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Abstract

The aim of this paper is to apply Lyapunov functions to obtain some necessary and
sufficient conditions for the stability of singular nonautonomous difference equa-
tions.
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1. Introduction

In practice, many problems are modeleddygular difference equationSDES). Re-
cently, a class of singular nonautonomous difference equations, called index-1 SDEs,
has been introduced and the solvability ioitial-value problems(IVPs) as well as
boundary-value problem®VPs) has been studied (cf., [1-3,5, 6]). Moreover, the Flo-
guet theory has been developed for linear index-1 SDEs [4].

In this paper we apply Lyapunov functions to study stability properties of singular
guasilinear difference equations. The paper is organized as follows. In Section 2 we
provide basic concepts of index-1 SDEs. The unique solvability of the IVP for a class
of SDEs is also established. Section 3 deals with various stability conditions for SDEs.
Finally, in Section 4 some illustrative examples are considered.
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2. Basic Concepts

Consider a system
ApZpi1 + Bpxy = fo(x,) (n>0), (2.1)

whereA,, B, € R™™ and f,, : R™ — R™ are given. Throughout this paper, we
assume that the matrices, are singular, so Equation (2.1) is called an SDE. In what
follows we suppose that the corresponding linear homogeneous equation

ApZpi1 + Bpxy, =0 (n > 0), (2.2)
is of index-1 [1-6], i.e., the following hypotheses are assumed to be fulfilled:
(H1) rank4,, =r (n > 0),

(H2) S, NkerA4, 1 ={0} (n>1),

where,S,, = {£ e R™ : B, €imA,}, (n > 0).

In what follows we always assume th#itn Sy = r and letA_; € R™*™ be a fixed
chosen matrix, such th&™ = S, @ ker A_1, so the hypothesis H2 is satisfied for all
n > 0.

Let @, € R™™ be an arbitrary projection onfeer A, (n > —1), i.e.,Q? = Q,
and imQ,, = ker A,. Then there exists a nonsingular matiix € R™*™ such that
Q. = V,QV. ' whereQ := diagO,, I,,_,) andO,, I,,,_, stand forr x r zero and
(m —r) x (m — r) identity matrices, respectively. Further we define the matyix=
I — @, and the so-called connecting operat@s ;,, = _1QV. ! and Qnn-1 =
V,QV.~',. Obviously, the connecting operators associated with projectipng),_
SatiSfy the identitie@nfl,n = anlanl,n = anl,nQrm anl,nQn,nfl = anl and
Qn,nlenfl,n = Qn

For the next discussion, the following lemma from [4] is needed.

Lemma 2.1. Suppose the hypothesis H1 is fulfilled. Then the hypothesis H2 is equiva-
lent to one of the following statements:

i) the matrixG,, := A,, + B,Q,-1, iS nonsingular.
i) R =5, ®kerA,_;.

Itis proved [4], that every index-1 SDE (2.2) can be reduced to the Kronecker normal
form
diag(Z,, Om—r)Ynt1 + dia@d Wi, I )yn = 0.

Let us associate the SDE (2.1) with the initial condition
PHO*lxﬂo = Pn07177 no = 0, (23)

where~ is an arbitrary vector ifR™ andn, is a fixed nonnegative integer.
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Theorem 2.2. Let f,,(z) be a Lipschitz continuous function with a sufficient small Lip-
schitz coefficient, i.e.,

[fn(2) = fu(@)|| < Lallz — 2|, Vz,z € R™, (2.4)

where
wWn = Ly||Qn1nG M <1, ¥n>0. (2.5)

Then the IVP (2.1), (2.3) has a unique solution.

