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Abstract In this paper we propose a hybrid evolutionary [5] proposed a partial enumerative algorithm. Pardalos and
approach combining steady-state genetic algorithm and a Desai [6] represented the problem as an unconstrained
greedy heuristic for the maximum weight clique problem. The quadratic 0-1 program and proposed a branch and bound

genetic algorithm generates cliques that are then extended into . ioe 1o solve it but it was slower than the algorithm of
maximum weight clique by the heuristic. Tests on a variety of

benchmark problem instances demonstrate the effectiveness of Carraghan and Pardalos [5]. Building on the previous work
our approach. on unweighted case, Balas and Xue [7] developed an

efficient branch and bound procedure using minimum
Keywords Combinatorial optimization, greedy heuristic, weighted coloring of triangulated graph. Later Balas and

maximum weight clique, steady-state genetic algorithm. Xue [8] developed another branch and bound method that
] used as an upper bounding procedure, the heuristic that they
l. Introduction developed for the weighted fractional coloring problem.

A clique of an undirected graph is a subgraph in which eaffftlas and Niehaus [9] developed an optimized crossover

pair of distinct vertices is connected by an edge. A clique R@sed steady-state genetic algorithm. The optimized
called maximal if it is not contained in any other clique. ATOSSOVer takes two cliques and produces a single child. The

maximum clique of a graph is a maximal clique having theNild is produced by finding the maximum weight clique in
maximum number of vertices. Maximum weight cliquethe subgraph induced by the union of vertex sets of two

problem is a generalization of maximum clique problem ifilldues through solving the maximum flow problem in the
which vertices have positive weights and one has to find tfgmplement of the subgraph. Babel [10] proposed an

clique with maximum weight. Both maximum clique ancefficient branch and bound procedure. This method uses
maximum weight clique problems are NP-Hard [1]. Due typper and lower bounds, for the maximum weight clique that

this reason exact algorithm for these problems afé COMputed by coloring the weighted graph. Ostergard [11]

guaranteed to return a solution only in time that increas@$C developed a fast branch and bound based exact method.

exponentially with number of vertices in the graph and thg°mze et al. [12] proposed a method based on replicator

makes exact algorithms for these problems infeasible evendynamics. It uses the continuous formulation of maximum

case of moderately large problem instances. Moreover, théig!dht clique problem using Motzkin-Strauss theorem [13].
problems are also hard to approximate. It was shown in [Mass_,aro et al. [14]_ prOposed PBH, a complem_entary
that unless NP = ZPP no polynomial algorithm CaRIVOtIng' based hgunsuc that also uses the continuous
] ) o log nf formulation. Busygin [15] developed QUALEX-MS, a new
approximate the clique within a factor of2 forany yst region based heuristic, using the continuous
¢>0 where n is the number of nodes in the graph. formulation. QUALEX-MS and PBH are currently the best
Since the early 1970s many heuristic and exact algorithriguristics known to solve the maximum weight clique
have been proposed to solve the maximum weight cligggoblem.
problem. Nemhauser and Trauter [3] formulated the problemBesides being theoretically interesting maximum weight
as an integer linear program and used an implicflique problem has many practical applications in various
enumeration algorithm to solve it. Extending their work offields such as computer vision, pattern recognition, robotics
maximum clique problem, Loukakis and Tsouros [4{vhere weighted graphs are used to represent high level
developed a recursive backtracking algorithm for thgictorial information (see [16] and [17]). A good survey of
maximum weight clique problem. Carraghan and Pardal@ggorithms, applications and complexity issues of this
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Figure 1. Ilustrating the heuristic by a simple example

problem can be found in Bomze et al. [18]. below whereu01 is a uniform variateC. is the current
In this paper we present a heuristic based steady-statigue, C,y is the set of vertices adjacent ©. and
genetic algorithm (WT-HSS) for the maximum weight cliqugandom(,g) returns a vertex i€,qrandomly:
problem. The steady-state genetic algorithm generates
cliques which are then extended into maximal weight cliqueC, - {v:vO C, O (uvQd ED J G }
by the heuristic. The present work extends our approach [19}hile (|G4 > 0) {
for the maximum clique problem to maximum weight clique ;01 < p,,)
problem. v« arg max w(u)x|{t:t0OC,, O uyoE})
We have compared our algorithm with QUALEX-MS UGy
[15] and PBH [14]. We have also tested our algorithm on €lse
benchmark instances of Ostergard [18]. Vv« random(G, )
In this paper we assume that the input graph in whichwe G, -« C. [J {v}
have to find the maximum weight clique is G = (V, E, w), recalculate Gy
where V denotes the set of vertices, E denotes the set Jof
edges and w: \ h' is the weight function associated with return G
vertices of V.
This paper is organized as follows: Section 2 describes!n @ll our computational experiments we have usgd-
our heuristic. Section 3 discusses the steady-state gen&tfe- This value is chosen empirically. Figure 1 explains the
algorithm as used in our approach. In section 4, we COmp(.;]%uristic with the help of an example. In this figure the

