = M g (1) | 111,

o0
where sup | f(t)| = M with M € R. We get that Z gn(ty) f (tr) u(ty) is convergent for
teT

k=1
all n € N. Also we have AA,(f) = B,(f) and B,(f) € C. Hence A,(f) € C(A).
This completes the proof. |
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