Proof. The conclusion of this theorem follows from [5, Theorem 1]. However, to make
our presentation self-contained we shall provide a straight-forward proof of this fact.
Indeed, multiplying on both sides of Equation (2.1) from the leffhy, ! andQ,. G,
respectively and observing thaf, ' A, = P,, P,Q,, = Q. P, = O we get

Pty + PG Bur, = PG (), (2.6)
QnGr' Buvn = QuGyy fuln). (2.7)
Puttingu,, :== P,_1x,, v, := Q,_1%,, (n > 0) and noting that
P.G'BuQn 1y = PG BuQu1nQnn-12n = PuQpp12, =0,
from (2.6) we find
Uni1 = — PG By + PGt fo(u, 4 vy). (2.8)
Now using the fact thaf),, = G;ananLn we can express the left side of (2.7) as

QnG;Iann = QnG;IBnun + QnGr,:anQn—l,nQn,n—lmn
- Q?’LG;IBTLUTL + Qn,n—lxn'

Thus the relation (2.7) becomes
Quin_1Tn = —QunG. ' By + QuG fuly,).
Now acting@,,—1., on both sides of the last relation we get
Uy = Qu1Ty = Qu_1.,G " { fu(tn + v,) — Buu,} . (2.9)

Supposing: := u, (n > ng) is known, whereu,, = P,,_1z,, = P,,_17 IS given, we
consider an operatdr, : im@Q,,_; — im@,,_, defined by

Tn(v) = Qn—l,nG;I {fn(u + ?)) - Bnu} .

Since
1T (v) = T (0)|| < L | Qu-1.2Gy v — 9| = wallv — 7],
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the operatofl;, is a contraction. Hence there exists an operatarimpP,,_; — imQ@,,_;
giving the unique solution of (2.9) whenevey is known. Moreovery,, is Lipschitz
continuous with the Lipschitz constamt := w,, (L, +|| B, )L, (1 —w,)"'. Obviously,
the unique solution of the IVP (2.1), (2.3) is given by

Ty, = Uy + gn(Un), (2.10)
whereg, (u,) is a unique solution of (2.9) with,,, = P,,_17. [ |

In what follows without loss of generality we will assume thfat0) = 0 for all
n > 0. Theng,(0) = 0 and Equation (2.1) always possesses a trivial solutipre
0 (n > 0). From (2.10) it implies that each solutian, of the IVP (2.1), (2.3) satisfies
the relationt,, = P,_1x,, + ¢,(P,_12,) or equivalently,

anlxn = anl,nGgl{fn(Tn) - Bnpnflxn}"
SetA,, = {x ER™: Qn 17 = Qn 1,G, [fulx) — BnPn,lx}} Nz = {z,} is any
solution of the IVP (2.1), (2.3), then obviously, € A,, (n > ng). Conversely, for each

a € A, there exists a solution of (2.1) passiagindeed, letry(n;a) (kK > n) be a
solution of (2.1) satisfying the initial conditioR, _,x,, = P,_;«. Clearly,

Tn(n;a) = Pyo_1xy + gn(Pao12y) = Poora+ go(Pro1ar) = .

The following lemma shows that the saAt, does not depend on the choice of projec-
tions.

Lemma 2.3. The following hold:

) A, =Q, ={xeR": f,(x) — Byx €imA,} (n>0).

i) Q,NkerA,;={0}.
Proof. i) Lettingz € A, we haveQ,,_x = Qn_l,nG;I{fn(x) — B, P, 1z}, hence

=Py 12+ Qno1® = Quno1nGy fu(@) + (I — Quo1nGy ' Bn) Pyor.
From the last relation we get
fal@) = Byw = (I = BuQu-12Gy ") fu(2) = Ba(l = Quo12Gy ' By) Puoa.
Observing that
Bo(I = Qu-1,G;'By) Pyt = (I — ByQn-1,G,,") By P12,

we find
fn<x> - an = (I - BnQn—l,nG;I){fn(ZE) - BnPn—lx}-
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SinceB,Q, 1.,G,' = (G, — A,)G, ' =1 — A,G. ", itimplies that
fu(@) — Bpz = AGH fo(2) — BuP,_1z} € IMmA,,

hencer € Q,,. Conversely, let: € Q,,, i.e., f,,(x) — B,x = A,¢, for somef € R™. We
have to prove thaf),,_,x = Qn_lan,:l(fn(x) — B, P,_1x), or equivalently,

r = anl,nGgl[fnCC) - an] + anl,nG;Lananlw + Pnflx-

Denoting the right-hand side of the last relationdgyand observing that

Qn—l,nGgl{fn<x) - an} = Qn—l,nG;IAng = Qn—l,npnf =0

we find

Wy = Qn—l,nG;IBnQn—lx + Pn—ll‘
= Qn—l,n(GﬁanQn—l,n)Qn,n—ﬂ + P12 =Qpx+ Px = 2.

