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Abstract

The aim of this paper is to apply Lyapunov functions to obtain some necessary and
sufficient conditions for the stability of singular nonautonomous difference equa-
tions.
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1. Introduction

In practice, many problems are modeled bysingular difference equations(SDEs). Re-
cently, a class of singular nonautonomous difference equations, called index-1 SDEs,
has been introduced and the solvability ofinitial-value problems(IVPs) as well as
boundary-value problems(BVPs) has been studied (cf., [1–3,5,6]). Moreover, the Flo-
quet theory has been developed for linear index-1 SDEs [4].

In this paper we apply Lyapunov functions to study stability properties of singular
quasilinear difference equations. The paper is organized as follows. In Section 2 we
provide basic concepts of index-1 SDEs. The unique solvability of the IVP for a class
of SDEs is also established. Section 3 deals with various stability conditions for SDEs.
Finally, in Section 4 some illustrative examples are considered.
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2. Basic Concepts

Consider a system
Anxn+1 + Bnxn = fn(xn) (n > 0), (2.1)

whereAn, Bn ∈ Rm×m andfn : Rm → Rm are given. Throughout this paper, we
assume that the matricesAn are singular, so Equation (2.1) is called an SDE. In what
follows we suppose that the corresponding linear homogeneous equation

Anxn+1 + Bnxn = 0 (n > 0), (2.2)

is of index-1 [1–6], i.e., the following hypotheses are assumed to be fulfilled:

(H1) rankAn = r (n > 0),

(H2) Sn ∩ ker An−1 = {0} (n > 1),

where,Sn = {ξ ∈ Rm : Bnξ ∈ imAn}, (n > 0).
In what follows we always assume thatdim S0 = r and letA−1 ∈ Rm×m be a fixed

chosen matrix, such thatRm = S0 ⊕ ker A−1, so the hypothesis H2 is satisfied for all
n > 0.

Let Qn ∈ Rm×m be an arbitrary projection ontoker An, (n > −1), i.e.,Q2
n = Qn

and imQn = ker An. Then there exists a nonsingular matrixVn ∈ Rm×m such that
Qn = VnQ̃V −1

n , whereQ̃ := diag(Or, Im−r) andOr, Im−r stand forr × r zero and
(m− r)× (m− r) identity matrices, respectively. Further we define the matrixPn :=
I − Qn and the so-called connecting operatorsQn−1,n := Vn−1Q̃V −1

n andQn,n−1 :=

VnQ̃V −1
n−1. Obviously, the connecting operators associated with projectionsQn, Qn−1

satisfy the identitiesQn−1,n = Qn−1Qn−1,n = Qn−1,nQn, Qn−1,nQn,n−1 = Qn−1 and
Qn,n−1Qn−1,n = Qn.

For the next discussion, the following lemma from [4] is needed.

Lemma 2.1. Suppose the hypothesis H1 is fulfilled. Then the hypothesis H2 is equiva-
lent to one of the following statements:

i) the matrixGn := An + BnQn−1,n is nonsingular.

ii) Rm = Sn ⊕ ker An−1.

It is proved [4], that every index-1 SDE (2.2) can be reduced to the Kronecker normal
form

diag(Ir, Om−r)yn+1 + diag(Wn, Im−r)yn = 0.

Let us associate the SDE (2.1) with the initial condition

Pn0−1xn0 = Pn0−1γ, n0 > 0, (2.3)

whereγ is an arbitrary vector inRm andn0 is a fixed nonnegative integer.
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Theorem 2.2. Let fn(x) be a Lipschitz continuous function with a sufficient small Lip-
schitz coefficient, i.e.,

‖fn(x)− fn(x̃)‖ 6 Ln‖x− x̃‖, ∀x, x̃ ∈ Rm, (2.4)

where
ωn := Ln‖Qn−1,nG−1

n ‖ < 1, ∀n > 0. (2.5)

Then the IVP (2.1), (2.3) has a unique solution.