WT-HSS with QUALEX-MS and PBH. Section 5 Out"nesnumber in italics indicates vertex index whereas number in
some conclusions bold above vertex index indicates weight of corresponding

vertex. Suppose the input cligue. = {1, 2} so set of
vertices adjacent t@., C,q = {3,4,5,6}. Suppose in the first
iteration we get the value abD1to be 0.4, therefore the next
The heuristic proposed here extends a clique to maximartex to be included in the clique is selected frEm
weight clique. It begins with finding the set of verticesaccording to greedy criterion (As indicated by G just below
adjacent to current clique, then it semi randomly (witthe arrow in Figure 1). The vertex 5 have the maximum
probability p,g) selects the vertex, maximizing the product ofalue (=18) of the product of weight and local degree
its weight and local degree (degree in the subgraph inducg@refore it is included in the clique. After this we compute
by the set of adjacent vertices) to be included in the currefie C,4again. Hence after the first iterati@ = {1,2,5} and
clique. Ties are broken arbitrarily. The whole procedure ig,, = {3,4,6}. Now the second iteration of the heuristic
repeated again and again until the set of adjacent vertigesgins. Suppose in this iteration valueu6fl turns out to be
becomes empty. The pseudo-code of our heuristic is given

Il. The Heuristic
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Figure 2. Illusmating the repair procedure by a simple example

0.8 so next vertex is selected randomly. Suppose vertexp#4 with probability f(p; )/(f(p, )+f(p,)) and from the

is selected at random and included in the clique. After thﬂ)’%\rent p with probability f(p, )/ (f(p, )+f(p, ) ) wheref(py)

we again comput€,y. Therefore after the second iterationan df(p,) respectively are the fitness pfandp,. Clearly in
C. = {1,2,4,5} andC,q = {3,6}. In the third iteration suppose P2 P y o anap,. y

the value ofu0L comes out to be 0.1 So next vertex have tthls scheme the child probabilistically receives more bits
ré)m best of the two parents.

be selected by greedy rule. Now the product of weight an Crossover is applied with probabilitp, otherwise a

local degree of vertex 3 as well as vertex 6 is zero as these o . . . .
g random child is generated in which each bit is set to 1 with

verti re n nn h other. Therefore tie i . . . o .
ertices are not connected to each othe erefore tie r%babnlty min(1.0, 2rmaxsizé), wheremaxsizes the size

broken by selecting the vertex 6 at random. After including . . .
y g gf the largest clique (in terms of number of vertices , not

vertex 6 inC,, the C,y becomes empty and the heurlstlcweight) so far generated by the algorithm amds the

St.OpS'CC - {1.’2’4’.5’6} IS retur'n(.ad as the maximal Welghtqumber of vertices in the graph. This is the same probability
cligue. Its weight is 25. Here it is to be noted that maX|maS used in [19]

weight cliqueC; returned by the heuristic depends on th8

val 1 in ring iterations of the heuristic. . L . . L
alues ofud1obtained during iterations of the heuristic Mutation: A variation of simple bit flip mutation is used.

. . In this mutation a bit which is 1 is set to O with probability
lIl. The Genetic Algorithm pm and a bit which is 0 is set to 1 with probabilgy only
We have used a steady-state genetic algorithm [20]. Tidaen the product of its weight and degree is greater than the
main features of our genetic algorithm are described belowaverage product of weight and degree of all the nodes of the
graph.p,, is changed dynamically depending on the weight
Chromosome Representationle have used a bit vector of the current best clique. It is an average of two terms one
of length n to represent the chromosome, wharés the of which is constant and is set to 0.01 while the other terms
number of vertices in the graph. A value of 1 at the is equal to min(0.%(current_best)/(avwtxn)) where
position indicates that vertexs in the solution, whereas a Ocurrent_besis the best clique found so far by the algorithm
indicates that it is not. However, only those chromosomegmdavwtis the average weight of the vertices of the graph.
that correspond to cliques are considered here.
Selection: Binary tournament selection, where the
Fitness: Fitness of a chromosome is equal to the sum @hndidate with better fitness is selected with probability
the weights of the vertices present in the clique it represenig,.. .. is used to select the two parents

Crossover: Fitness based crossover as proposed byRepair: As the child obtained after crossover and
Beasley and Chu [21] is used in our genetic algorithm whiGRutation may not be a clique, we have to use some sort of
produces a single child in the following way: ifgnd p are  repair procedure to transform the child into a clique. The
the two parents then the child receives bits from the pare@pair procedure randomly selects a vertex of the child and
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Table 1. Performance of WT-HS5, QUALEX-MS and PEH on normal random weighted graphs

