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Abstract 
         Rota’s operator approach to the Finite Operator Calculus is a systematic study of delta operator 
on the algebra of polynomials. In this article, we introduce a new approach for the transcendental 
functions via sequential representation of delta operator. In particular, the effect of delta operator 
on exponential function, circular functions and hyperbolic functions are investigated. Moreover, 
some binomial series and logarithmic series are studied in the same context. From our 
investigation, we are able to prove many interesting propositions for the above mentioned 
concepts. 
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1.  Introduction 
 

       The role of special polynomials in Applied Mathematics is very impressive: they are 
important to operator theory, interpolation, numerical analysis, statistical quantum 
mechanics, number theory, stochastic process, combinatorial theory  and many others. In 
particular, the generating functions of the special polynomials have excellent role in 
mathematical physics. Numerous investigation related to the generating functions for 
many special polynomials can be found in R.P.Boas and R.C. Buck [1]. 
 
          A survey of the role of binomial polynomials are studied by Octavian Agratini, see [2]. 
It includes the construction of general binomial type operators and their main 
approximation properties. 
 
       In 1975, G.C.Rota [3] introduced Finite Operator Calculus which contains a detailed 
study of basic polynomials associated with delta operator, Sheffer polynomials for some 
delta operator and Appell polynomials related to the usual derivative operator D . It also 
serves as an introduction and a guide to the growing literature on combinatorial theory . 
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 The aim of the present paper is to propose some results tied to the transcendental 
functions such as exponential function, circular functions and hyperbolic functions. The 
rest of the paper is structured as follows. In Sect. 2, we recollect some known definitions 
and theorems from G.C.Rota [3]. In Sect. 3, the sequential representation of the delta 
operator is discussed. In Sect. 4, we investigate the effect of delta operator on 
transcendental functions.  Section 5 deals with the effect of delta operator on some 
binomial series. Finally, the effect of delta operator on logarithmic series are examined and 
all the results are consolidated in Table 1. 

2. Basic Results of Finite Operator Calculus 

       In this section, we list the main definitions and results of Finite Operator Calculus which 
we shall use in next section. These results were derived by G.C.Rota [3]. The proofs of 
known results are skipped, but they are easily read from the reference  G.C. Rota [3]. 

      Let F be a Field of characteristic zero, preferably the real number field. By a polynomial 
sequence we shall denote a sequence of polynomials pn(x), n = 0,1,2,··· , where pn(x) is 
exactly of degree n for all n ∈ Z+ ∪ {0} 
 

The objective of Rota [3] was a unified theory of special polynomials associated with 
some operators. We start with such operators and their basic properties. 

Definition 2.1  
 

i. An operator Ea is said to be a shift operator if Eap(x) = p(x+a), for all 
polynomials p(x) in one variable and for all real a in the field F. 

ii. A linear operator T which commutes with all shift operators Ea, a ∈ F is called 
a shift invariant operator. In symbols, TEa = EaT, ∀a ∈ F. 

iii. A delta operator is a shift invariant operator Q satisfying that Qx is a non zero 

constant. 

For example, the forward difference operator 
(∆f)(x) = f(x + 1) −f(x) 

is a delta operator.  
 

Every delta operator Q is a shift invariant operator. But a shift invariant operator need 
not be a delta operator.  The following result establishes the fundamental properties of the 
delta operator Q. 

 

Theorem 2.1 
i. If Q is a delta operator, then Qa = 0   for every constant ′a′. 
ii. If p(x) is a polynomial of degree n,  then Qp(x) is a polynomial of degree n −1. 
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The delta operators possess many of the properties of the usual derivative D.  The above 
theorem is a good example. 

Definition 2.2  

A polynomial sequence pn(x)
n≥0; degpn = n; such that 

i. p0(x) = 1,    ii. pn(0) = 0, whenever n >0,    and    
 iii. Qpn(x) = −1(x)   is called the basic polynomial sequence of  the delta operator Q. 
A trivial example for basic polynomials sequence is {xn}. 
 

Theorem 2.2 
 Every delta operator has a unique sequence of basic polynomials. 
 

Definition 2.3  

A polynomial sequence pn(x) is said to be of binomial type if it satisfies the infinite sequence 
of following identities 

 
The simplest sequence of binomial type is {xn}. 

The following result establishes the connection between delta operator and the 
binomial type sequences. Moreover, it gives the necessary and sufficient conditions for a 
basic polynomial sequence for some delta operator Q. 

