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Abstract

In this paper, we prove the existence of positive solutions for a class of first-order
impulsive difference equations with periodic boundary value conditions.
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1. Introduction

The study of difference equations has caused a greater interest, for example, see [2,4,8—
10, 13]. In [13], the authors studied the oscillation and stability of first order difference
equations with impulses. In [8-10], the author investigated the existence of positive
solutions of second-order difference equations without impulses. In [2], the authors
obtained the existence of positive periodic solutions for second-order difference equa-
tions without impulses. On the other hand, the periodic boundary value problem (PBVP
for short) of impulsive differential equations has been the subject of recent research,
see [3,6,7,11,12, 14]. However, there are only a few publications about periodic so-
lutions of impulsive difference equations. In this paper, we will make a contribution to
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the theory of PBVP of difference equations with impulses. To this end, we consider the

PBVP

Ay(n;) = bjy(n;), j=1,...,k, (1.1)

y(0) = y(N),
whereN € N, n; € [0, N — 1] are fixed impulsive points antl= ny < ny < --- <
ng < ng = N — 1, {p(n)}2-0),b;, (j = 1,2,...,k) are real number sequences,
{y(n)})_, is a desired solution\y(n) = y(n + 1) — y(n), and for two integera < b,
la, b] denotes the discrete segment being thgegat + 1,...,b}. We will assume that
k

(H,) p —1andH 1>1,b;>-1,(G=1,....k), [J(1+b) > 1
7=1

s;én
Subject to PBVP (1.1), Jthe linear equation

—Ay(n) + p(n)y(n)
Ay(n;) =

( )7”6[07N_1]7n7'£nj7

b:( D=1k, (1.2)

together with
y(0) = y(N) (1.3)
is called the corresponding linear problem of PBVP (1.1).

This paper is concerned with the existence of positive solutions of (1.1). Our tool
in this paper will be the well-known Krasnoselskii fixed point theorem [2, 10] and the
Leggett—Williams fixed point theorem [1, 5].

2. Green’s Function for (1.2)1.3)

Consider the corresponding linear homogeneous equation of (1.2),

—Au(n) +p(n)u(n) =0, n € [0,N —1],n #nj, (2.1)

under the initial condition:(0) = 1. Denote the solution of (2.1) bju(n)}_,. We get
the following lemma.
Lemma 2.1. If {u(n)}Y_, is a solution of (2.1), then
u(n) = [ 1+0y) H e [0, N].
0<nj<n s=0

Proof. FromAu(n) — p(n)u(n) = 0, we have

u(n +1) = [p(n) + 1u(n).
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Forn € [0,n,], we easily see that

n—1
u(n) = [[lp(s) + 1]
s=0
Hence B
u(ng) = ] [p(s) + 1],
s=0
ni—1
u(ng +1) = (14 by)u(ng) = (14 by) [p(s) +1].
s=0
Forn € [n + 1,ns], we have
n—1
u(n) = [ [p(s) + u(ny +1).
s=ni1+1
Substituting (2.2) into the above equation, we find
n—1
u(n) = (1+b)[p(n) + 17 [ Ip(s) + 1.
s=0
If for n € [n; + 1,n;41], we have
J n—1
u(n) = [T+ b:)[p(n;) + 17 [ Ip(s) + 1],
i=1 s=0
then
7 n—1
u(nj+1 H1+b (n;) + 1] 1H
i=1 s=0
u(njer +1) = (14 bj1)u(ng).
Hence, forn € [n,+1 + 1,n;.0], we can get
n—1
u(n) = H [p(s) + u(njy + 1)
s—nj+1+1
J njyi—l n—1
(1+ b)) [+ 1) +17 [ e +10 ] [p(s)+1]
i=1 5=0 s=nj41+1
j+1 -

= [ +b)lp(n:) + 1]~ H

=1 s=0

227
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Therefore, by induction, for al € [0, N], we have

|
—

n

un) = [ +0)lpny) + 17" []lp(s) + 1.

