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Abstract 

This paper presents a new method for the identification of the distinct 

mechanisms (DM) from a given mechanism kinematic chain (KC). The 

method is based on Weighted Physical Connectivity Matrix [WPCM] of the 

given KC. The two structural invariants namely sum of absolute characteristic 

polynomial coefficients [WPCMP∑] and Maximum absolute value of 

characteristic polynomial coefficient [WPCMPmax] have been derived and 

used as the identification numbers of the KCs. 
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NOMENCLATURE, 

C: Cylinder lower pair,F: Planer lower pair,G: Spheric lower pair,HP: Higher pairs 

(point contact),HL: Higher pairs (line contact) ,P: Prismatic lower pairs,R: Revolute 

lower pairs,SL: Screw lower pairs, 

 

1. INTRODUCTION 

Over the past several years much work has been reported in the literature on the 

structural synthesis of kinematic chains and mechanisms. Undetected isomorphism 

results in duplicate solutions and unnecessary effort. Therefore, the need for a reliable 

and efficient algebraic method for this purpose is necessary. Identifying isomorphism 

among kinematic chains using characteristic polynomials of adjacency matrices of 

corresponding kinematic chains are simple methods Raicu [1], Mruthyunjaya and 

Raghavan [2] , Yan and Hall [3]. But the reliability of these methods was in questions 

as several counter examples were found by Mruthyunjaya and Balasubramanium [4]. 

The test proposed by [4] is based on characteristic coefficients of the ‘Degree matrix’ 

of the graph of the kinematic chains. The elements of the degree matrix were sum of 

the degree of vertices (degree or type of links) or unity in a link-link adjacency 
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matrix. Later on this test was also found unreliable. Mruthyunjaya [5] proposed the 

representation polynomial for detecting isomorphism between two kinematic chains.  

The representation polynomial is the determinant of the generalized adjacency matrix, 

called representation matrix of the kinematic chain. But the representation matrix 

requires the use of a large number of symbols, the calculation and comparison of the 

representation polynomials is not as easy as that of the characteristic coefficients of 

the adjacency matrix.. One important aspect of structural synthesis is to develop the 

all possible arrangements of kinematic chain and their derived mechanisms for a 

given number of links, joints and degree of freedom, so that the designer has the 

liberty to select the best or optimum mechanisms according to his requirements. In the 

course of development of kinematic chains and mechanisms, duplication may be 

possible. For determining the distinct mechanisms of a kinematic chain, Several other 

methods like  Mruthyunjaya [6] , Rao [7-13], Agrawal [14-15], Ambeker [16-17], 

Hasan [18-21,23], Hwang [24,27], Uicker [25], Yadav [26], Zhang [28], Yang [29], 

and Zou [30], etc. are available in the literature. But in most of the methods, either 

there is a lack of uniqueness or consume more time. Hence, it is needed to develop a 

computationally efficient method to determine the distinct mechanisms of a kinematic 

chain. In the present case, a new , easy and reliable method is used to determine the 

distinct mechanisms of a kinematic chains of 8 Links, 10 Joints, 1degree of freedom  . 
Critical study of kinematic chain and mechanism structure has revealed that the 

performance of the joints is affected by the degree of the links (types of links). From 

the [JJ] matrix, the two structural invariants [SCPC] and [MCPC] are derived based 

on the characteristic polynomial coefficients of the [JJ] matrix using the software 

MAT LAB. These structural invariants are same for identical equivalent mechanisms 

and different for distinct mechanisms. Hence, in this way, it is possible to identify all 

distinct mechanisms derived from a given kinematic chain.  

 

2. REPRESENTATION OF KINEMATIC PAIRS 

The two links are connected either by lower pair or by higher pair. To distinguish   

them in physical connectivity matrix [PCM], the lower pairs and higher pairs are 

represented by numeric ‘1’ and ‘2’ respectively. Lower pairs and higher pairs are 

further distinguished based on the respective pairs with the number followed by 

decimal. All the kinematic pairs (KP) are distinguished by assigning different numeric 

values. Let R=1.1, P=1.2, C=1.3, SL=1.4, F=1.5, G=1.6, HP=2.1 and HL=2.2. These 

values are assumed to distinguish the different KP. 

 

2.1 Physical connectivity matrix [PCM] 

Once the links of the mechanism have been numbered from 1 to n, [PCM] is defined 

as a square symmetric matrix of order n. The elements of [PCM] are entered with 

either zero or the type of kinematic pair and given by equation (1).  
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2.2 Degree vector (V) 

The degree of link actually represents the type of link like binary, ternary, quaternary 

etc. Let  

d (vi) =2, for binary link,  d (vi) =3, for ternary link,  d (vi) = 4, for quarter nary link, d 

(vi) =k, for k-nary link. The degree vector (V) represents the degree of individual link 

and is given by equation (2). 

 

 

2.3 Relative weight of degree of vector 

Critical study of kinematic structure has revealed that there is a strong correlation 

between the network formed by the different types of links, KP, and the machine 

performance like wear, reliability, and susceptibility to manufacturing error because of 

link tolerances and joint/bearing clearance etc. So, this information should also be 

added in the [PCM] matrix in the form of relative importance of vi to vj and vice versa 

to construct a [WPCM] matrix shown in equation (3).  