Proof. The conclusion of this theorem follows from [5, Theorem 1]. However, to make
our presentation self-contained we shall provide a straight-forward proof of this fact.
Indeed, multiplying on both sides of Equation (2.1) from the left byPnG

−1
n andQnG

−1
n ,

respectively and observing thatG−1
n An = Pn, PnQn = QnPn = O we get

Pnxn+1 + PnG
−1
n Bnxn = PnG−1

n fn(xn), (2.6)

QnG−1
n Bnxn = QnG−1

n fn(xn). (2.7)

Puttingun := Pn−1xn, vn := Qn−1xn, (n > 0) and noting that

PnG
−1
n BnQn−1xn = PnG−1

n BnQn−1,nQn,n−1xn = PnQn,n−1xn = 0,

from (2.6) we find

un+1 = −PnG
−1
n Bnun + PnG

−1
n fn(un + vn). (2.8)

Now using the fact thatQn = G−1
n BnQn−1,n we can express the left side of (2.7) as

QnG−1
n Bnxn = QnG

−1
n Bnun + QnG−1

n BnQn−1,nQn,n−1xn

= QnG
−1
n Bnun + Qn,n−1xn.

Thus the relation (2.7) becomes

Qn,n−1xn = −QnG
−1
n Bnun + QnG−1

n fn(xn).

Now actingQn−1,n on both sides of the last relation we get

vn = Qn−1xn = Qn−1,nG−1
n {fn(un + vn)−Bnun} . (2.9)

Supposingu := un (n > n0) is known, whereun0 = Pn0−1xn0 = Pn0−1γ is given, we
consider an operatorTn : imQn−1 → imQn−1 defined by

Tn(v) := Qn−1,nG
−1
n {fn(u + v)−Bnu} .

Since
‖Tn(v)− Tn(ṽ)‖ 6 Ln‖Qn−1,nG−1

n ‖‖v − ṽ‖ = ωn‖v − ṽ‖,
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the operatorTn is a contraction. Hence there exists an operatorgn : imPn−1 → imQn−1

giving the unique solution of (2.9) wheneverun is known. Moreover,gn is Lipschitz
continuous with the Lipschitz constantβn := ωn(Ln+‖Bn‖)L−1

n (1−ωn)−1. Obviously,
the unique solution of the IVP (2.1), (2.3) is given by

xn = un + gn(un), (2.10)

wheregn(un) is a unique solution of (2.9) withun0 = Pn0−1γ. ¥

In what follows without loss of generality we will assume thatfn(0) = 0 for all
n > 0. Thengn(0) = 0 and Equation (2.1) always possesses a trivial solutionxn ≡
0 (n > 0). From (2.10) it implies that each solutionxn of the IVP (2.1), (2.3) satisfies
the relationxn = Pn−1xn + gn(Pn−1xn) or equivalently,

Qn−1xn = Qn−1,nG−1
n {fn(xn)−BnPn−1xn}.

Set∆n :=
{
x ∈ Rm : Qn−1x = Qn−1,nG−1

n [fn(x)−BnPn−1x]
}

. If x = {xn} is any
solution of the IVP (2.1), (2.3), then obviously,xn ∈ ∆n (n > n0). Conversely, for each
α ∈ ∆n, there exists a solution of (2.1) passingα. Indeed, letxk(n; α) (k > n) be a
solution of (2.1) satisfying the initial conditionPn−1xn = Pn−1α. Clearly,

xn(n; α) = Pn−1xn + gn(Pn−1xn) = Pn−1α + gn(Pn−1α) = α.

The following lemma shows that the set∆n does not depend on the choice of projec-
tions.

Lemma 2.3. The following hold:

i) ∆n = Ωn := {x ∈ Rm : fn(x)−Bnx ∈ imAn} (n > 0).

ii) Ωn ∩ ker An−1 = {0}.
Proof. i) Letting x ∈ ∆n we haveQn−1x = Qn−1,nG−1

n {fn(x)−BnPn−1x}, hence

x = Pn−1x + Qn−1x = Qn−1,nG
−1
n fn(x) + (I −Qn−1,nG−1

n Bn)Pn−1x.