0<TL]' <n

»
Il
=)

It is easy to see that(n) > 0 forn € [0, N], u(N) — 1 > 0. |
Theorem 2.2. Let {y(n)}._, be a solution of PBVP (1.2)—(1.3). Then

y(n) = i G(n,s)h(s), n € [0, N],

s=0
S#EN;
where
“n) e N_1,
G(n.s) 1 u(s+1)
n,s)=
’ N)—1
u() uNpun) 6o csa N1,
u(s+1)

Proof. First, we claim that

() = ~u(n) lgu@lﬂ)h@‘ > mhm)]

0<n;<n—1

is a particular solution of (1.2). Indeed, for# n;, we have

n—1

s+ 1) = —u(n+1) [ZO u<51+ s = 3 ﬁh(nj)] ~ hn),

— 1 1
z(n) = —u(n) { u(5+1)h(3) - > Wh(nj)] ,

0<nj<n—1

1 1
u<8+1)h(3) - Z mh(ny‘)] — h(n)

0<n;j<n-—1

= —p(n)u(n) [ gl his)— Y ﬁh(nj)] — h(n)

n;:+1
0<n;j<n-—1 J +
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Forn=mn;,j=1,...,k we have

() = —ulny) |3 ko) = Y mhm)],

2(n; +1) = —u(n; +1) éﬁh(s)— 3 mh(ni)]

— —u(nj +1) ; u(sil)h(s) — Z u(nil—i— 1_>h(m)] ,

hence
n,—1
As(ny) = ~Aufny) | Y - (Si h(s) - mh(m
= 0<n;<nj—1 |
n;—1
= —byulny) | 30 o) = Y hin)
| 5=0 0<n;<n;—1 |
= b;z(n;).

Thereforez is a particular solution of (1.2). It follows that the general solution of (1.2)
has the form

[y

=

—~

~—
I

— 1 1
y(n) = cu(n) — u(n) [ u(s £ 1) s 0<T§L1 mh(ni)] ; (2.3)

I
o

S

wherec will be determined. Taking into account0) = y(/N), we get

N1 X ,
c=y(0) =y(N) = cu(N) — u(N) L_O (s 1 1)h(s) — ; mh(n’)l '
Hence
o u(N) [~ 1 N
T u(N) —1 L:O u(s + 1)h(s) jzl u(ng + 1)h<”1)] : (2.4)
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Substituting (2.4) into (2.3), we have

Cu(Nu(n) [&= 1 1
o= S | e L )|

n—1 ] ]
—uln) L=O u(s + 1)h( )~ 0<7§1—1 u(n; +1) (nj)]

G(n,s)h(s) = > G(n,”j)h(nj)]

s=0 0<n;<N-1

This concludes the proof. [ |
SinceG(n, s) > 0 forn,s € [0, N], let us set

m= min G(n,s), M = max G(n,s).
n,s€[0,N] n,s€[0,N]

3. Existence of one Positive Solution of (1.1)

In this section, we consider the nonlinear problem (1.1). We assume the fupi¢tiof)
satisfies the following condition:

(Hy) f:]0,N—1] xR — Ris continuous irf andf(n,¢) > 0 for £ € R*, whereR"
denotes the set of nonnegative real numbers.

Define anN-dimensional Banach space
E={y: [0,N]— R: y(0) =y(N)}
with the norm

Il = max fy(r).

and a cone

K

m
E: > N i > — .
{ver: sz 0me 0N min oo = T}

By Theorem 2.2, solving PBVP (1.1) is equivalent to solving the summation equation

ym) = 3 Gln,8)f(s,y(s)), n € [0, V],

S
s#£N;
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and consequently, it is equivalent to finding fixed points of the opetatorEl — FE
defined by

N—-1
Ay(n) =Y G(n,s)f(s.y(s)). (3.1)
Lemma 3.1. [2] Let £/ be a Banach space, and It C E be a cone ink. Assume
1, €, are open subsets @&f with 0 € Qq, €1 C Q,, and let

A KN (Q\Q) — K
be a completely continuous operator such that either
() [|Aul| < ||ull, v € K noQy and||Aul|| > ||ul|, v € K N 0OQy; or
(i) [|Au| > ||ull,v € K NnoQy and||Au|| < ||ul|, u € K N 0Qs.
ThenA has a fixed point ir N (Q2,\Q1).

Lemma 3.2. A is a completely continuous operator.