Thus,z € A,, and the first part of Lemma 2.3 is proved.
i) Let z € Q, NkerA,_ ;. ThenP, ;x = 0andx € A,, hencex = P, 1z +
gn(P,—12) = 0. The proof of Lemma 2.3 is complete. [ |

We end this section by observing that the initial condition (2.3) is equivalent to the
condition
Apg—1Tny = Apg—1y  (ng = 1), (2.11)

which is independent of the choice of projections. Indeed, acting on both sides of (2.11)
by G,.'_, and using the equalit@, ' | A,,_1 = P,,_1 we get (2.3). Conversely, multi-
plying on both sides of (2.3) by,,,—; and noting thatd,,,_, P,,—1 = A,,—1 we obtain
(2.11).

For the sake of convenience, we choose a mdtrix € R™*" such that the matrix
pencil{A_;, B_;}is ofindex-1. Thenthe matri& ; = A_;+ B_;()_; is nonsingular.
Moreover,A_; = A_P_; andeA_l = P_;. Thus both initial conditions (2.3) and
(2.11) are equivalent for atl, > 0. The unique solution of the IVP (2.1), (2.3) or (2.1),

(2.11) will be denoted by, (n¢; 7).

3. Stability of Singular Difference Equations

In this section the notions of stability of the trivial solution are introduced and some
necessary and sufficient conditions for the stability are established.

We shall restrict ourselves to the canonical projection ontolker, i.e., the pro-
jection fromR™ ™ into kerA,,_; along S, and will denote it again by),_;. Then
P,y .= I — Q,_; is the canonical projection fro®®™*" into S, along ker,,_;.
Thanks to the decompositidi™ = S, @ ker A,,_; the canonical projections are deter-
mined uniquely from the datd,,, B,, andA,,_;. Note that if(),,_; is an any projection
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ontoketd,,_;(n > 1) and@n,m is the associate connecting operator, then the canonical
projection@,, can be computed a3, = Q,,_1,,G,. ' B,,, whereG,, := A, + B,Qp_1.n.
We should refer to the work [4] for details.

LetR, andZ, be the set of nonnegative real numbers and integers, respectively.

Definition 3.1. The trivial solution of (2.1) is said to be

i) A-stable P-stable) if for eachkk > 0 and anyn, > 0 there exists @ = (¢, ng) €
(0, €] such that| A,,,—17]| < 6 (|| Pay-17]] < 6) implies||z,(ng;v)|| < € for all
n = ng.

i) A-uniformly (P-uniformly) stable if it is A-stable (P-stable) and the number
mentioned in part i) of this definition does not dependgn

iil) A-asymptotically P-asymptotically) stable if for any, > 0 there exists &, =
do(no) > 0 such that the inequalityA,,, 17| < do (|| Puo—17|| < do) implies
[0 (n0; V)| — 0 (n — 0).

Remark 3.2. From the reIatiorG;lAn = P, andA,P, = A,, itis easy to show that
the notionsA-stability and P-stability are equivalent. The same conclusion is true for
the A-asymptotical stability and-asymptotical stability. That is why in what follows
we will drop the prefixesA and P when talking about the stability or asymptotical
stability. Further, if the matriced,, are uniformly bounded, theA-uniform stability
implies P-uniform stability. Conversely, it ! have uniformly bounded inverses, then
A-uniform stability follows fromP-uniform stability.

Denote byKC the class of all continuous and strictly increasing functigngom
0, 00) into itself, such that)(0) = 0.

