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Abstract

In this paper, a class of log-type estimator using the auxiliary information in
form of attribute as well as variable is proposed under double sampling
technique. The bias and mean square error has been obtained up to the first
order of approximation. A class of estimators with estimated optimum values
of the characterising scalars is also suggested. It has also been shown that
under the estimated values of characterising scalars attains the same minimum
MSE of the proposed classes. The proposed classes are compared to some
commonly used estimators both theoretically as well as empirically.Also it has
been shown both theoretically as well as empirically that the suggested classes
of estimators perform better than the conventional estimators available in the
literature.

Keywords: efficiency, double sampling, mean square error, characterizing
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INTRODUCTION

In sampling, auxiliary information proves to be fruitful way to increase the precision
of the estimator. This auxiliary information may exists in both the forms: auxiliary
variable and auxiliary attribute. For example- the heights for male and female are
different which shows that sex is a helpful attribute while dealing with height and also
height is related with the weight of the person concerned which is a variable.
Similarly, the amount of milk produced by a cow depends upon the breed (attribute)
as well as on the diet (variable) of the cow; etc. Naik and Gupta (1996) defined ratio
estimator of population mean when the prior information of population proportion of
attribute as auxiliary information is available. Bahl and Tuteja (1991) have proposed
an exponential type estimator by using auxiliary variable. However, the fact that the
known population proportion of an attribute also provides similar type of information
has not drawn as much attention. Though some work has been done in this area like
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Koyuncu (), Singh (), Bhushan(), etc. But there are many situations, where the
auxiliary information about the auxiliary attribute and auxiliary variable can be easily
available, we can take the advantages of both the forms of auxiliary information to
increase the efficiency of the estimators in various estimation problems. But in cases
where such auxiliary information is lacking, we can make use of double sampling or
two-phase sampling technique provided that such information may be easily and
economically obtained. Neyman (1938) was the first person to introduce the double
sampling technique in the history of sampling. Thereafter many renowned authors
have successfully used the technique for their work (Hidiroglou and Sarndal (1998),
Bhushan (2013), etc.). However, in recent years, various authors (viz, Sisodia and
Dwivedi (1981), Upadhayaya and Singh (1999), Kalidar and Cingi (2006), Singh et al
(2004, 2008), etc) have made the use of prior knowledge about parameters of
auxiliary variable like population mean along with coefficient of variation, covariance
coefficient, coefficient of kurtosis, coefficient of skewness, standard deviation, etc for
estimation of population mean of a variable of interest. In fact, such prior knowledge
can also be very useful when a relation between the presence (or absence) of an
attribute and the value of a variable, known as point biserial correlation, is observed.
Let Y be the study variable, X be the auxiliary variable and ¢be the auxiliary

attribute. Consider a finite population of size Nand let,Y =N 1ZY,, X =N 12x

i=1

P=N‘1Z¢i be the means of the study variable , auxiliary variable and auxiliary

i=1

attribute respectively. And further let, s} =(N-1)° Z(Y -Y)?, i

S:=(N —1)’1i(¢, -P)*> be the respective population variances for the study variable,

auxiliary variable and auxiliary attribute. Assuming that a simple random sample of
sizen further assumey=n">Y, ,x=n">X,, p=n?d4, as the respective sample
i=1 i=1 i=1

means for the study variable, auxiliary variable and auxiliary attribute and also denote
sjz(n—l)’lzn:(Yi—y) s; =(n-1)° Z(X -x)*ands? =(n-1) Z(qi p)> as the sample

variances for the study varlable , auxiliary varlable and auxiliary attribute
respectively. The present study extends the work of Bhushan and Gupta (2015) where
a class of log-type estimator using auxiliary information on both attribute and variable
had been proposed for the estimation of the population mean.

