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Abstract

In this paper, we developed exponentia fitting third derivative predictor-
corrector formula suitable for stiff systems of ordinary differential equations.
The resultant integration formula is A-stable and of order five. The results of
the implementation of the formula to some stiff initial value problem shows
that, our formula is efficient and compared favourably with some existing
methods.
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1. Introduction
We consider a system of first order initial value problem,

y=f(xy) y(x)=Y, (L1)
for y, f € R™, xe [a,b]
In addition, it is assumed that problem (1.1) satisfies the hypothesis of existence

and uniqueness theorem. In this paper we focus our attention on initial value problem
whose Lipschtz condition is of order one with respect toy.

o

&

Liniger and Willougbby (1967) introduced the concept of exponential fitting and
suggested three new A-stable schemes with k=1. However Cash (1981) derived an
exponentially Multiderivative multistep method of orders up to 5 with step that all the
step number k=2 and a numerical investigation of these methods shows that all are A-

ie, L=
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stable for al choices of fitting parameters. Okunuga (1994, 1997) developed second
derivative multistep methods of orders 2, 4, 5, and 6 for stiff problems in which the
method is applicable. Otunta and Abhulimen (2005, 2006,) derived exponentially
fitted third derivative multistep methods of various order for stiff initial value
problems. The numerical result indicated that our methods are A-stable.

Definition 1: The initial value problem (1.1) is said to be stiff over the interval R if

for every xe R, the eigenvalues (4 (x),t =1,...,n) of the Jacobian ( j satisfy the
&
following conations,
@ ReA(x)<0,t=1,...,n (1.2)
(b) max%fx; >>1 r,t=1..,n (1.3)
where X =a+nh, n=01..N (1.4)

represent a uniform subdivision of the interval of integration R with the step
length h given by h=(a—b)/N .

2. The Development of the Integration Formula
The development of our proposed third derivative integration formulainvolves a pair
of formulae as follows,

PNAN {Z Lt h22¢ Oni + h3Z } 2.1)
ZO{l yn+i - |:Z+:ﬁl fm" + h22¢ gn+| + h3z n+':| (22)

n=0,1,..and o, =+1
Where f.., 0,, and Vv , are respectively first, second and third derivative

n+i

functions of y(x) evaluated at step n+i. thus equations (2.1) and (2.2) serves as the
predictor and corrector respectively. When deriving exponentialy fitted integrator,
the approach isto allow both (2.1) and (2.2) to posses free parameter

For the purpose of efficient implementation, we cast the integration formula into
predictor-corrector process.

Thus, the derivation of predictor-corrector integrations formula of order 5
involves two stages. Using Taylor series expansion,. we obtains five set of equations
with 12 unknown parameters from equation (2.1.)

To obtain the predictor formula, we set @, = 3, = =w,=0and fB,=a, as
free parameter, and o, =+1

we then obtain the following set of simultaneous equations from (2.115)
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0,+1=0 )

By+a=2

@ +¢,+2a=2 > (2.3
6¢, + 6a+ 3w, =4

3¢, +2a=1 D

when we solve the above equations we obtain,

@,=-12,=1 f,=2-a §,=5-%a ¢,=4-3a @, =5-1a

when these values of the parameters are substituted into (2.10), we obtain the
predictor formula as:

Yoo~ Yo = hlay,,, +(2-a)y, [+ h’[3-2a)y.,, + (5 -4a)y, |+ h*[(2-2a)y/]
(2.4)

Now, for exponentia fitting purpose, we apply (2.4) to scalar test problem to
obtain,

y =y, y(0)=1, Re(1)<0 and Zth=u (2.5)

Vooll-au—(—32ap’|= y, [1+ (2-a)u+ (s - sa)u* G- 2a)’] (26)

Vs _1+(2—a)u+(%—%a)ﬂ+(%—%a)13 _R(@) 2.7)
Yn ) l—au—%—%a)Jz B

For the purpose of stability analysis, we obtain the free parameter a from (2.7).
But Y2 — g2 then equation (2.7) yields,

1+ 2u+3U?(5+€)+ 2u° — € = al2u?(e? + 2)+ u(l+ e+ 2u°] (2.8)
From which we obtain,
_1+2u +1u%(5+€)+20° — e
2w (24 €9)+ul+e)+ 2
Again to obtain the corresponding order 5 corrector integration formula, we obtain
six set of equations from (2.2) by using Taylor series expansion as it was done in the
predictor.
We therefore impose the same condition as in predictor, and in addition, we let