From the last relation we get

fn(x)−Bnx = (I −BnQn−1,nG−1
n )fn(x)−Bn(I −Qn−1,nG

−1
n Bn)Pn−1x.

Observing that

Bn(I −Qn−1,nG
−1
n Bn)Pn−1x = (I −BnQn−1,nG−1

n )BnPn−1x,

we find
fn(x)−Bnx = (I −BnQn−1,nG−1

n ){fn(x)−BnPn−1x}.
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SinceBnQn−1,nG−1
n = (Gn − An)G−1

n = I − AnG−1
n , it implies that

fn(x)−Bnx = AnG
−1
n {fn(x)−BnPn−1x} ∈ imAn,

hencex ∈ Ωn. Conversely, letx ∈ Ωn, i.e.,fn(x)−Bnx = Anξ, for someξ ∈ Rm. We
have to prove thatQn−1x = Qn−1,nG

−1
n (fn(x)−BnPn−1x), or equivalently,

x = Qn−1,nG−1
n [fn(x)−Bnx] + Qn−1,nG−1

n BnQn−1x + Pn−1x.

Denoting the right-hand side of the last relation bywn and observing that

Qn−1,nG−1
n {fn(x)−Bnx} = Qn−1,nG−1

n Anξ = Qn−1,nPnξ = 0

we find

wn = Qn−1,nG
−1
n BnQn−1x + Pn−1x

= Qn−1,n(G−1
n BnQn−1,n)Qn,n−1x + Pn−1x = Qn−1x + Pn−1x = x.

Thus,x ∈ ∆n and the first part of Lemma 2.3 is proved.
ii) Let x ∈ Ωn ∩ ker An−1. Then Pn−1x = 0 and x ∈ ∆n, hencex = Pn−1x +
gn(Pn−1x) = 0. The proof of Lemma 2.3 is complete. ¥

We end this section by observing that the initial condition (2.3) is equivalent to the
condition

An0−1xn0 = An0−1γ (n0 > 1), (2.11)

which is independent of the choice of projections. Indeed, acting on both sides of (2.11)
by G−1

n0−1 and using the equalityG−1
n0−1An0−1 = Pn0−1 we get (2.3). Conversely, multi-

plying on both sides of (2.3) byAn0−1 and noting thatAn0−1Pn0−1 = An0−1 we obtain
(2.11).

For the sake of convenience, we choose a matrixB−1 ∈ Rm×m such that the matrix
pencil{A−1, B−1} is of index-1. Then the matrixG−1 = A−1+B−1Q−1 is nonsingular.
Moreover,A−1 = A−1P−1 andG−1

−1A−1 = P−1. Thus both initial conditions (2.3) and
(2.11) are equivalent for alln0 > 0. The unique solution of the IVP (2.1), (2.3) or (2.1),
(2.11) will be denoted byxn(n0; γ).

3. Stability of Singular Difference Equations

In this section the notions of stability of the trivial solution are introduced and some
necessary and sufficient conditions for the stability are established.

We shall restrict ourselves to the canonical projection onto kerAn−1, i.e., the pro-
jection fromRm×m into kerAn−1 along Sn and will denote it again byQn−1. Then
Pn−1 := I − Qn−1 is the canonical projection fromRm×m into Sn along kerAn−1.
Thanks to the decompositionRm = Sn ⊕ ker An−1 the canonical projections are deter-
mined uniquely from the dataAn, Bn andAn−1. Note that ifQ̃n−1 is an any projection
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onto kerAn−1(n > 1) andQ̃n−1,n is the associate connecting operator, then the canonical
projectionQn can be computed asQn = Q̃n−1,nG̃

−1
n Bn, whereG̃n := An + BnQ̃n−1,n.

We should refer to the work [4] for details.
LetR+ andZ+ be the set of nonnegative real numbers and integers, respectively.

