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Abstract

In this paper we study oscillation and asymptotic stability of the difference equa-
tion of the form
Upt1 = AUy + bUp 7 + Clp g,

wherea, b andc are real parameters,ando are positive integers. We find the
asymptotically stable domain of this equation. When the tdplé, ¢c) belongs

to this domain, the equation is asymptotically stable and the inverse is also true.
In addition, we provide necessary and sufficient conditions for the equation to be
oscillatory.
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1. Introduction

The aim of this work is to investigate oscillation and asymptotic stability of the differ-
ence equation
Upi1 = AUy + DUy r + ClUyp_ . (1.1)

The asymptotic stability and oscillation are main topics for difference equations, and
many researchers have been attracted. In [8] Lin considered asymptotic stability for the
difference equation (1.1) when= 0, and obtained the asymptotically stable domain of
the equation he focused on. Whee 0, is the result of [8] also true? In this paper, we
shall answer this question. We find that whe# 0, things are different to some extend.
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We not only consider the asymptotically stable domain of (1.1), but also necessary and
sufficient conditions of oscillation for (1.1). Other works related to difference equations
can be found in [2-10, 12] and references therein.

Definition 1.1. The difference equation (1.1) is asymptotically stable if each solution
converges t® asn — oo. For givenr, o € N, the set of all tuplesa, b, ¢) such that the
equation (1.1) is asymptotically stable is called the asymptotically stable set of (1.1),
and denoted by (a, b, c|7, o). The set ﬂ D(a, b, c|t,0) is called the asymptotically

7,0€N
stable domain of (1.1).

It is well known that (1.1) is asymptotically stable if and only if all roots of the

equation
AL = g\ £ DA A

or
l=a '+ oA peno? (1.2)

are in the unit ball, i.e]A| < 1[8].
For convenience, we list some conditions which will be used later.

(L1) |a| + 16| + || < 1.
(L2) |a| > [b] + |c| + 1.
(L3) |b] > |a| + || + 1.
(L4) |c| > |a| + [b] + 1.
(L5) a>0,b<0,c<0.
(L6) a > 0, be < 0.

(L7) a>0,b=0,c<0.

Lemma 1.2. Suppose that, b andc are real numbers with* + b* + ¢ # 0. Then the
equation
lalz™" + [blz™ "t + ezt =1, (1.3)

has only one root in the interva, co).

Proof. Set
flx)=lalz™ +blz7 "+ leJzt, 2> 0.

By continuity of f in (0, o), lim(gl+ f(z) = o0, lim f(z) =0, and the fact
fi(z) = —lala™ = (r + D[pla™™* = (0 + Dlela™ 7,

together with the intermediate value theorem, there exists a nugnbe(0, oc) such
that f(£) = 1. The proof is complete. [ |
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Lemma 1.3. Suppose thai, b andc are real numbers with? + b* + ¢* # 0, and that
7,0 € N. Then for the equation

az+ b2 fe =1, zeC, (1.4)
whereC is the set of all complex numbers, the following results are true:
(1) If (L1) holds, then (1.4) has no roots satisfyipg < 1.
(2) If (L2) holds, then (1.4) has one root satisfyipg < 1.
(3) If (L3) holds, then (1.4) has + 1 roots satisfyingz| < 1.
(4) If (L4) holds, then (1.4) has + 1 roots satisfyingz| < 1.

The proof is just based on the fundamental theorem of complex function theory, so
here is omitted.

2. Asymptotically Stable Domain

Throughout this section, we always assumeé andc are real numbers such that +
b 4 2 # 0.
Theorem 2.1. Suppose that
la| + [b] + |¢] < 1.
Then the difference equation (1.1) is asymptotically stable.

Proof. Note that all roots of the equation (1.4) are not in the{set C : |z| < 1}. An
application of Lemma 1.3 concludes the proof. [ |

Theorem 2.2. Suppose that the condition (L2), (L3), and (L4) is satisfied, respectively.

Then the equation (1.1) has one}- 1 ando + 1 roots outside of the unit baflz € C :

|z| < 1}, respectively. Furthermore, the equation (1.1) is not asymptotically stable.
The proof is a direct result of Lemma 1.3.

Theorem 2.3. Suppose thata, b,c) € D(a,b,c|T,0) are such that (L5)—(L7) are not
satisfied. Then the equation (1.1) is asymptotically stable if and only if

() D(a.b,clr, o) = {(a,b,c) : |a| + [b] + |c| < 1}.
7,0€N

Proof. Sufficiency is obvious from Theorem 2.1.
Necessity. Suppose that (1.1) is asymptotically stable aisda root of (1.2) with
|| < 1. Setu = 7. The equation (1.2) is equivalent to the two equations

ar tcosf +br " tcos(t+ 1) +cr 7 teos(c+1)0 =1 (2.1)
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and
ar~tsinf 4+ br " tsin(r + 1)0 + cr 7 tsin(o + 1) = 1. (2.2)

We divide the proof into four parts: ()= 0; (2) b = 0; (3) ¢ = 0; (4) abc # 0. The
proof of part (1) can be seen in [8]. For the part (2), we consider the following four
cases: (ip = 0,c = 0 anda # 0. Takingd = 0, by (2.1), we have

lap™" cos 0] = au™'| =1,
which implies thatja| = |u| < 1. Whenb = 0,a = 0 andc # 0, |¢] < 1 can be
obtained similarly. (i) = 0, a > 0,¢ > 0. By Lemma 1.2, the equatiomny. ' +
cp” "' = 1 has a unique positive rogt,. Pick a solution of the equations (2.1) and
(2.2)(r,0) = (p1,0). Then

l=ap; ' +cpi” ' >a+c=lal +|c.