B =D as free parameters and «, =1, the values of the unknown parameters are
obtained as,

(2.9)

0, +1=0 R

B, +b+5,=2

268, +3b+¢,+¢,=2

B, G+, X (2.10)
643, +2b+6¢,+w,=4

48,+2b+6¢, =2

108, + 22b+20¢, =4 Dy



118 C.E Abhulimen

When we solve the above equations we obtain

Ofo = _1, 0(2 :11 ﬁo = %_4%6b’ ﬁz = %+2%6b’ 133 = b

¢0 = %+3%6b’ ¢2 :_%_Z%b’ wo = %5_%b'

When these values are substitute into (2.2), we obtain fifth order corrector formula
as,

Yoro = Yo = hlb Vs + (5 + 24eb)Yrs + (5% — Seb)y, [+ n2[(- 1 - Zb)y7, + (2 + 2b)y;]
+h?[& - 2b)y;]
(2.11) Asbefore, we apply (2.11) to test function (2.5) to obtain
1+ (8 — s b)u + bu.y;+3 + (8% + B b)u + (45— % b)u?

yn+2
= " =R(u) (212
Ya 1—(%+%b)u+(%+2%b)u2 ( ) (212)
We need to obtain the ratio Jnes in (2.11) for the purpose of exponentia fitting

n
condition and uniting both the predictor and corrector formulas to form a single
integrator formula.

_ %
But, 23 (e = {@} =[R(@)]* =R*(u) (2.13)
n yn
Using (2.13), equation (2.12) becomes,
Yoo 1+ (% =% 0)u+bu. R* (T)+ (% + ¥ b)u® + (25— % b)u®
y. 1-(%+2bu+ (% +24b)u’
Equation (2.14) now unites both the predictor and corrector formulas. So, equation

(2.14) is now the exponentialy third derivative integration formula of order 5. We
then obtain the value of the free parameter b from (2.12) for stability purpose.

1+ 4(6u—8u%)+ U + 4 ue® — e (1+ % u?)
740%™ =B U° + U’ — Y, (27u e — 43u)— ue™

=Rlu) (214

(2.16)

3.0 Stability Consideration of the M ethod
In order to determine the stability of the method, the evaluation of the values of the

free parameters a and b in the open left half plane (— oo, 0] become very necessary.
In Cash (1981), it is straightforward to find the conditions which a and b need to

Yoo
and efficient for this inequality to hold are given by application of the maximum
modulus theorem and are; (i) ‘R(u)‘ <1 (ii) R(u) analyticin R(u)< 0.

If condition (i) holds, it follows that R(u) isanaytic as U — —oeo . Thus, (i) and (ii)
will guarantee A stability.

satisfy such that <lie, ‘R(u)‘ <1 for al u with R(u)<0. Thus necessary
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However, since equation (2.7) is contained in (2.14), then equation (2.14), must
dso satisfy |R(u) <1, i.e., in equation (2.14), R(u)-1< 0 as U — —eo.
Now from equation (2.14), we have,
1+ (8~ 2b)u+buR* (u)+ (8 + Eb)u® + (2 - 2b)u® 1<0 31)
1-(4+Zbu+ (L +Zb)u’
S0, as U — —oo, equation (3.1) yields,
SR* @)+ Bb+{+(5-gblu _

(3.2
s+ &b
when we simplify equation (2.17) further, we obtain,
b>—C ieb<0. (3.3)
135

Furthermore, we also examine the stability function of the predictor, if it satisfies
theinequality R(u)—1<0.
so, from (2.7), we have,

— 5__4 2, (2_2 3
1+(2-a)u+(3-4a +(23 A’ g (3.4)
1-au-(}-2au
So, we then have from (3.4);
f—fa<o (35)
3734
thisgives, a<1 or a>1 (.3.6)

Thus, the inequality (3.3) and (3.6) will help to determine the interval of stability
of this method.
Again if we take the case of R(u)>-1, wehave a<$ Or a>1.