Definition 3.1. The trivial solution of (2.1) is said to be

i) A-stable (P -stable) if for eachε > 0 and anyn0 > 0 there exists aδ = δ(ε, n0) ∈
(0, ε] such that‖An0−1γ‖ < δ (‖Pn0−1γ‖ < δ) implies ‖xn(n0; γ)‖ < ε for all
n > n0.

ii) A-uniformly (P -uniformly) stable if it isA-stable (P -stable) and the numberδ
mentioned in part i) of this definition does not depend onn0.

iii) A-asymptotically (P -asymptotically) stable if for anyn0 > 0 there exists aδ0 =
δ0(n0) > 0 such that the inequality‖An0−1γ‖ < δ0 (‖Pn0−1γ‖ < δ0) implies
‖xn(n0; γ)‖ −→ 0 (n −→ 0).

Remark 3.2. From the relationG−1
n An = Pn andAnPn = An, it is easy to show that

the notionsA-stability andP -stability are equivalent. The same conclusion is true for
theA-asymptotical stability andP -asymptotical stability. That is why in what follows
we will drop the prefixesA and P when talking about the stability or asymptotical
stability. Further, if the matricesAn are uniformly bounded, thenA-uniform stability
impliesP -uniform stability. Conversely, ifG−1

n have uniformly bounded inverses, then
A-uniform stability follows fromP -uniform stability.

Denote byK the class of all continuous and strictly increasing functionsψ from
[0,∞) into itself, such thatψ(0) = 0.

Lemma 3.3. The trivial solution of (2.1) isA-uniformly (P -uniformly) stable if and
only if there exists a functionψ ∈ K, such that for any solutionxn of (2.1) and for any
nonnegative integern0, there holds the inequality

‖xn‖ 6 ψ(‖An0−1xn0‖) ∀n > n0 (3.1)

(‖xn‖ 6 ψ(‖Pn0−1xn0‖) ∀n > n0).

Proof. We provide a proof of the lemma for theA-uniform stability case. The remaining
P -uniform stability case can be considered similarly.

Suppose first that there exists a functionψ ∈ K satisfying the condition (3.1). For
each positiveε we chooseδ = δ(ε) ∈ (0, ε] such thatψ(δ) < ε. If xn is an arbitrary
solution of (2.1) and‖An0−1xn0‖ < δ, then

‖xn‖ 6 ψ(‖An0−1xn0‖) < ψ(δ) < ε, ∀n > n0.

Conversely, suppose that the trivial solution of (2.1) isA-uniformly stable, i.e., for each
positive ε there exists aδ = δ(ε) ∈ (0, ε], such that ifxn is any solution of (2.1)
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satisfying the inequality‖An0−1xn0‖ < δ, wheren0 is a fixed nonnegative integer, then
‖xn‖ < ε for all n > n0. Denote byα(ε) the supremum of suchδ(ε). Clearly, if
‖An0−1xn0‖ < α(ε) for somen0, then‖xn‖ < ε for all n > n0. Further, the function
α(ε) is positive and increasing and moreover,α(ε) 6 ε. Consider a functionβ(ε) defined

by β(ε) :=
1

ε

∫ ε

0

α(t)dt for positiveε andβ(0) := 0. It is easy to prove thatβ ∈ K and

0 < β(ε) < α(ε) 6 ε. Then the inverse ofβ, denoted byψ will belong toK. Let xn be
a solution of (2.1) andn0 be a fixed nonnegative integer. Setεn := ‖xn‖ and consider
two possibilities. If‖xn‖ = 0, then‖xn‖ = 0 6 ψ(‖An0−1xn0), sinceψ is nonnegative.
Now supposeεn := ‖xn‖ > 0. If ‖An0−1xn0‖ < β(εn), then‖xn‖ < εn = ‖xn‖, ∀n >
n0, which is impossible, hence‖An0−1xn0‖ > β(εn), therefore

‖xn‖ = εn 6 β−1(‖An0−1xn0‖) = ψ(‖An0−1xn0‖),

which was to be proved. The proof of Lemma 3.3 is complete. ¥

By arguing as in the proof of Lemma 3.3 we come to the following result.

Lemma 3.4. The trivial solution of (2.1) is stable if and only if there exist functions
ψn ∈ K, (n > 0), such that for any solutionxn of (2.1) and for each nonnegative integer
n0, there holds the inequality

‖xn‖ 6 ψn0(‖An0−1xn0‖), ∀n > n0.