Lemma 3.3. The trivial solution of (2.1) isA-uniformly (P-uniformly) stable if and
only if there exists a functiop € K, such that for any solutiom,, of (2.1) and for any
nonnegative integer,, there holds the inequality

Hxn” < 7vZ)(HAno—lxnoH) Vn 2> ng (3.1)

(lznll < U Pag-12noll) Y = 10).

Proof. We provide a proof of the lemma for the uniform stability case. The remaining
P-uniform stability case can be considered similarly.

Suppose first that there exists a functiore K satisfying the condition (3.1). For
each positivee we choose) = d(¢) € (0, €] such that)(d) < e. If z,, is an arbitrary
solution of (2.1) and|A,,,—1%x, || <, then

[zl < Y[ Ang-1,[|) < 9(0) <€, Vn = no.

Conversely, suppose that the trivial solution of (2.1Agniformly stable, i.e., for each
positive e there exists & = d(¢) € (0,¢, such that ifz,, is any solution of (2.1)



Stability of a Class of Singular Difference Equations 187

satisfying the inequality A,,,—1z,, || < J, wheren, is a fixed nonnegative integer, then
|zn|| < € forall n > ny. Denote bya(e) the supremum of suchi(e). Clearly, if

| Ang—1Zn,|| < a(e) for someny, then||z,|| < efor all n > n,. Further, the function
a(e€) is positive and increasing and moreovef) < e. Consider a functiors(e) defined

by 5(e) := %/ a(t)dt for positivee and3(0) := 0. It is easy to prove that € K and

0 < f(e) < a(g) < e. Then the inverse of, denoted by will belong toX. Let z,, be
a solution of (2.1) and, be a fixed nonnegative integer. Sgt:= ||z, || and consider
two possibilities. If||z,, || = 0, then||z,|| = 0 < (|| An,—124,), SINCEY iS NONNegative.
Now suppose,, := ||z,| > 0. If [[Ay, 17, < B(en), then||z,|| < e, = ||z,][, Vn >
no, Which is impossible, hendeA,,,—12,, || = 5(¢e,), therefore

lzall = €n < B ([ Ang—12n 1) = Y| Ang—12n, ),
which was to be proved. The proof of Lemma 3.3 is complete. [ |
By arguing as in the proof of Lemma 3.3 we come to the following result.

Lemma 3.4. The trivial solution of (2.1) is stable if and only if there exist functions
v, € IC, (n > 0), such that for any solution,, of (2.1) and for each nonnegative integer
ng, there holds the inequality

HwnH < wno(HAnO*licnou)a Vn = ny.

Theorem 3.5. The existence of the Lyapunov functidn: Z, x R™ — R, being
continuous in the second variableyat 0 and functions),, € I, such that

) V(n,0)=0, n>0.
i) llyl <V(n, Poory) < Unll[Pa-ayll), Yy € An, n20.
“I) AV(TL, Pnflyn> = V(” + 17 Pnyn+1) - V(”a Pnflyn) g 0

for any solutiony,, of (2.1), is a necessary and sufficient condition for the stability of
the trivial solution of the SDE (2.1).

Proof. NecessitySuppose that the trivial solution of (2.1) is stable. Then according to
Lemma 3.4, there exist functions, € I (n > 0), such that for any solution,, of (2.1)

2]l < g (| Ang 12, |1), V1 = no. Define the functionsp, (£) = v (A, 1 t), ¢ €

[0, 00). Clearly,¢,, € K and

Qﬁ?lo(HAno—lxno||) = wn()(“Ano—ano—lxnoH)
djno(HAno—lH||Pn0—1xnoH)'

<

Thus,
”an < Qpno(HPno—lxnoH) Vn > ng. (3.2)
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Further, we define the Lyapunov function

V(n,vy) = sup ||znsr(n;y)|; v €R™, nelZy, (3.3)

k‘EZ+

wherez,, ;. := z,.r(n;~) is the unique solution of (2.1) satisfying the initial condition
P, 1z, = P,_17. The inequality (3.2) ensures the correctness of the definition (3.3).
Moreover,V (n,7v) < ¢n(||P.-17]|), which implies that/(n, 0) = 0 and the continuity

of the functionV’ w.r.t. the second variable at= 0. For eachy € A,, we have

V(n, Py,1y) = Sup | Zns1(n; Pacay)|] 2= [|zn(n; Pooay)ll,
€Lt

where z,(n; P,_1y) denotes the solution of (2.1) satisfying the initial condition