Consider the following estimators of the study variable

(). General estimator of population mean in case of SRSWOR

Y, =y = sample mean
with MSE( )_ fY c2 (1.1)
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(i1). Double sampling ratio estimator using auxiliary variable
X
with MSE(Y_Z ) =Y 2[fncj +f.(Cl-2p,C,C,) ] (1.2)

<

2

(iii). Naik and Gupta (1996) ratio estimator using auxiliary attribute
3= 28 pl
p

with MSE(K):\?Z[fncj +f,.(C2-2p,C,C, )] (1.3)

<

(iv). Double sampling product estimator using auxiliary variable
7L
X
with MSE(Y_4 ) " [f.Ci+f.(Cl+2p,C,C)] (1.4)
(v). Naik and Gupta (1996) product estimator using auxiliary attribute

Y5=l-p

p
with MSE(\E):\?Z[fncj +1.(C2+2p,C,C,)] (1.5)

(vi). Bahl and Tuteja (1991) double sampling exponential ratio estimator using
auxiliary variable

T
X +X
with |\/|SE(\T6 ) =Y’ { fC24+1 ch -p,C,C, ﬂ (1.6)
(vii). Following Bahl and Tuteja (1991) and Sawan, N (2010), exponential ratio type
estimator using auxiliary attribute

Y_7=>7exp(—p._p)
p+p

with MSE(\Z):\?Z{fnci of Gc; - pypcycpﬂ (L.7)

(viii). Bahl and Tuteja (1991) double sampling exponential ratio estimator using
auxiliary variable

A
with MSE(\T8 ):\? Z{fncj +f Gcf +pynyij:| (1.8)

(ix). Following Bahl and Tuteja (1991) and Sawan, N (2010), exponential product
type estimator using auxiliary attribute
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7 -yeo| B2
p-p
with MSE(Y_g):\?Z{fanJr f. Gcg pypcycpﬂ (1.9)

2. THE SUGGESTED CLASS OF ESTIMATORS

In this section, the following class of estimators for population mean using auxiliary
information in form of both, attribute as well as variable has been proposed using the
double sampling technique.

=y|1+ x a + p,* ' 2.
Tq y[l Iog[;*ﬂ {1 Iog(p*ﬂ (2.1)

where « and g are the characterizing scalars.

X =ax+b; X =ax+b; p =ap+b ; p =ap+h

such that a (»0),b, and a,(=0),b,which are either known values or functions of the
known parameters of the auxiliary variables xand auxiliary attribute 4such as the
standard deviationss,,s, ,coefficient of variationc, ,c,,coefficient of kurtosis
B, (x).5,(p) and correlation coefficient p of the population.

It can be easily observed that, if «=p=0 , then the proposed estimator becomes the
usual per unit mean estimatory .If o= p=+1 , then the proposed class of estimators
become a product-product type estimator and when « = g = -1, then the proposed class
of estimators become a ratio-ratio type estimator. Similarly, if «=1,5=-1 , then the
proposed class of estimators become product-ratio type estimator and ifo =-1,5=1
,then the proposed class of estimators become ratio-product type estimator.

3. PROPERTIES OF THE PROPOSED CLASS OF ESTIMATORS
Theorem 3.1
The bias and MSE of the proposed class of log type estimators are given as follows

2h2 2~2
v,C,

v C,
oz(ulpynyCx - 12 J+ﬁ(uzpprpr —T]

Bias(T,)=f Y (3.1)
_1 2 _l 2
+afuv,p,,C,C, +a(a2 )Ul Cs +ﬂ(ﬁ2 )Uz Ci
| f.C2+a’f OIC2+p°f vC2+2af v p,CC,
MSE(TR):YZ y ' 1 ﬂ ' 2 p nn 1pyx y (3.2)
+2pf v,p,C,C,+2apvv,f p,CC,
X P
where o = 2% ., % (3.3)
a, X +b, a,P+b,
Corollary 3.2

The mean square error of the proposed class of estimator T, will be minimum for the
optimum value of the characterising parameters, given by
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o (o =Ps) Cy (3.4

Ul(l_pfp) Cx
(PoPw—Pp)C,
Bowy ==\ =" (3.5)
o Uz(l_szp) C,
and the minimum value of the mean square error within the proposed class of
estimator is

MSE,,, (T,)=Y CZ(f, - f ,R?, ) (say) (3.6)

nn - YXp

where r? is the multiple correlation coefficient of y on xand 4.

y-xp

4. SOME MEMBERS OF THE CLASS OF THE ESTIMATORS T,

It can be easily seen that the proposed classT,is a generalized form of class of
estimators for the constants a, (=0),b, and a,(=0),b, which are either real numbers or
functions of the known parameters of the auxiliary variables x and auxiliary attribute
¢ such as the standard deviationss,,s, , coefficient of variationc,,c, , coefficient of
kurtosis ,(x).5,(p) and correlation coefficient o of the population. Some of them

are listed below:
Table 1
Some Generalized members of the proposed class of estimators T,