Theorem 2.3   ”pn(x) is a basic polynomials sequence for some delta operator Q if and only 
if it is a sequence of polynomials of binomial type.” 

        By using the above basic definitions and theorems, we attempt to formulate the delta 
operator in terms of a sequence of real numbers in next section. 
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3. Sequential Representation of Delta Operator 

 
      The theme of Finite Operator Calculus is concerned with the monomials {xn : n ∈ 

Z+∪{0}}. Moreover, this monomials {xn} is a trivial example for basic polynomials, Sheffer 

polynomials, Appell polynomials and many others defined by Rota [3]. After briefly 

summarizing and analyzing the basic concepts in Rota [3], the following question is arrived. 

Work out a formula for Q(pn(x)) when pn(x) = xn. 

We settled this question in [4] as follows. 

Theorem 3.1.  For the monomials  {xn :  n ∈ Z+ ∪ {0}},  and for each αr  an arbitrary real 

value, 

 . (1) 

Proof . 

By the definition of the delta operator Q, Q(x) is a non zero constant. Let it be α1.  

Therefore, Q(x) = α1.  Hence the theorem is true for n = 1. 

Construct Q(x2) = c0 x + c1. Since Q is shift invariant, we have EaQ(x2) = QEa(x2).  

Solving we get c0 = 2α1 and c1 is a new independent constant which may be taken as α2. 

Hence Q(x2) = 2α1x + α2.  Thus the theorem is true for 2. 

Let us assume that the result is true for all n = k. 

Therefore , 

 

Since {xn} is a basic polynomial sequence, it satisfies Qpn(x) = npn−1(x) and hence we have, 

 Q(xk) = k xk−1 (3) 

From (3), we see that the delta operator Q is a usual derivative D. 

From (2) and (3) , 

  (4) 

By comparing the corresponding terms, we have α1 = 1 and αj = 0, j = 2,3,···k  
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Therefore, the result is true for n = k means that 

α1 = 1 and αj = 0, j = 2,3,···k                                                                                                        (5) 

Now we have to show that this result is true for n = k + 1 
Q(xk+1) = Q(xk x) 

For the basic polynomial sequence {xn}, Q = D, and hence Q(xk+1) = Q(xk) x + Q(x) xk 
Therefore,  
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By Eqn (5), 

 Q(xk+1) = (k + 1) xk (6) 

On other hand, using the property that Qpn(x) = n pn−1(x) , we have 

 Q(xk+1) = (k + 1) pk(x) = (k + 1) xk (7) 

From the Equations (6) and (7), we conclude that the result is true for all n = k + 1 Thus 

we proved the Theorem 3.1. 

Here, Q(xn) has n independent parameters, αi,(i = 1,2,3...n). These parameters are 
unique. We conclude that any delta operator may be fixed uniquely by Equation (1). To 
study the delta operator, we need analyze only this sequential representation in Equation 
(1). 

Below we list values of Q(xn) for n ≥ 1 

1α1 

2 α1 x + 1α2 

3 α1 x2 + 3 α2 x + 1α3 

4 α1 x3 + 6 α2 x2 + 4 α3 x + 1α4 

5 α1 x4 + 10 α2 x3 + 10 α3 x2 + 5 α4 x + 1α5 

6 α1 x5 + 15 α2 x4 + 20 α3 x3 + 15 α4 x2 + 6 α5 x + 1α6 

7 α1 x6 + 21 α2 x5 + 35 α3 x4 + 35 α4 x3 + 21 α5 x2 + 7 α6 x5 + 1α7 
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The coefficient of Q(xn) are arranged by a triangular array, say delta triangle is given 
below 

   1 

2 1 

3 3 1 

4   6 4 1 

                                                           5         10      10         5       1  
                                                     6         15       20       15        6       1 

... 

Similar to Pascal triangle, it is also a triangular arrangements of rows. The tip of the 
triangle is number 1 which makes up the first row. In Pascal triangle, each row, begins and 
ends with a ”1”. But in our delta triangle, the consecutive rows begins with numbers 1,2,3,... 
respectively but ending with 1s. From the second row, the ”Pascal Triangle sum” result 
holds good. 

 Equation (1) in Theorem 3.1 is important in deriving many results in the further 
sections. The characterization of the delta operator is determined by the values of αi

′s (i = 
1,2,3···n). In the next section, we study more about the delta operator in particular, the 
effect of delta operator on transcendental functions such as exponential function, circular 
functions and hyperbolic functions are investigated. 