P, 1x,(n;Py1y) = Po1(P,1y) = P,_1y. Since x,,y € A,, it follows
zn(n; P,1y) = y, hence

Va(n, Pooyy) 2 [lan(n; Baay)|l = llyll-
Further, the inequality (3.2) gives

V(n,P,_1y) = Sup |Zn1(n; Pocay) || < @n ([ Pazayl])-
€Lt

On the other hand, for an arbitrary solutignof (2.1), due to the unique solvability of
the IVP (2.1), (2.3) we have

V(n, Poo1yn) = sup ||en4(n; Pooiyn)|| = sup | Yna]]-

€74 1>

Thus
Vi(n+1, Pop1yn) = sup [[Ynie1 || = sup [[ynl|
1>0 >1

< Sug) HynHH = v(”? Pnflyn)a
henceAV (n, P,_1y,) < 0. The necessity part is proved.
Sufficiency We argue by contradiction by assuming that the trivial solution of (2.1) is
not stable, i.e., there exist a positisgand a nonnegative integep, such that for all
d € (0, €], there exists a solution,, of (2.1) satisfying the inequalitigsP,,, —12,,|| < 0
and||z,, || > ¢ for somen; > n,.

SinceV(ng,0) = 0 and V' (ng,~) is continuous aty = 0, there exists &, =
6o(€,n9) > 0, such that for allk € R™, ||£]| < d, we haveV (ng, &) < €. Choos-
ing 0o < {d,,€} we can find a solution:, of (2.1) satisfying|| P, 17| < do,
however ||z,,|| = e for somen; > ng. Since||P,,_12,,|| < do < d;, one gets
V(no, Pny—12n,) < €0- On the other hand, using the properties i) and iii) of the function
V, we find

V(”prno—lmno) 2 V(nlypnl—lxn1> 2 ||xn1|| 2 €0,
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which leads to a contradiction. The proof of Theorem 3.5 is complete. |

A similar argument as in the proof of the sufficiency part of Theorem 3.5 leads to
the next result.

Theorem 3.6. Assume that there exists a functigne X and a Lyapunov function
V :Z, xR™ — R,, which is continuous w.r.t. the second variableyat 0, such
that

i) V(n,0)=0, Vn=0.
iy v(|z|) < V(n,A_1z), Ve, n=0.
i) AV(n,A,_1z,) =V(n+1,Axn1) — V(n, Ap_12,) <0
for any solutionz,, of (2.1). Then the trivial solution of (2.1) is stable.

Theorem 3.7. The trivial solution of (2.1) isP-uniformly stable if and only if there
exist two functions:, b € K and a Lyapunov functiol : Z, x R™ — R, such that

) a(]|z]]) < V(n, Pooiz) < (|| Paeizl]), Vo eA,, n=>=0.
i) AV(n,P,_12z,) :=V(n+1,Pxy,)—V(n,Py_12,) <0
for any solutionz,, of (2.1).

Proof. The proof of the necessity part is based on Lemma 3.4 and is similar to the
corresponding part of Theorem 3.5.

Now suppose that the trivial solution of (2.1) is netuniformly stable, hence there
existseg, such that for alb € (0, ], there exist a solution,, of (2.1) and two non-
negative integers; < no, such that||P,,_1x,, || < 0 however||z,,|| > €. Choose
do > 0, such that, < ¢y andb(dy) < a(ey). According to our assumption there exist a
solutionz,, of (2.1) and two nonnegative integets < no, such that| P,,, 1z, || < do
and||z,,|| > €. Using the first property of the Lyapunov function we have

Vi(ng, Pry1tn,) 2 a([|n,[]) = aleo)

and
V<n17pn1*1xn1) < b(‘|Pn1,1$n1|D < b(éo) < a<60)'