Proof. Let y,,(n),yo(n) € E with y,,(n) — yo(n) asm — oco. From (3.1) and since
f(n, &) is continuous irg, asm — oo, we have

N-1
| Aymn(n) = Ayo(n)] < MY | £(s,ym(s) = f(s.y0(s)| = 0.
8875:7?]'
Hence|| Ay,, — Ayo|| — 0. It follows that the operatoA is continuous.

Further, ifY C FE is a bounded set, thdly|| < C, = const forall y € Y. Set

Cy = I[(IJI?VX . f(n,y),y € Y. Then from (3.1) we get, foral} € Y
ne|0,N—

N-1

[Ayl] < MY | f(s,y(s)| < MNC.

This shows thatd(Y") is a bounded set ifZ. Since E is N-dimensional,A(Y)) is
relatively compact inf.
ThereforeA is a completely continuous operator. |

Lemma 3.3. A(K) C K.
Proof. For anyy € K, by (3.1), for alln € [0, N], we have
N-1
1Ayl = max [Ay(n)] < M 37 |f (s, (s))l.

Ay(m) 2 m 3 1705, 9(5) 2 Tyl Aul

S
S#EN;
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hence m
in A > —||Ay||.
nin y(n) 2 7114yl
This impliesAy € K, thatisA(K) C K. |

In the next theorem we also assume the following conditiorf @n &):

(Hs) There exist number$ < r < R < oo, such that for alh € [0, N — 1],

€40 <€ < f(n,€) > — o

f(n,§) < m

Theorem 3.4. Assume that condition&d,) — (H3) are satisfied. Then PBVP (1.1) has
at least one solutiop = {y(n)}Y_, such that

M
—r <y(n) < —R, ne0,N] (32)

Proof. LetQ; = {y € E : |ly|]| < r}. Thus fory € K N0y, we haved < y(s) < r,
s € [0, N], and

N-1 N-1
1
A <M <M-—
575_"1]' sgnj
<L IyllV = ) = gl
=N_i¥ = il
Hence
| Ayl < [lyll, fory € K NoSY,. (3.3)
Further, let

M
Ry, = ER and Qo ={y € E: |ly|] < Ry}

Theny € K and||y|| = R, imply

m m
i > |yl = —R, = R
ng&ﬂ@)_wﬂMI VA :

thusy(s) > Rforall s € [0, N], and

Ay(n) 2 m 3 105:06) 2 e S0l
n; s#n;
>t 2 gl = ol

s=0

S#N;
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Hence
|Ay|| > ||ly||, for all y € K N OSs. (3.4)

In view of (3.3) and (3.4), the condition (i) of Lemma 3.1 is satisfied. It follows that
has a fixed poiny in K N (22 \ 1), and we have < |ly|| < R,. Because o € K,

vmhww@)g%%ﬂhné@JﬂJHﬂWﬁﬂﬁH&&hm%. ]

Using Theorem 3.4, we can obtain the following corollary.

Corollary 3.5. If conditions(H;) — (H) hold, and

(H;) lim fn8) = 0 and lim G =ooforalln € [0, N — 1],
£—0t 5 £—o00 f
then the PBVP (1.1) has at least one positive solution.
Proof. Fromélil%l+ M =0 andglim M = 00, we can conclude that there exist

r > 0 sufficiently small andr > 0 sufficiently large such that

1 M
< ——£if0<E< > ¢ ifR< .
By Theorem 3.4, we obtain that PBVP (1.1) has at least one solution. |

We assume the following condition gftn, &):

(H4) There exist number$ < » < R < oo such that for alk € [0, N — 1],

M

mf, if0<E<r f(n,§) <

f(n, &) > Jif R< € < 0.