N density WT-HSS QUALEI-MS FEH
Avg R, St. Dew. Avg R St. Dew. Avg E. 5t. Dew

100 0.10 100.00% 0.00 100.00% 0.00 97 95% 0.15
100 0.20 100.00% 0.00 100.00% 0.00 a7.73% 0.16
100 030 100.00% 0.00 a0 BT 0.03 a7 35% 017
100 0.40 100.00% 0.00 a0 48% 018 Q5 04% 023
100 0.50 100.00% 0.00 a0 45% 0.19 0461% 024
100 0.60 100.00% 0.00 a0 18% 0.21 94 71% 023
100 0.70 100.00% 0.00 9z 02% 0.32 96.10% 020
100 080 100.00% 0.00 9% 4% 0.29 9313% 026
100 0.ag 99.94% 0.00 ag.43% 0.27 04.20% 0.24
100 095 00.928% 0.00 a2 T1% (.20 a6.49% 019
200 0.10 100.00% 0.00 100.00% 0.00
200 020 100.00% 0.00 a0 55% 0.19
200 030 100.00% 0.00 a0 33% 029
200 040 100.00% 0.00 a9 08% 043
200 0.50 100.00% 0.00 9%.34% 0.46
200 0.60 100.00% 0.00 9g.00% 0.35
200 0.70 00.02% 0.00 a6 Do 064
200 020 0001% 0.00 96.21% 0.35
300 0.10 100.00% 0.00
300 0.20 100.00% 0.00
300 030 100.00% 0.00
300 040 100.00% 0.00
300 0.50 100.00% 0.00
300 0.60 00 86% 0.00
300 0.70 00 15% 0.01
300 020 00 39% 001

deletes either the vertex itself or all those vertices of the Ju-S

child which are not connected to the vertex selected. The }

whole procedure is repeated until the child becomes a U U—{v}

cliqgue. The repair procedure is described in detail by the}

pseudo-code given below whepg., is the probability of — return C

deleting all those vertices of the child that are not
connected with the selected vert€xdetermines the relative

In all our computational experiments we have usgg

weight given to the average product of weight and degree ©f0-5 andC; = 1.1. These values are chosen empirically.
vertices not connected to the selected vertex in comparisbigure 2 explains the repair procedure with the help of an
to the product of weight and degree of the selected vertex:€xample. This example uses the input graph given in Figure

Uu-cC

while (U# ) {
V< random (U)
S—{u:ub0CO(u,v)OE}
if (UOXE pelan) {

G C-S
Uu-s
}
else ifdeg(vx w(vk G X5 deg(s) w(#) [B]
18
c C-{v}
else {

cc-s

1.

Replacement Policy:The child is first tested for
uniqueness among the existing population members. If it is
unique then it always replaces the worst member of the
population irrespective of its own fithess otherwise it is
discarded.

Initial Population GenerationTo generate each member
of the initial population we first generate a subgraph, where
each vertex of the graph can be included in the subgraph
with probability 0.2 ([19], [22]). Then the subgraph is
transformed into a cligue by the repair procedure and
extended into maximal weight clique by the heuristic. The
maximal weight clique is checked against already generated
members for uniqueness and it is included in the initial
population only if it is unique.
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Table 2. Performance of WT-HSS, QUALEX-MS and PEH on irregular random weighted graphs
N density WT-HsS QUALEX-MS5 FEH
Ave R St. Dev.  Avg R 5t Dev. Aveg B St. Dew.

100 010 100.00% 0.00 100.00% 0.00 08 44% 0.13

100 020 100.00% 0.00 99 88% 0.0% 98.64% 0.12

100 030 100.00%, 0.00 99.89% 0.04 98.24% 0.11

100 0.40 100.00% 0.00 99.75% 0.0% 08.53% 0.12

oo 0.50 100.00% 0.00 99.81% 0.04 98 T4% 0.12

oo 0.60 100.00% 0.00 99.03% 0.02 92 64% 0.06

100 0.7n 100.00% 0.00 99.84% 0.03 08.94% 0.11

oo 0.80 100.00% 0.00 99.99%: 0.00 98.56% 0.12

oo 090 100.00% 0.00 099.99% 0.00 90.56% 0.07

100 0.93 100.00% .00 100.00% 0.00 09 75% 0.03

200 010 100.00% 0.00 99.97% 0.04

200 0.20 100.00% .00 99.86% 0.04

200 030 100.00% 0.00 99.45% 0.16

200 0.40 100.00% 0.00 99.36% 035

200 0.50 100.00% 0.00 99.32% 0.14

200 0.60 100.00% 0.00 99.61% 0.10

200 070 100.00%, 0.00 99.54% 012

200 0.80 100.00% 0.00 99.71% 0.10

300 010 100.00% 0.00

300 020 100.00% 0.00

300 0.30 100.00% 0.00

300 0.40 100.00% 0.00

300 0.50 100.00% 0.00

300 0.60 100.00% 0.00

300 0.0 100.00% 0.00

300 0.80 100.00% 0.00

Table 3. Performance of WT-HSS on benchmark instances of Ostergard.
Instance Opt. Cligue Size Time{zec.)
Best Avg S5t Dev. % 0Opt. Avg. 5t Dew.