Theorem 3.5. The existence of the Lyapunov functionV : Z+ × Rm −→ R+ being
continuous in the second variable atγ = 0 and functionsψn ∈ K, such that

i) V (n, 0) = 0, n > 0.

ii) ‖y‖ 6 V (n, Pn−1y) 6 ψn(‖Pn−1y‖), ∀y ∈ ∆n, n > 0.

iii) ∆V (n, Pn−1yn) := V (n + 1, Pnyn+1)− V (n, Pn−1yn) 6 0

for any solutionyn of (2.1), is a necessary and sufficient condition for the stability of
the trivial solution of the SDE (2.1).

Proof. Necessity. Suppose that the trivial solution of (2.1) is stable. Then according to
Lemma 3.4, there exist functionsψn ∈ K (n > 0), such that for any solutionxn of (2.1)
‖xn‖ 6 ψn0(‖An0−1xn0‖), ∀n > n0. Define the functionsϕn(t) = ψn(‖An−1‖t), t ∈
[0,∞). Clearly,ϕn ∈ K and

‖xn‖ 6 ψn0(‖An0−1xn0‖) = ψn0(‖An0−1Pn0−1xn0‖)
6 ψn0(‖An0−1‖‖Pn0−1xn0‖).

Thus,
‖xn‖ 6 ϕn0(‖Pn0−1xn0‖) ∀n > n0. (3.2)
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Further, we define the Lyapunov function

V (n, γ) := sup
k∈Z+

‖xn+k(n; γ)‖; γ ∈ Rm, n ∈ Z+, (3.3)

wherexn+k := xn+k(n; γ) is the unique solution of (2.1) satisfying the initial condition
Pn−1xn = Pn−1γ. The inequality (3.2) ensures the correctness of the definition (3.3).
Moreover,V (n, γ) 6 ϕn(‖Pn−1γ‖), which implies thatV (n, 0) = 0 and the continuity
of the functionV w.r.t. the second variable atγ = 0. For eachy ∈ ∆n we have

V (n, Pn−1y) := sup
l∈Z+

‖xn+l(n; Pn−1y)‖ > ‖xn(n; Pn−1y)‖,

where xk(n; Pn−1y) denotes the solution of (2.1) satisfying the initial condition
Pn−1xn(n; Pn−1y) = Pn−1(Pn−1y) = Pn−1y. Since xn, y ∈ ∆n, it follows
xn(n; Pn−1y) = y, hence

Vn(n, Pn−1y) > ‖xn(n; Pn−1y)‖ = ‖y‖.
Further, the inequality (3.2) gives

V (n, Pn−1y) = sup
l∈Z+

‖xn+l(n; Pn−1y)‖ 6 ϕn(‖Pn−1y‖).

On the other hand, for an arbitrary solutionyn of (2.1), due to the unique solvability of
the IVP (2.1), (2.3) we have

V (n, Pn−1yn) = sup
l∈Z+

‖xn+l(n; Pn−1yn)‖ = sup
l>0

‖yn+l‖.

Thus

V (n + 1, Pn+1yn) = sup
l>0

‖yn+l+1‖ = sup
l>1

‖yn+l‖

6 sup
l>0

‖yn+l‖ = V (n, Pn−1yn),

hence∆V (n, Pn−1yn) 6 0. The necessity part is proved.
Sufficiency. We argue by contradiction by assuming that the trivial solution of (2.1) is
not stable, i.e., there exist a positiveε0 and a nonnegative integern0, such that for all
δ ∈ (0, ε0], there exists a solutionxn of (2.1) satisfying the inequalities‖Pn0−1xn0‖ < δ
and‖xn1‖ > ε0 for somen1 > n0.