1
M(N — k)

Theorem 3.6. Assume that condition§H,), (H») and (H,) are satisfied. Then the
PBVP (1.1) has at least one solution such that

M
—r <y(n) < —R, ne[0,N]

Proof. LetQ; = {y € E': ||y|| < r}. Thenfory € K with ||y|| = r, we have

Ayn) = m 3 5:9(6) 2 it S )

M m
> —— (N —k)— =
> g™ R gl = )

hence
|Ay|| > |ly||, for y € K N OQs. (3.5)
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M
On the other hand, sét, = {y € E : |ly|| < R}, Ry = ER' Theny € K and
lyll = Ry imply . .
1 > e —_ — pu—
oin y(n) 2 qrlvll = 70 = 1,

hencey(s) > Rforall s € [0, N], and

Ayin) < M S 1G5,0(6) £ g

S5#£N; s;znj

< Mm(f\f = B)llyll = llyl-

Hence
|Ay|| < [lyl|, forally € K N 0SQy. (3.6)

(3.5) and (3.6) show that the condition (i) of the Lemma 3.1 is satisfied. It follows that
by Lemma 3.1 A has a fixed poing in K N (€24 \ 23). Hence we have < |ly|| < R,

m M

—r < < —R~R.
furtheer <y(n) < mR [ |
Corollary 3.7. If (H,) — (H>) hold, and

N f(:6) f(n,€)
(Hy) lim ¢

= oo and lim
=0t § £—00

=0foralln € [0,N — 1],

then the PBVP (1.1) has at least one positive solution.

The proof of Corollary 3.7 is similar to that of Corollary 3.5, so we omit it here.

We state two results corresponding to Corollary 3.5 and Corollary 3.7. There are
some differences but the ideas and techniques are the same. Thus, we present these
results without proofs.

Theorem 3.8. Assume(H,), (H3) and one of the following conditions holds:

(Hs) @ =0, forn € [0.N — 1 andf(n.€) > — s

oo, n € [0,N —1];

RS E<

(Hq) g{rgow — o0, forn € [0, N — 1] and f(n, £) < mg,if 0<¢<

r,n € [0, N —1],

wherer andR are real numbers. Then the PBVP (1.1) has at least one positive solution.

Theorem 3.9. Assume(H, ), (H,) and one of the following conditions holds:
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_ f(n,§) :
= — < <
(H7) glféi ¢ oo, forn € [0, N — 1] and f(n,§) < M(N—k:)é’ iftR<E<
oo, n € [0,N —1];
_ f(n,§) M :
- — > <<
(Hy) glggo : 0, forn € [0,N — 1] and f(n,&) > mZ(N—k:)flfO <¢L<
r,n € [0,N —1].
Then the PBVP (1.1) has at least one positive solution.
Example 3.10. Consider the problem
_Ay(n) = 2(”)’ n e [0,2],71 7é 1a
Ay(1) = biy(1), (3.7)
y(0) = y(3),

whereb;, > 0 is a constantp(n) = 0. Let f(n,&) = 2. Then we easily check that
conditions(H,), (H,) and (H}) hold. Hence by Corollary 3.5, equation (3.7) has at
least one positive solution.

Remark 3.11. We note that when (3.7) has no impulse effect, it is reduced to
—Ay(n) =y*(n), n € [0,2], (3.8)
y(0) = y(3). (3.9)
From (3.8), we obtain
y(1) = y(0)[1 — y(0)], y(2) = y(V[1 — y(1)], y(3) = y(2)[L - y(2)).

If 0 <y(0) <1,then
y(3) <y(2) <y(1) <y(0).
This shows that the periodic boundary value condition (3.9) is not satisfied.

If y(0) > 1, theny(n) < 0,n = 1,2,3. This also shows that (3.9) is not satisfied.
Hence the PBVP (3.8)—(3.9) has no positive solution.

4. Existence of Three Positive Solutions of (1.1)

Let £ be a real Banach space with coRe A mapj : K — [0, +00) is said to be a
nonnegative continuous concave functionalfonf [ is continuous and

Btz + (1 —t)y) = t8(x) + (1 —1)B(y)

forall z,y € K andt € [0,1]. Leta,b be two numbers such that< a < bandj a
nonnegative continuous concave functionalfonWe define the following convex sets:

K,={reK: |z| <a},
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K(B,a,b) ={z € K: a < ((z),]|z] <b}.