4. Effect of Q on Transcendental Functions 

        Some classical special polynomials such as Sheffer polynomials and Appell polynomials 
are studied via sequential representation of delta operator, see [5]. The generating 
functions for most of the special polynomials are expressed in terms of ex. Hence this 
theory may be extended to algebraic and transcendental functions.  In this section, the 
effect of delta operator on the transcendental functions ex, sin x and cos x are investigated. 

(i). Effect of Q on ex 
The exponential function ex can be defined by the following power series 

 
Operating Q on both sides, 

 

By Eqn (1) in theorem 3.1, 
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Therefore, we have the following Proposition. 

Proposition 4.1 
For a delta operator Q and for real constant αr (r = 1,2,3,···) , 

  . 

(ii). Effect of Q on sin x and cosx 
The effect of delta operator on sinx function is also interesting. 

The trigonometric function sin x can be defined by the following power series 

By operating Q on both sides, we get  

 

Therefore, we have the following Proposition.  
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Proposition 4.2 
For a delta operator Q and for real constant αr (r = 1,2,3,···) , 

 

The trigonometric function cos x can be defined by the following power series 

 

Proposition 4.3 
For real constant αr (r = 1,2,3,···) , 

 

 

(iii). Effect of Q on hyperbolic functions 
The hyperbolic functions are analogs of the ordinary trigonometric functions. The basic 
hyperbolic functions are sinh x and cosh x. 

We express the hyperbolic sine function as Tailors’s series: 

 

By operating Q on both sides, we get 

 

 
By Eqn(1), 
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Thus the effect of Q on sinh x is :  

 

We express the hyperbolic cosine function as Tailors’s series: 

 
By similar procedure as above, we can easy to get the following result. 

 
Therefore, we have the following proposition 

Proposition 4.4  
For real constant αr (r = 1,2,3,···) , 

 1.Q(sinh x) = α1 (cosh x) + 1/2!  α2  (sinh x) + 1/3!  α3  (cosh x) + 1/4! α4 (sinh x)+ … 

 2.  Q(cosh x) = α1 (sinh x) + 1/2!  α2  (cosh x) + 1/3!  α3  (sinh x) + 1/4! α4 (cosh x)+ … 

 

        Thus the effect of delta operator on the exponential and circular functions are 
expressed in terms of infinite series. The first term is a constant multiple of usual derivative 
of the function. This constant become the first parameter α1 in the sequential 
characterization of the delta operator. 

       In similar way as above, the effect of delta operator Q on some binomial series are 
investigated in the next section. 

1. Effect of Q on Some Binomial Series 

The polynomial sequence of binomial type associated with the delta operator Q = D − 

 , is discussed by Wojciech Mlotkowski et.al [6]. In this section, we inves- 

tigate the impact of delta operator Q on some binomial series. 

The binomial series of the function f(x) = (1 + x)−1 is given by 

 (1 + x)−1= 1 −x + x2 −x3 + x4 −x6 + ··· − 1 < x <1 

Operating Q on both sides, 

Q(1 + x)−1 = −Q(x) + Q(x2) −Q(x3) + Q(x4) −Q(x6) + ··· 

By Eqn (1), 
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                                                 =      α1 (−1 + 2x −3x2 + x3 + ···) 

                    +α2 (1 −3x + 6x2 − ···) 

                    +α3 (−1 + 4x + ···) 

                   +α4 (1 −5x + ···) 

                                                =  α1 [−(1 + x)−2] + α2 [(1 + x)−3] + α3 [−(1 + x)−4] + α4 [(1 + x)−5] + ··· 

Thus, the effect of Q on the binomial series Q(1 + x)−1 is 

Q(1 + x)−1 = α1 [−(1 + x)−2] + α2 [(1 + x)−3] + α3 [−(1 + x)−4] + α4 [(1 + x)−5] + ··· 

The binomial series for the function f(x) = (1 + x)−2 is given by 

 (1 + x)−2 = 1 −2x + 3x2 −4x3 + ··· − 1 < x <1 

Operating Q on both sides, 

Q(1 + x)−2 = −2Q(x) + 3Q(x2) −4Q(x3) + 5Q(x4) −6Q(x5) + ··· 
By Eqn (1),  

Q(1 + x)−2 = (−2α1) + 3(2 α1 x + α2) −4(3α1 x2 + 3α2 x + α3) + 

+5(4α1 x3 + 6 α2 x2 + 4 α3 x + α3) 

−6(5α1 x4 + 10 α2 x3 + 10 α3 x2 + 5α4x + α5) + ··· 

 = −2 α1 (1 −3x + 6x22−10x33+ ···) 