11-4-4 150 34 34 34.00 0,00 100% 0.03 0.02
12-4-6 230 110 110 109.30 3.05 95% 026 0.30
14-4-7 223 282 282 27770 6.36 65% 041 0.28
14-6-6 207 42 42 42.00 000 100% 0.28 0.16
16-4-3 156 322 312 32165 1.53 95% 019 0.19
16-8-8 2246 3 3 30,00 000 100% 0.06 0.04
17-4-4 132 156 156 156.00 000 100% 0.2 0.2
17-6-6 558 7 0 67.50 2.50 50% 0 1.1%
19-4-6 263 1448 1448 1437.20 1721 T0% 0.67 0.54
19-8-8 2124 62 62 62.00 000 100% 213 1.59
20-6-5 1302 54 24 84.00 000 100% 1.70 1.70
20-5-6 1498 190 190 187.30 433 5% 1160 746
20-2-10 2510 83 i3 83.00 D00 100% 0.18 0.15
21-10-9 5008 2 2 26.00 D00 100% 6.58 4.45
22-10-10 8914 46 46 46.00 DO0 100% 6.92 5.86
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in these instances. Table 3 shows the performance of our
. algorithm on these benchmark instances. Here WT-HSS was
The WT-HSS has been coded in C and executed ONg@ecited 20 times on each benchmark instance each time
Pentium IV 2.6 GHz Linux based system wiil2 MB i, 5 gifferent random seed. Table 3 reports the best,

RA'_VI' _In_ all our experiments we have used a population %fverage and standard deviation of maximal weight cliques

50 individuals,pag = 0.6,Pc = 0.8, Poetier = 0.8, Paetat = 0-5  tond by WT-HSS on each instance. It also reports the

andC; = 1.1. All six parameters were set to their respectlvgverage and standard deviation of time to find the best

values after a large number of trials. These parameter Vallé%?ution. % Opt is the percentage number of runs for which

provided good results althgh they are in no way optimal the optimal clique value was found by our algorithm in all

for 'aII problem inst_ances. We ran WT-HSS untl gither Mins of the algorithm. WT-HSS was able to find the optimal
optimum solution (if known) is found or for a maximum of, 5,6 for all instances. There are nine instances for which

20000 generations. %O0Onpt is 100% indicating that our algorithm was able to find

As there are no widely accepted benchmark graphs for tﬁfe optimal value in all 20 runs. Computation times were
maximum weight clique problem we followed the approacgISO quite small

of [14] to test our algorithm. We have tested WT-HSS However, the comparison of WT-HSS with genetic

against. family of normal a'lr.1d irregular graphs of Variouﬁlgorithm proposed in [9] is not possible. Balas and Niehaus
node_5|zes and edge densities. To generate |rr_egular gra@]sdid not use the approach of [14], [15] for testing their
algonthm 41 of [12] was _used. \(ertex weights Wer‘?sllgorithm. In [9] some random graph instances were used for
unlf_ormly distributed random integers in the range [1, 1_0]' ’?ésting, which are not available now. The source code of the
family O_f 20 random graphs was created, for a partlcul%renetic algorithm proposed in [9] is also not available and
vertex size and edge density, for each of the two graph typgg, algorithm itself is very difficult to program. Due to these

For each graph of the family the ratio of largest Weigl?[easons the two approaches could not be compared.
cligue found by the algorithm to the actual maximum weight

clique expressed in pgrcentage was calcqlated. TQF_ Conclusions

performance of the algorithm was measured in terms of

average ratio over the whole family. To find the actudlNe have developed a heuristic based steady-state genetic
maximum weight cliqgue an exact algorithm as described agorithm for the maximum weight clique problem which
[11] was used. This C code for this algorithm is available autperforms QUALEX-MS and PBH, the best heuristics
http://iwww.tcs.hut.fi/~pat/wclique.htmWe are able to test known for the maximum weight cligue problem. Our
WT-HSS not only on 100 and 200 vertex graphs as doneafgorithm performs well, not only in terms of solution
[15] for QUALEX-MS but also on 300 vertex graph withquality but also in terms of running time.

edge density up to 0.80. PBH [14] was tested only on
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