Double sampling based Log-type estimators

a b
_[ N\ s 1 0
Ty =Yy 1+Iog(x.ﬂ |:1+|Og(§j:|
X
- B § ; . .
Ty, =y 1+Iog[xv+cc::x ﬂ {14_'09(5:2;: }
X +C, .
_ _ qa B ﬂz(x) Cx
T =Y 1+Iog(ﬂ2(x)'x,+cx] [1+Iog[ﬂ2(p)'p.+cp H
By (x).x +C, ,(p).p +C,
— _ o B Cx ,BZ(X)
T, =y|1+10g| SXFELLI N |y jogf CoP 2 AP
B CER A0 Cp-p +4,(p)
- B ) ) . ;
T, =y|1+log ;:S H {1+|og[§ SS“ }
: X ’ ’ B.(%) S,
Ty, = Y| 1+log ﬂl(x)ﬁsx] {Hog[ﬂl(p)'p' ﬂ
L ﬂl(X).X+SX 1(P)-p Sp
- By (X)x+$ i B,(p).p A B, (x) S,
Ty, =Y|1+log| “2—2=—=x || |1+log| =2 ———2
, ] B (X).x +Sxﬂ [ [ ,(p).p Spﬂ
) ~ ) , . i
o bR
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@ ¥ 1 B, (%)
hstoal ZH2 ) | 14 joaf PHA(P)
T —yll ! g[x+ﬂ2(x)ﬂ {1 ! g[p.+ﬁ2(p)ﬂ

T, =Y|1+log| ==

7_ P a C
T, =Y|1+log p§+cx H {1+Iog['0p,+ P

PX +CX PP +Cp
o <7]1+10g m(x)wﬂa{mg[ﬂzm) Wﬂﬂ £ (%) ;
S Bo (X)X +p ,(p)-p +p
i 2B L 2o @) 7 A(%)
Te, —Y_1+Iog px+ﬂ2(x)]] {1+|Og[pp'+ﬂz(p)ﬂ

5. CLASS OF ESTIMATORS BASED ON THE ESTIMATED VALUES OF
THE CHARACTERISING SCALARS

In practice, it is rarely to know the optimum values of the characterizing scalars,

hence they may be estimated by estimators based on the sample values. The

optimizing values of the characterizing scalars can be written as

(pxppyp _pyx)&
b (1_px2p) Cx

_ (:uonlum — o Mooz ) Z
Y

Xopt) =

b (/uozoluooz _/Jozn) (5.1)
(pxppyx _pyp)&
UZ (1_pfp) CP

_ (ﬂon/ﬁlo — Mo Moo ) z
Y

ﬂ(opt) =

L, (/”020/”002 _ﬂgn) (5.2)
where . :%i(\ﬁ _V)a(xi _Y)b (4-P)

i=1

We may also takea and g as the unbiased estimator of opt(«)and opt(3)such that

(,Uou ooy — Hazo Mooz ) Z

(5.3)

2 )y
U (,Uozo Hooz — ,Uou)

(;Uon,uno - /1101,u020) p

2\ o (54)
L, (,uozo Hooz — ﬂon) y
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where Haao =Myyg 3 Moy = Myyy 5 fagy = Mgy 5 fogg = Mygy 3 Mgy = Mygy AN 255, = M, ArE the
estimators of the population parameters 1u,.; sy thos Hao: Hoo 8N 110, rESpectively

such that m,, :ni—liz_;‘(Yi -y) (X _;()b (4-pf

Let us take

Hago = Hygo (1+€;)

Moy = Hoyy (1+€,)

Loy =ty (1+€5)

Hozo = Moo (1+€5)

Loz = Moy (1+€7)

with E(e )=0, Vk=34567 (5.5)

then, under the estimated values of characterizing scalars « and g, the proposed
classes of log-type estimators becomes

R ANCA AW

Theorem 5.1
The mean square error of the class of estimators is given by

MSE(T,') = E(T: - )2

(5.6)

=v’c? (f,-f,R%,)

=MSE,;, (TR) (5.7)
=M (say)

6. Comparative study
Let us consider the following estimators for population mean
(i). Sample mean Y, =y vs T, (or ;")

yXp Ty —

MSE(\Z)—M —f Y'R:,C2>0 (6.1)