+3α2 (1 −4x + 10x2 −20x + ···) 

−4α3(1 −5x + 15x − ···) 

 
= −2α1 [(1 + x)−3] + 3α2 [(1 + x)−4] −4α3 [−(1 + x)−5] + 5α4 [(1 + x)−6] + ··· 

Thus, the effect of Q on the binomial series Q(1 + x)−2 is given by 

Q(1 + x)−2 = α1 [−2(1 + x)−3] + α2 [3(1 + x)−4] + α3 [−4(1 + x)−5] + α4 [5(1 + x)−6] + ···  
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The binomial series for the function f(x) = (1 + x)−3 is given by 

 (1 + x)−3 = 1 −3x + 6x2 −10x3 + ··· − 1 < x <1 

Operating Q on both sides and applying the same procedure as above, we get 

Q(1 + x)−3 = α1 [−3(1 + x)−4] + α2 [6(1 + x)−5] + α3 [−10(1 + x)−6] + ··· 

Thus we have the following Proposition 

Proposition 4.5 
For the special cases of Binomial series (1+x)−1,(1+x)−2 and (1+x)−3 and for −1 < x <1, 

1. Q(1 + x)−1 = α1 [−(1 + x)−2] + α2 [(1 + x)−3] + α3 [−(1 + x)−4] + ··· 

2. Q(1 + x)−2 = α1 [−2(1 + x)−3] + α2 [3(1 + x)−4] + α3 [−4(1 + x)−5] + ··· 

3. Q(1 + x)−3 = α1 [−3(1 + x)−4] + α2 [6(1 + x)−5] + α3 [−10(1 + x)−6] + ··· 

Thus the effects of delta operator on the above binomials series are expressed in terms 
of infinite series of real numbers. We observe that the first term in this infinite series is a 
constant multiple of usual derivative of the given binomial series. 

2. Effect of Q on Logarithmic Series 

The expansion of the standard logarithmic function ln (1 + x) is given by 

 

Operating Q on both sides, 

 

By Eqn (1), 
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Thus the effect of Q on the logarithmic function ln (1+x) is expressed in terms of following 
infinite series. 

 

The expansion of the logarithmic function ln (1 −x) is given by 

 

By Operating Q on both sides and Eqn (1), we get 

Q ln (1-x) =  α1  [- (1 - x)−1] +  ½  α2  [- (1 - x)−2]   +   1/3  α3   [- (1 - x)−3] +   ··· 

  
Therefore, we have the following Proposition. 

Proposition 5.1 
For the standard logarithmic functions ln (1 + x) and ln (1 −x), 

1. Q ln (1+x) =  α1  [ (1 + x)−1] -  ½  α2  [ (1 + x)−2]   +   1/3  α3   [ (1 + x)−3] +   ··· 
2. Q ln (1-x) =  α1  [- (1 - x)−1] +  ½  α2  [- (1 - x)−2]   +   1/3  α3   [- (1 - x)−3] +   ··· 

 
All the results are consolidated in the following Table.  

 

 

 

 

 

 

Table 1. Effect of Q on Various Functions 
pn(x) Q(pn(x)) 

ex 
α1ex + ex ∑ αrr! . ∞ 

r=2 

sin x  

cos x  

sinh x  
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cosh x  

(1 + x)−1 α1 [−(1 + x)−2] + α2 [(1 + x)−3] + α3 [−(1 + x)−4] + ··· 

(1 + x)−2 α1 [−2(1 + x)−3] + α2 [3(1 + x)−4] + α3 [−4(1 + x)−5] + ··· 

(1 + x)−3 α1 [−3(1 + x)−4] + α2 [6(1 + x)−5] + α3 [−10(1 + x)−6] + ··· 

ln (1 + x)  

ln(1-x)  α1  [- (1 - x)−1] +  ½  α2  [- (1 - x)−2]   +   1/3  α3   [- (1 - x)−3] + 1/4  α3   [- (1 - x)−4]  + .  .  .                        

 

 
From the Table 1, we observe that if we take α1 = 1,α2,= α3 = ··· = 0, then the delta 

operator Q becomes the usual derivative D and thus the above relations reduce to the 

classical counterparts in terms of differential operator. 

A.K. Kwasniewski [7] proposed Finite Operator q-Calculus by using q-delta operator 
associated with q-basic polynomial sequence. This is a good starting point for further 
investigation of the effect of q-delta operator on the transcendental functions. 
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