(i) b = 0,a < 0,c > 0. By Lemma 1.2, the equatioray; ' + cu 7' = 1 has a
unique positive roop,. Pick a solution of the equations (2.1) and (22Y) = (ps, 7).
Then
1=—apy" +cpy° ' > —a+c=la|+]c|

(iv) b=0,a < 0,c < 0. In this case, the proof is just similar to the case (iii). A similar
argument can prove the part (3).

Next, we prove part (4). We consider five casesa(h),c > 0; (ii) a < 0,b,¢ > 0;
(i) a,c < 0,b > 0; (iv) a,b < 0,¢ > 0; (V) a,b,c < 0. We only consider the case (i)
and case (ii), since the others can be verified in similar ways. (i) Under this condition,
by Lemma 1.2, the equatiar ™" + by~ "' + cu°~' = 1 has a roofp, > 0, which
implies that(r, 0) = (p4, 0) is a solution of (2.1) and (2.2). Thus

l=ap;' +bps—T—1+cp;” ' >a+b+c=lal+|b] + .

(i) In this case, the equationay ™' + by~ "' + cu~ ' = 1 has a roops > 0, which
implies that(r, #) = (ps, 7) is a solution of (2.1) and (2.2). Thus

1=—ap;' +bps—7 —14+cp;7 ' > —a+b+c=|al + b + |c|.

The proof is complete. [ |

3. Oscillation

In this section, we discuss oscillation of the equation (1.1). It is known that (1.1) is
oscillatory if and only if the equation (1.2) has no positive solutions.

Theorem 3.1. If b, ¢ < 0, then (1.1) is oscillatory if and only if

Ao —a—bN\g" —cA? >0,
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where)\ is the unique positive root of the equation
L+brA ™ cotA 7 =0. (3.2)

Proof. Sufficiency. LetF'(\) = A—a—b\""—coA™7. Note thatF”’(\) = 1+br A~ '+
cotA"7tand F’(\) = —br(1 + )X\ 72 — co(o + 1)A"772 > 0, which imply that
F'()) is continuous and increasing (A, o). It follows from )\lirgl+ F'(\) = —o0 and
Alim F"(X) = 1 that there exist3, > 0 such thatF”()\g) = 0, i.e., \q is the unique root

of the equation (3.1). Since’()\y) = 0 andF"(\g) > 0, it follows that F'(\) attains
its minimum at\g. So,A\g —a — bA;" — coA,? > 0, i.e., F'()\y) > 0 leads to the fact
F(\) > 0for A € (0,00).

Necessity. Assume (1.1) is oscillatory and

Ao —a—bN\g" —co),? <0,

where), is the unique root of the equation (3.1). Sifce\y) < 0 andAhm F(\) = o0,
there exists\, > 0 such that'(\.) = 0. Thatis, (1.2) has a positive roaf, which is a
contradiction. The proof is complete. [ |

Theorem 3.2.If b, ¢ < 0, then (1.1) is oscillatory if and only if there exidt, and A
with Ay, A; € [0,1] andA; + A, = 1 such that

1 T\ T 1 o1\ TH5
<—bA{¢> + <—cAg%) > a. (3.2)
TT il

Proof. Sufficiency. Letfi(\) = A A — A7, and fo(A) = A\ — cA™?. Then
fi(A), fa(A) > 0 for b,c < 0.andX > 0. We know thatf;()), fo(\) attains its min-

I\ T o+1\ 15 e
imum (—bA{%) and (-mg%) at\, = (—b—T) " and

T o

co '\ e .
Ao = (——) , respectively. Thus
Ay

FOA) = A—a+ fi(A) + fo(N) = (A + A\
—a+ fi(A) + fa(N)
> —a+ fi(M) + f2(A2)
—a+ (_bAIM)HT (—cAgM)HU

TT o’

v

> —a+a=0,

which implies thatF'(\) has no positive roots.
Necessity. Assume that (1.1) is oscillatory ands the unigue positive root of the
equation (3.1). In view of Theorem 3.1,

Ao —a—bA\g" —co),? > 0.
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TakingA; = —br)\;" ' andA4, = —co);7 ', we haved, + A, = 1. Furthermore,

1 T+1 1-‘1—7' 1 o+1 1-&1-0'
(—bA{ﬁ) + (_CAZ&)
7-7_

= ((—b(r/\aT—l)T(_b)(lt—t)TH) HlTl
+ (<_CU)\001>0<_C)(1+0+)0+1) T

=—b\,"(1+7)—cA\(1+0)
= (=bAyT — A7) + (—bT AT —coA9)
>a— A+ Ao = a.

The proof is complete. |
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