On the other hand, taking into account the second properiy; ofe get
a(eo) > V(nh Pnl—lxnl) 2 V(n%Pm—lxnz) 2 G(meH) 2 a(€0)7

which was the desired contradiction. Thus the trivial solution of (2.1-isniformly
stable. Theorem 3.7 is proved. |

We end this section by stating a theorem onAheniform stability and asymptotical
stability of the trivial solution of (2.1). Its proof is similar to those of Theorems 3.5, 3.7,
and therefore will be omitted.
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Theorem 3.8. Suppose that there exist two function$ € K and a Lyapunov function
V:Z, x R™ — R, such that

) a(llzl)) < V(n, Apaz) <b(|Anazl)), VeeQ,, n

\%

0.
") AV(H, An71$n> = V(n + 1>Anxn+1> - V<n7 An71$n> g 0

for any solutionz,, of (2.1). Then the trivial solution of (2.1) id-uniformly stable. If
Condition ii) is replaced by

i) AV(n,Ap1x,) :=V(n+ 1, Apxnir) — V(n, Ano12,) < —c(||An—12n]])

for any solutionz,, of (2.1), wherer is a certain function of the clags, then the trivial
solution of (2.1) is asymptotically stable.

4. Examples
In this section we will use the Euclidean norms of vectors and matrices.

Example 4.1. Consider the SDE (2.1) with the following data:

10 10
A"_(”+2)(0 0)’ B“‘(o n+2)’ n=-l

sin

fulz) = n+;(0, D%z =(an2)", (n20).
As kerA,, = spar{(0,1)"}, imA, = spar{(1,0)"}, n > —1 andS,, = spar{(1,0)"},
n > 0, the hypotheses H1, H2 are fulfilled, hence the SDE (2.2) is of index-1. Clearly,
the canonical projections ale, = P := (é 8) Q= Q = (8 (1)) , therefore
Qn-1., = Q. A simple calculation shows th&t,, = A, + B,Q,—1., = (n+2)I, hence
Gt = (n+2)"'I. Further, the functiorf, (z) is Lipschitz continuous with the Lipschitz
coefficient L, = (n + 2)~'. Moreover, f,(0) = 0 andw, := L,||Qn_1.G,|| =
(n+2)7% < 1 for all nonnegativer. According to Theorem 2.2, the IVP (2.1), (2.3) has
a unique solution. From the definition &f,, we haver € A,, if and only if

Qn—lx = Qn—l,nGgl{fn(-r) - BnPn—lm}a

orQr = QG,, '{f.(r) — B, Pz}. The last relation leads to, = (n+2) ?sinx;. Thus,

and

A, =0, ={r=(21,209)" 1 29 = (n+2)Zsinz}, n>0.
Introducing a functior/(n, v) := 2||v||, we get for eachr € A,,,

|z]| = (z1 + 22)? = (27 + (R + 2)*sin )% < 2|z | = 2| Pimrz|.
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Further,V(n, P,_1z) = 2||P,_1z|| = 2|x;|. Thus,||z|| < V(n, P,_12) = 2||Py_1z||
for all x € A,,. Supposing that,, is a solution of (2.1) and putting, = P, 1z, =
Px,; v, = Qn_1x, = Qx,, we have

AV (n, Py 1z,) =V(n+ 1, Pyxyy) — V(n, Przy)
= 2([|[Pznt1l = |1Pznll) = 2(luntall — llunll)-

Using Equation (2.8) we find
Uni1 = —P,G By + PG fo(mn) = —(n 4 2) u,

hence |[tup 1] — [[un] = —(m + D(n + 2) Hua| < —27Yu,|, consequently
AV (n, P,_1z,) < —||P,-12,]||. According to Theorem 3.7, the trivial solution of (2.1)
is P-uniformly stable. Moreover, it is also asymptotically stable.