In order to determine the interval of absolute stability of the method, we find finite
limits of both a(u) and b(u) as U — 0. We take the limits using L’ Hospital rule. From

17,2 2u 213 _ pu
(2.9), we have; Lima(u)= Li 1+22u+3u2 (B+e )+23u 83 _1
uome U=l ZU (2+e“)+u(1+e“)+§u 2
rr{l+2u+gu2(5+e2“)+gus—ez“}_4

5

IJl[Ela(u) =L 2?2+ € )+ul+e® )+ 208

Thatis ac (4,2) of ue (—oo, 0],

Similarly, from (2.16) we have

n{1+g(6u—8u2)+125u3 +20° + tue® —eZ“(1+gu2)} B
~|  zue —2u?+20° — & (27ue® — 43u)—ue™

Limb(u)= Li

U——c0 u—

135

Limb(u) = Li L+4(6u—8u*)+2u°+ Zul+¢ue® —e*(L+iu*)|_ —64
o Fue -gut+iu - 4(27ue” ~43u)-ue® | 105

u—-0 u—

be (58, %)
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Thus, as u decreases the values of a and b are monotonically increasing. However,

we established from the algebraic work done on the condition that, R(u) is satisfy with

the ranges of a and b, that within the ranges ae (Y%, “/s) and be (&, %), our

integration formula satisfy A-stability condition given by the maximum modulus.

4.0 Numerical Experiments

To show the effectiveness and validity of our newly derived integration formula, we
present some numerical examples below. All numerical examples are coded in Fortran
77 and implemented on digital computer.

Problem 1 Jackson-Kenue (1974)

V=

-y+95z

Z'=-y-97z

y(0)=1
y(0)=1

xe [0,1]

(4.1)

The eigenvalues of the Jacobian matrix of the system are 4, =—2and 4, =-96
with stiffnessratio 48.
The exact solution is given as; y = (95e—>* —48e"**)/ 47
7= (48 —e?)/ 47
Now, for the purpose of comparison, we denote our newly third derivative
exponential fitted predictor-corrector method of order five as AF5,
Jackson and Kenue (1974) as J-K, Okunuga (1994) method of order 6 as OKG6,
Abhulimen and Otunta (2007, 2008) methods of order 7 and 8 as AB7 and AB8 and
Abhulimen (2009) method of order 9 as NM9 respectively.

Table 4.1: Comparison of Numerical results of Problem 1 at x=1.0 for various step

lengths.

Step Methods | y(1) z(1)x10° Minimum Maximum

length of error (y) error (z)
integration

0.03125 | AF5 0.27354958 | -0.28794694 | 4.5x10°’ 4.7x107
ABS8 0.27356554 | -0.28794325 | 3.7x10° 4.0x10°
NM9 0.273565455 | -0.28794375 | 3.7x10° 4.0x10°

0.0625 | AF5 0.23554556 | -0.28794741 | 5.9x10° 6.2x10°°
AB7 0.273545505 | -0.28794751 | 4.0x10° 6.0x10°
ABS8 0.273505505 | -0.28774751 | 1.7x10° 1.8x10°
NM9 0.273505505 | -0.287747 7.9x10° 8.3x10’
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Step Methods | y(1) 2(1)x10” Minimum M aximum
length | of error (y) error (2)
integration
OK®6 0.27354657 | -0.28355004 | 3.4x10° 3.7x10°
JK 0.27355005 | -0.28794742 | 5x10” 4x10”
0.05 AF5 0.27354738 | -0.28794461 | 2.7x10° 1.4x10°
OK®6 0.27354864 | -0.28794594 | 1.3x10° 1.4x10°°
Exact 0.27355004 | -0.28794110
solution

From table (4.1) above at h=0.03125 and 0.0625, we observed that our proposed
method performed better than other existing methods. The level of accuracy of our
method is further demonstrated by representing each of the step lengths in form of a

chart.

error of y(x)

Absolute errors of numerical values of y(x) of methods of order 5 (AF5), (AB8) and (NM9) for

problem 1 at h=0.03125

4.00E-03—

3.50E-03

3.00E-03—

2.50E-03

2.00E-03—

1.50E-03

1.00E-03

5.00E-04—

0.00E+00-+

AB8

method

Figure (4.1)

NM9

DO Seriesl
B Series2
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for h=0.0625

D sSeriesl
B Series2

errory(x)

AF5 AB7 AB8 NM9 OK6 J-K
‘l Series1 5.90E-10 4.00E-05 1.70E-05 7.90E-05 3.40E-06 5.00E-07
‘l Series2 6.20E-08 6.00E-05 1.80E-05 8.30E-07 3.70E-08 4.00E-07
methods

Figure (4.2)

for h=0.05

3.00E-06

2.50E-06

2.00E-06:

1.50E-06:

errors

1.00E-06-

5.00E-07

0.00E+00:
1 2
‘IAFS 2.70E-06 2.70E-08
‘IOKS 1.30E-06 1.40E-08
methods

Figure (4.3)

Problem 2 (Enright 1972).
-01 O 0 0 1
0 -10 O 0 1

Y=, o 10 o | yoy=;| 42
0 0O O -1000 1

xe [010]

The error tolerance given by Enright (1972) is 10°®.
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The eigenvalues of the system are the non-zero elementsin the leading diagonal.
So, theeigenvaluesare A, =-0.1, 4, =-10, while the exact solution is given as,

yi(x)= Ae™ +Be™"
The stiffness ratio is given as 10°. While the values of A and B are determined
from theinitial condition imposed on the derivations of y (x).