(i1). The usual ratio estimator using auxiliary variables
V,=Ix vs T, (or T,")
X

MSE(\TZ)—M =1, V[ (C.=p0, ) +(Rly - p)CE |20 (6.2)

y-xp

(iii). Naik and Gupta (1996) ratio estimator using auxiliary attribute

p
MSE(\E)—M — f .\?2[(cp—pcy)2+(R2 —pip)CfJZO (6.3)

y-Xp
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(iv). The usual product estimator using auxiliary variables
V,=2Lxvs T, (or T )
X
MSE(Z)—M —f ¥ [(cx +pC, ) +(R? —p;)C5:|20 (6.4)

Y- Xp

(v). Naik and Gupta (1996) product estimator using auxiliary attribute

\E:%p vs T, (or T,")

MSE(\?S)— M =1, Y[ (C,+C, ) +(RL, —ph)C} |20 (6.5)

(vi). Bahl and Tuteja (1991) exponential ratio estimator using auxiliary variable

\E:?exp[i_fj vs T, (or T, )

X +X
_ —l(C 2
MSE(Ye)—M =f Y H?X—pyxcy] +(R5_Xp—p§X)Cy2}20 (6.6)

(vii). Following Bahl and Tuteja (1991) and Sawan, N (2010), exponential ratio type
estimator using auxiliary attribute

— — pl—p *
Y, =yexp| —— | VS T, (Or T
=Y p(pﬂoj . (or T )

_ e ’
MSE(Y7)—M —f Y M?”—pypcyj +(R§.xp—P5p)Cyz}°
6.7)

(viii). Bahl and Tuteja (1991) exponential product estimator using auxiliary variable

78=§/exp[i+i(] vs T, (or T, )
X — X

2
MSE(\TS)— M=f ¥ H%wyxcyj +(R?,, —p;)C;} >0 (6.8)

(ix). Following Bahl and Tuteja (1991) and Sawan, N (2010), exponential ratio type
estimator using auxiliary attribute

\Z:?exp(H] vs T, (or T, )

2
_ —|(C
MSE(YQ)—M =f.Y K?”erypcy] +(R5_Xp—p§p)C5]20 (6.9)

Thus, from above section, it can be easily seen that the proposed class of log-type

estimators is far better than these above mentioned estimators, available in sampling
literature.

7. EMPIRICAL STUDY
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Population 1: Source: Advance Data from Vital and Health Statistics, Number 347,
October 7,2004 (CDC) dealing the height of the people of different age group of the
United States

Y : Height of the people, X : Weight of the people, ¢ : Sex of the people
Y =140.18; X =39.63, P=0.50; C, =0.482337; C, =0.191657

C, =1.014; p, =0.973; p, =0.07; p,, =0.073

RZ =0.94673; n=18, n =25, N =36

Y. Xp

Population 2: Source: Cochran, W. G. (1977): Sampling Techniques, 3 ed. New
York, John Wiley and Sons. Pg no .-34

Y :food cost, X :income of family, ¢ : size of the family greater than 3.

Y =27.49; X =72.55, P=052, C,=0.146; C,=0.369

C, =0.985; p, =0.2521; p, =0388, p,=-0.153

R? =0.249879; n=15 n =25 N =33

y-Xp

Percentage Relative Efficiency (PRE;_(?fb\I/zi-ous estimators with respect to sample
mean
Estimators Population 1 Population 2
MSE PRE MSE PRE
Y, 20.05021 100 2.858247 100
Y, 36.17583 | 55.42434 | 2.78951 | 102.4641
Y, 326.0257 | 6.149887 | 10.94799 | 26.10751
Y, 146.1538 | 13.71857 | 3.428137 | 83.3761
Y, 342.659 | 5.85136 | 17.57915 | 16.2593
Y, 10.33437 | 194.0149 | 2.761234 | 103.5134
Y, 94.46493 | 21.22503 | 4.051787 | 70.54286
Y, 65.32336 | 30.69379 | 3.080548 | 92.78372
Y, 102.7816 | 19.50759 | 7.367366 | 38.79605
Te(orTe) 0.420215 | *1*%4% | 5 458286 | 11070%°
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CONCLUSION

In the light of the theoretical and empirical study given in preceeding sections, we
easily conclude that the proposed class of estimators using the auxiliary information,
both in the form of variable and attribute can be considered better than many of the
estimators, available in the literature, under the double sampling technique.
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