Lemma 4.1. (Leggett—Williams fixed point theorem [5]). Let A: K, — K. be com-
pletely continuous an@ be a nonnegative continuous concave functionakosuch
thatg(z) < ||z| for all z € K .. Suppose there exit< d < a < b < ¢ such that

(i) {zr e K(8,a,b): B(x) >a} #0andf(Ax) > aforx € K(f,a,b),
(i) ||Az| < dfor ||z|| < d,
(i) B(Az) > aforz € K(3,a,c)with | Az|| > b.
Then A has at least three fixed points, =, 25 in P, such that
|z1]] < d, a < B(x2) and ||z3|| > d with B(z3) < a.

Now, we establish existence conditions of three positive solutions for PBVP (1.1).
In this section, we assumé?) holds and letf(n, &) = q(n)f1(£), g¢(n) and fi(y) is
continuousg(n) > 0forn € [0, N — 1], fi(y) > 0 fory € R*.

Theorem 4.2. Suppose that there exist numberandd with 0 < d < a such that

d
fl(y> < 57 Yy € [Ovd] (41)
and a
f1<y> > 57 Yy e [(Z, a’/fY] (42)
where
N—-1
D =
Lcnax 2 G(n, s)q(s),
s;znj
m
—HG%}@HZG“ TS
s;én]
Suppose further that one of the following conditions holds:
(Pr) hm ily) <1/D,

(Py) there exists a numbersuch that > a/v and ify € [0, ], thenf,(y) < ¢/D.
Then the boundary value problem (1.1) has at least three positive solutions.

Proof. Fory € K, let
By) = min y(n).

nel0,N]

Then it is easy to check thatis a nonnegative continuous concave functionakowith
B(x) < ||z|| for z € K and by Lemma 3.2 and Lemma 3.3, K — K is completely
continuous.
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First, we prove that if ;) holds, then there exists a numbeuch that > a/v and
A: K. — K.. Todothis, by(P,), there exist” > 0 ando < 1/D such that

fily) <oy, fory>T.

Set

¢ = max fily).

It follows that f1(y) < oy + e forall y € [0, +00). Take

c>max{1_ /7}

If y € P., then
N-1
Ay(n) < max G(n,s)q(s) fi(y(s)
né€l0,N]
s;énj
N-1
< G
< max (n,s)q(s)(allyl +e)
s;énJ
< (oc+e)D < ¢,
that is

||Aul| < c. (4.3)

Next, we assert that if there exists a positive numbeuch thatf,(y) < r/D for
y € [0,7], thenA : K, — K,. Indeed, ify € K, then

HAuH<ZGnS ZGns s) 5:7". (4.4)
s;én] s;ﬁn]

Hence (4.3) and (4.4) show that if eith@P, ) or (P) holds, then there exists a number
¢ > a/v such thatd mapsP. into P..

Note that ifr = d, then we may assert further thatmapsk , into K, by (4.1).

Now we show thafy € K(5,a,a/7y) : B(y) > a} # () and3(Ay) > a for all

y € K(0,a,a/v). In fact, takez(t) = a—i—;/’y > a,s0x € {y € K(B,a,a/v) :

B(y) > a}. Moreover, fory € K(3,a,a/v), we have3(y) > a, and then
a/y > |lyl > min y(n) = B(y) > a.

n€l0,N]
Thus, in view of (4.2), we obtain
N—-1 N—-1 a
B(Ay) = in, 2 G(n,s)q(s)fi(y) = in, 3 G(n,s)a(s) - 7 =a.

s;«énJ 57’57%
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Finally, we assert that if € K (3, a, c) and||Ay|| > a/~v, thenG(Ay) > a. To see this,
if y € K(5,a,c)and|Ay|| > a/~, then we have

N-1 N-1
f(Ay) = min 0 G(n,s)q(s) fily) = m Z q(s) f1(y). (4.5)
SFN Sl
On the other hand
N—-1
|Ayll = max |Ay(n)| < M Z; q(s) f1(y). (4.6)
57N

So we get from (4.5) and (4.6) that

B(Ay) > || Ayl > v-a/y =a.

To sum up, all the hypotheses of Lemma 4.1 are satisfied by taéking:/~. Hence,
A has at least three fixed points, that is, PBVP (1.1) has at least three positive solutions
Y1, y2 andys such that

1]l < d, a < B(ys) and [|ys|| > d with 5(ys) < a.

This concludes the proof. [ |
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