SinceV (n0, 0) = 0 and V (n0, γ) is continuous atγ = 0, there exists aδ′0 =
δ′0(ε, n0) > 0, such that for allξ ∈ Rm, ‖ξ‖ < δ′0 we haveV (n0, ξ) < ε0. Choos-
ing δ0 6 {δ′0, ε0} we can find a solutionxn of (2.1) satisfying‖Pn0−1xn0‖ < δ0,
however‖xn1‖ > ε0 for somen1 > n0. Since‖Pn0−1xn0‖ < δ0 6 δ′0, one gets
V (n0, Pn0−1xn0) < ε0. On the other hand, using the properties i) and iii) of the function
V, we find

V (n0, Pn0−1xn0) > V (n1, Pn1−1xn1) > ‖xn1‖ > ε0,
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which leads to a contradiction. The proof of Theorem 3.5 is complete. ¥

A similar argument as in the proof of the sufficiency part of Theorem 3.5 leads to
the next result.

Theorem 3.6. Assume that there exists a functionψ ∈ K and a Lyapunov function
V : Z+ × Rm −→ R+, which is continuous w.r.t. the second variable atγ = 0, such
that

i) V (n, 0) = 0, ∀n > 0.

ii) ψ(‖x‖) 6 V (n,An−1x), ∀x ∈ Ωn, n > 0.

iii) ∆V (n,An−1xn) := V (n + 1, Anxn+1)− V (n,An−1xn) 6 0

for any solutionxn of (2.1). Then the trivial solution of (2.1) is stable.

Theorem 3.7. The trivial solution of (2.1) isP -uniformly stable if and only if there
exist two functionsa, b ∈ K and a Lyapunov functionV : Z+ × Rm −→ R+, such that

i) a(‖x‖) 6 V (n, Pn−1x) 6 b(‖Pn−1x‖), ∀x ∈ ∆n, n > 0.

ii) ∆V (n, Pn−1xn) := V (n + 1, Pnxn+1)− V (n, Pn−1xn) 6 0

for any solutionxn of (2.1).

Proof. The proof of the necessity part is based on Lemma 3.4 and is similar to the
corresponding part of Theorem 3.5.

Now suppose that the trivial solution of (2.1) is notP -uniformly stable, hence there
existsε0, such that for allδ ∈ (0, ε0], there exist a solutionxn of (2.1) and two non-
negative integersn1 6 n2, such that‖Pn1−1xn1‖ < δ however‖xn2‖ > ε0. Choose
δ0 > 0, such thatδ0 6 ε0 andb(δ0) < a(ε0). According to our assumption there exist a
solutionxn of (2.1) and two nonnegative integersn1 6 n2, such that‖Pn1−1xn1‖ < δ0

and‖xn2‖ > ε0. Using the first property of the Lyapunov function we have

V (n2, Pn2−1xn2) > a(‖xn2‖) > a(ε0)

and
V (n1, Pn1−1xn1) 6 b(‖Pn1−1xn1‖) < b(δ0) < a(ε0).

On the other hand, taking into account the second property ofV , we get

a(ε0) > V (n1, Pn1−1xn1) > V (n2, Pn2−1xn2) > a(‖xn2‖) > a(ε0),

which was the desired contradiction. Thus the trivial solution of (2.1) isP -uniformly
stable. Theorem 3.7 is proved. ¥

We end this section by stating a theorem on theA-uniform stability and asymptotical
stability of the trivial solution of (2.1). Its proof is similar to those of Theorems 3.5, 3.7,
and therefore will be omitted.
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Theorem 3.8. Suppose that there exist two functionsa, b ∈ K and a Lyapunov function
V : Z+ × Rm −→ R+, such that

i) a(‖x‖) 6 V (n, An−1x) 6 b(‖An−1x‖), ∀x ∈ Ωn, n > 0.

ii) ∆V (n,An−1xn) := V (n + 1, Anxn+1)− V (n,An−1xn) 6 0

for any solutionxn of (2.1). Then the trivial solution of (2.1) isA-uniformly stable. If
Condition ii) is replaced by

iii) ∆V (n,An−1xn) := V (n + 1, Anxn+1)− V (n,An−1xn) 6 −c(‖An−1xn‖)
for any solutionxn of (2.1), wherec is a certain function of the classK, then the trivial
solution of (2.1) is asymptotically stable.

4. Examples

In this section we will use the Euclidean norms of vectors and matrices.