For the purpose of comparison of results, we denote the error of our fifth and
eighth order integrators respectively by ER5 and ERS.

The numerical results of using the newly derived methods of orders 5 to AB8 on
problem 2, are given in tables 4.2(a) in the range of xe [0,10].

Table 4.2(a): Performance of the new integrator on problem 2, h= 0.5, x< [0, 10].

Method y1(10) y2(10) y3(10) y4(10)
-3.34435

AF5 0.3678794352 | 0.77472x 10 | -3.34475x 10 | -36.7879432

AB8 0.367879207 | 0.64136x 10 | -3.34435x 10 | -36.7879207

Exact Solution | 0.3678794357 | 0.3701x 10 | -3.344358 -36.78794357
Errors

ER5 50x 107 1.3x 107" -44x 107 -5.0x 10°

ERS 23x107 -6.4x 101 -2.1x 10° -2.3x 10°

The error tolerance of the numerical solution of problem 2, given by Enright
(1972) is 10°.

However, from the results above, we observed that the errorsin our newly derived
methods of order 4 and 6, could be raised 10",

Problem 3 (Second order differential equation (Okunuga (1994))

2

4Y 1 1001Y 41000y = 0,]
dx dx
(4.3

y(0)=1 y'(0)=1
The system (4.3) can be rewritten as afirst order system.
d
ey, %.(0)=1
dx (4.4)
% = 1001y, —1000y, y,(0)=-1

X

Thus we obtain a 2x2 system of stiff IVP. The eigenvalues of the Jacobian matrix
of (4.4) are 4, =-1 and 4, =-1000.
The eigen valueis 1000
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The genera solution of (4.3) is y(x)= Ae™*+Be
conditionsin 0< x<1 the exact solutionis y(x)=¢e*.

1000x

C.E Abhulimen

. If we impose the initial

Note: for purpose of comparison, A-K5 represents Abhulimen and Okunuga

(2008).

The result of this problem using the newly derived method obtained at x=1; is
given in table (4.3) below. Note that A-K5 represents Abhulimen and Okunuga

(2008).

Table (4.3): Numerical results on second order ODE.

Step h Method y(1) Error (y)
0.1 AF5 0.367879435 5.2x107°
OK6 0.367879436 5.6x10°
A-K5 0.36787960 1.8x10”7
0.125 AF5 0.367879441 2.7x10°%
A-K5 0.36789500 1.4x10°®
Exact Solution 0.367879435

It will be observed from table (4.3), that our newly derived method of order 5 has
higher degree of accuracy than OK6 and A-K5. To illustrate the efficiency pf our
method of order 5 over existing methods, we represent the Numerical results of
problem 3 in form of charts, as shown in figures (44) and (4.5) below.

Absolute eeors of numerical values of y(x) of methods of order 5 (0.1) and (0.125) for problem
3ath=0.1

1.80E-07~

1.60E-07—

1.40E-07~

1.20E-07~

1.00E-07~

errors

8.00E-08-

6.00E-08—

4.00E-08—

2.00E-08—

0.00E+00-]
AF5 OK6 AKS
5.20E-09 \ 5.60E-08 \ 1.80E-07

methods

Figure (4.4)

O Series1
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for h=0.125

1.40E-06—

1.20E-06—

1.00E-06—

8.00E-07-

errors

6.00E-07—

4.00E-07—

2.00E-07

0.00E+00—

AF5 A-KS5
O Series1 2.70E-08 1.40E-06

methods

Figure (4.5)

5.0 Conclusion

The numerical results so far obtained in this paper, show the efficiency of the newly
derived integrator of order five. We also observed that for an exponentialy fitted
problems, our integrator do not use small step lengths, as may be required by many
multistep methods before good accuracy is obtain. Finally, the new integrator derived
in this paper is capable of handling stiff problems for which exponential fitting is
applicable.
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