Example 4.2. Let the data in (2.1) be as follows:
n+3 1\ _[(n+2 1 B
A”_(n—i—i’) 1)’ B”_(n—i-l n—l—l)’ n= -l

_sin((n 4 2)x; + x2)
W) = S D+ 2)

In this case, ket, = sparq(1,—n — 3)'}, imA4, = spar{(1,1)"}, n > —1 and
S, = spa(n,1)"}, n > 0. Clearly, S, Nker A, ; = {0}, n > 0, hence Equation
(2.2) is of index-1. Consider the projections

10 0 0
Q"_<—n—3 0) a”dP”_]_Q”_<n+3 1)'

A simple calculation shows that

0 -1\ ., (n+3 1
V"_(l —n—3>’ Vi ( 1 O)’

and
(1,O)T7 T = (xl,xg)T, (n > 0).

hence
B — 1 0
Qn—l,n - Vn—lQVn - <—n -2 0) '
Further,
B B n+3 1
Gn - An _I_ BnQn_lyn - (_n2 —n + 2 ].)
and

o L 1 1
Gn =n+1) (n2+n—2 n—i—S)'
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Observe that the functionf,(x) is Lipschitz continuous with a Lipschitz coefficient
Lp= (2(n+1)(n+2))"" Sincew, = L,||Qn_1.G; | < 1,the IVP (2.1), (2.3) has a
unique solution. Denoting, := (n + 2)x; + x, for anyz = (21, 25)”, we can rewrite
Pz = (0,)": A1z = (&,,6,)7, which leads to the relation$P,_,z| = |&.];
|A,_1z]| = V2|£,|. Now note that: = (1, 2,)” belongs taA,, if and only if Q,,_1z =
Qn-1,G " fu(x) — B,P,_1z}. A direct computation shows that the last relation is
equivalent to the equality

B o 1 sin &,
1 = @n(T1,22) 1= CESIE {2(n+ CES) +n§n} . (4.1)

Thus,A, = {(z1,22)" : 21 = p, (21, 25)}. Let us define a Lyapunov function

Vi = (145 )

n+1

for all nonnegative integers and ally € R?. For eachr = (zy,25)" € A, we put
u=P,_1x=(0,&) andv = Q,_1z = (21, —(n + 2)z;)’. From (4.1) we have

loll = (1 + (n +2)%])"? = [+ (n + 2)°] /|

<A+ n+2HY2(n+1)72 <

1
2(n + 1)(n + 2) +”) [&nl < 2[&nl.

Since||u|| = |&,| and taking into account the last inequality we fihd| < 2||u||, which
leads to the relatiofjz|| = ||u + v|| < 3ju||. Thus

1
gllell < flull = 1Pocaz]] Vo € A (4.2)

Observing that| A, _,z|| = v/2|¢,| for anyz € A, we get

1

V(TL, An_lx) == (1 + n—H) |An_1$|

2
> [Ayosa] = Vgl = VEul = Yl

forall z € A, andn > 0. Now supposer,, = (ZEml,J]n,Q)T Is any solution of Equa-
tion (2.1). Letu, := P,_1x,, v, = Qn_1z, and§, = (n + 2)x,1 + x,2. Then
u, is a solution of (2.8). Noting thaP, G, 'B,u, = (0,&,)" and P,G, " fu(z,) =

. T
(O sin &, )) . We can rewrite Equation (2.8) as

2(n+1)(n+2
B sin &, T
Unt1 = (0’ —&n 2(n—|—1)(n—|—2)> ’
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|sin&,|
(n+1)(n+2)

which gives||u,1|| < |€,.| + 5 . Further computation gives

AV(n, Ap_qz,) =V(n+ 1, Apxn) — Vi(n, Ap_q12,)
1 1
= (1 + m) HAnmn-‘rlH — (1 + n—+1> ||An_1l‘n||

_ \/5{ (1 n HLH) ]| — (1 + %H) ||un||}

< V(e ) (e el ) - (1)

2(n+1)(n+2)? (n+1)(n+2)
V2
(n+1)(n+2)

(]sin&,| — |€.]) <O,

Theorem 3.5 ensures the stability of the trivial solution of Equation (2.1).
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