Example 4.1. Consider the SDE (2.1) with the following data:

An = (n + 2)

(
1 0
0 0

)
; Bn =

(
1 0
0 n + 2

)
, n > −1,

and

fn(x) =
sin x1

n + 2
(0, 1)T ; x = (x1, x2)

T , (n > 0).

As kerAn = span{(0, 1)T}, imAn = span{(1, 0)T}, n > −1 andSn = span{(1, 0)T},
n > 0, the hypotheses H1, H2 are fulfilled, hence the SDE (2.2) is of index-1. Clearly,

the canonical projections arePn = P :=

(
1 0
0 0

)
; Qn = Q :=

(
0 0
0 1

)
, therefore

Qn−1,n = Q. A simple calculation shows thatGn = An + BnQn−1,n = (n + 2)I, hence
G−1

n = (n+2)−1I. Further, the functionfn(x) is Lipschitz continuous with the Lipschitz
coefficientLn = (n + 2)−1. Moreover,fn(0) = 0 and ωn := Ln‖Qn−1,nG−1

n ‖ =
(n+2)−2 < 1 for all nonnegativen. According to Theorem 2.2, the IVP (2.1), (2.3) has
a unique solution. From the definition of∆n, we havex ∈ ∆n if and only if

Qn−1x = Qn−1,nG−1
n {fn(x)−BnPn−1x},

or Qx = QG−1
n {fn(x)−BnPx}. The last relation leads tox2 = (n+2)−2 sin x1. Thus,

∆n = Ωn = {x = (x1, x2)
T : x2 = (n + 2)−2 sin x1}, n > 0.

Introducing a functionV (n, γ) := 2‖γ‖, we get for eachx ∈ ∆n,

‖x‖ = (x1 + x2)
1/2 = (x2

1 + (n + 2)−4 sin2 x1)
1/2 6 2|x1| = 2‖Pn−1x‖.
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Further,V (n, Pn−1x) = 2‖Pn−1x‖ = 2|x1|. Thus,‖x‖ 6 V (n, Pn−1x) = 2‖Pn−1x‖
for all x ∈ ∆n. Supposing thatxn is a solution of (2.1) and puttingun = Pn−1xn =
Pxn; vn = Qn−1xn = Qxn we have

∆V (n, Pn−1xn) = V (n + 1, Pnxn+1)− V (n, Pn−1xn)

= 2(‖Pxn+1‖ − ‖Pxn‖) = 2(‖un+1‖ − ‖un‖).

Using Equation (2.8) we find

un+1 = −PnG−1
n Bnun + PnG−1

n fn(xn) = −(n + 2)−1un,

hence‖un+1‖ − ‖un‖ = −(n + 1)(n + 2)−1‖un‖ 6 −2−1‖un‖, consequently
∆V (n, Pn−1xn) 6 −‖Pn−1xn‖. According to Theorem 3.7, the trivial solution of (2.1)
is P -uniformly stable. Moreover, it is also asymptotically stable.

Example 4.2. Let the data in (2.1) be as follows:

An =

(
n + 3 1
n + 3 1

)
; Bn =

(
n + 2 1
n + 1 n + 1

)
, n > −1,

and

fn(x) =
sin((n + 2)x1 + x2)

2(n + 1)(n + 2)
(1, 0)T , x = (x1, x2)

T , (n > 0).

In this case, kerAn = span{(1,−n − 3)T}, imAn = span{(1, 1)T}, n > −1 and
Sn = span{(n, 1)T}, n > 0. Clearly,Sn ∩ ker An−1 = {0}, n > 0, hence Equation
(2.2) is of index-1. Consider the projections

Qn =

(
1 0

−n− 3 0

)
andPn = I −Qn =

(
0 0

n + 3 1

)
.

A simple calculation shows that

Vn =

(
0 −1
1 −n− 3

)
; V −1

n =

(
n + 3 1

1 0

)
,

hence

Qn−1,n = Vn−1Q̃V −1
n =

(
1 0

−n− 2 0

)
.

Further,

Gn = An + BnQn−1,n =

(
n + 3 1

−n2 − n + 2 1

)

and

G−1
n = (n + 1)−2

(
1 −1

n2 + n− 2 n + 3

)
.
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Observe that the functionfn(x) is Lipschitz continuous with a Lipschitz coefficient
Ln = (2(n + 1)(n + 2))−1. Sinceωn = Ln‖Qn−1,nG−1

n ‖ < 1, the IVP (2.1), (2.3) has a
unique solution. Denotingξn := (n + 2)x1 + x2 for anyx = (x1, x2)

T , we can rewrite
Pn−1x = (0, ξn)T ; An−1x = (ξn, ξn)T , which leads to the relations‖Pn−1x‖ = |ξn|;
‖An−1x‖ =

√
2|ξn|. Now note thatx = (x1, x2)

T belongs to∆n if and only if Qn−1x =
Qn−1,nG−1

n {fn(x) − BnPn−1x}. A direct computation shows that the last relation is
equivalent to the equality

x1 = ϕn(x1, x2) :=
1

(n + 1)2

{
sin ξn

2(n + 1)(n + 2)
+ nξn

}
. (4.1)

Thus,∆n = {(x1, x2)
T : x1 = ϕn(x1, x2)}. Let us define a Lyapunov function

V (n, γ) :=

(
1 +

1

n + 1

)
‖γ‖

for all nonnegative integersn and allγ ∈ R2. For eachx = (x1, x2)
T ∈ ∆n we put

u = Pn−1x = (0, ξn)T andv = Qn−1x = (x1,−(n + 2)x1)
T . From (4.1) we have

‖v‖ = (x2
1 + (n + 2)2x2

1)
1/2 = [1 + (n + 2)2]1/2|x1|

6 (1 + (n + 2)2)1/2(n + 1)−2

(
1

2(n + 1)(n + 2)
+ n

)
|ξn| 6 2|ξn|.

Since‖u‖ = |ξn| and taking into account the last inequality we find‖v‖ 6 2‖u‖, which
leads to the relation‖x‖ = ‖u + v‖ 6 3‖u‖. Thus

1

3
‖x‖ 6 ‖u‖ = ‖Pn−1x‖ ∀x ∈ ∆n. (4.2)

Observing that‖An−1x‖ =
√

2|ξn| for anyx ∈ ∆n we get

V (n,An−1x) =

(
1 +

1

n + 1

)
|An−1x|

≥ |An−1x| =
√

2|ξn| =
√

2|u| ≥
√

2

3
|x|

for all x ∈ ∆n andn > 0. Now supposexn = (xn,1, xn,2)
T is any solution of Equa-

tion (2.1). Letun := Pn−1xn, vn := Qn−1xn and ξn := (n + 2)xn,1 + xn,2. Then
un is a solution of (2.8). Noting thatPnG

−1
n Bnun = (0, ξn)T andPnG

−1
n fn(xn) =(

0,
sin ξn

2(n + 1)(n + 2)

)T

, we can rewrite Equation (2.8) as

un+1 =

(
0,−ξn +

sin ξn

2(n + 1)(n + 2)

)T

,
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which gives‖un+1‖ 6 |ξn|+ | sin ξn|
2(n + 1)(n + 2)

. Further computation gives

∆V (n,An−1xn) = V (n + 1, Anxn+1)− V (n,An−1xn)

=

(
1 +

1

n + 2

)
‖Anxn+1‖ −

(
1 +

1

n + 1

)
‖An−1xn‖

=
√

2

{(
1 +

1

n + 2

)
‖un+1‖ −

(
1 +

1

n + 1

)
‖un‖

}

6
√

2

{(
1 +

1

n + 2

)(
|ξn|+ | sin ξn|

2(n + 1)(n + 2)

)
−

(
1 +

1

n + 1

)
|ξn|

}

=
√

2

{
n + 3

2(n + 1)(n + 2)2
| sin ξn| − |ξn|

(n + 1)(n + 2)

}

6
√

2

(n + 1)(n + 2)
(| sin ξn| − |ξn|) 6 0.

Theorem 3.5 ensures the stability of the trivial solution of Equation (2.1).
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