 

 

3. WEIGHTED PHYSICAL CONNECTIVITY MATRIX [WPCM] 

 For increasing the discrimination power for detection of isomorphism and 

identification of DM, the mutual effect of Wij are introduced into each element of 

[PCM] matrix and so [WPCM] is represented by equation (4). 
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4.  METHODOLOGY 

The characteristic polynomial is generally derived from (0, 1) adjacency matrix. Many 

researchers have reported co-spectral graphs (the non-isomorphic KC having same 

Eigen spectrum derived from (0, 1) adjacency matrix). But the Proposed [WPCM] 

matrix has additional information about the types of KP and types of links existing in a 

mechanism KC. It has been verified that the characteristic polynomial and 

characteristic polynomial coefficients of [WPCM] matrix are unique to clearly identify 

the mechanisms   and even KC with co-spectral graphs. The proposed [WPCM] matrix 

provides distinct set of characteristic polynomial coefficients of the kinematic chain 

with co-spectral graph also. Here the new composite invariants [WPCMP∑], 

[WPCMPmax] of [WPCM] matrix are proposed and   are obtained by using software 

MATLAB.  

The mechanisms are obtained by fixing the links of the KC turn in turn. If link 1 is 

fixed, the diagonal element P11 of [PCM] is changed from 0 to 1. Then it will be the 

representation of the first mechanism with link 1 fixed. The structural invariants of 

[WPCM] matrix of the first mechanism are then calculated. These invariants are the 

characteristic numbers of the first mechanism. This process is repeated for the second 

link and so on. In this way, sets of invariants equal to the number of the links are 

obtained. Some of them are same and others are different. The same structural 

invariants represent the corresponding structurally equivalent links that constitute one 

DM. 

 

5. Examples-1 

Considering 2 KCs  with 10- bars of class IV (h) [22] as shown in Fig. 1 and Fig. 2 in 

which the number of  binary (n2) and 5-nary (n5) links are same. [WA] and [WB] 

represent the [WPCM] matrices of chain 1 and 2  shown in Fig. 1 and Fig. 2 

respectively. The [WPCM] matrices of the inversions of mechanism KC are obtained 

by fixing the links in turn and are represented by suffix 1, 2, 3, ----------10. 

 [WPCMP∑] for WA, WA1, -----WA10 = 1.1243e+003, 1.2580e+003, 1.2580e+003, 

1.5393e+003, 1.5393e+003, 1.5393e+003, 1.5393e+003, 1.5393e+003, 1.5393e+003, 

1.5393e+003 and 1.5393e+003 respectively. 

[WPCMP∑] for WB, WB1, ---------WB10 = 1.2763e+003, 1.3792e+003, 

1.3792e+003, 1.5034e+003, 1.5034e+003, 1.5034e+003, 1.5034e+003, 1.5034e+003, 

1.5034e+003, 1.8071e+003 and 1.8071e+003 respectively. 

[WPCMPmax] for WA, WA1, -----WA10 = 393.6130, 393.6130, 393.6130, 

393.6130, 393.6130, 393.6130, 393.6130, 393.6130, 393.6130, 393.6130 and 

393.6130 respectively 

 [WPCMPmax] for WB, WB1, -----WB10 = 397.7265, 397.7265, 397.7265, 

366.3287, 366.3287, 366.3287, 366.3287, 366.3287, 366.3287, 488.1475 and 

488.1475. 
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Our method reports that chain 1 and 2 shown in Fig. 1 and Fig. 2 are non-isomorphic 

as the set of structural invariants [WPCMP∑] and [WPCMPmax] are different for 

both the KC. It is evident that 2 distinct mechanisms can be derived from chain 

1(shown in Fig.1) because there are only two different values of the structural 

invariant [WPCMP∑] i.e. 1.2580e+003, 1.5393e+003 for the mechanisms obtained by 

fixing the links 1 to 10 in turns. Similarly, 3 distinct mechanisms can be derived from 

chain 2 (shown in Fig.2), as there are 3 different values of [WPCMP∑] i.e. 1.3792e + 

003, 1.5034e + 003 and 1.8071e + 003 for the mechanisms obtained by fixing the link 

1 to 10 in turn. Note that the result obtained by using other methods given in the 

literature is the same as we obtained. 

 

6.1 Example –2 

The second example also concerns the mechanism KC of 10-bars as shown in Fig. 3. 

Our methods reports that 10 DM can be derived from this chain as there are 10 

different values of [WPCMP∑] of the inversion mechanism of KC- 3. 

 

 

 

  0          1.1      0       1.595     0        1.595     0        1.595       0      1.595 

 

1.1         0       1.595    0        1.595    0       1.595       0       1.595      0 

  

0           1.595    0       1.1       0         0          0            0          0          0 

 

1.595     0        1.1      0          0         0          0            0          0          0 

  

0          1.595     0       0          0        1.1        0            0          0          0 

 

1.595     0          0       0        1.1        0         0             0          0          0 

 

 0         1.595     0       0         0         0          0           1.1        0           0 

 

1.595      0         0       0         0         0        1.1           0         0            0 

 

0          1.595     0       0         0         0         0             0         0           1.1 

 

1.595       0        0       0         0         0         0             0        1.1           0 

 

[WA]= 
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0          0           0        1.595       0       1.595        0       1.595     1.595     1.595 

   

0          0          1.595     0       1.595       0        1.595       0          1.595      1.595 

 

0          1.595     0         1.1         0          0            0          0            0             0 

 

1.595    0         1.1         0           0          0            0          0            0             0 

 

0          1.595    0           0           0        1.1           0          0            0             0 

 

1.595    0          0           0          1.1       0            0           0            0             0 

   

 0        1.595     0           0           0         0            0        1.1            0             0 

 

1.595    0          0           0           0         0          1. 1        0             0            0 

 

1.595    1.595   0           0           0         0           0           0             0            0 

 

1.595    1.595   0           0           0         0           0           0             0            0 

 

         

 

[WB]= 

[WC1]= 

         

 1           1.1458         0          0            0         0      1.5     1.5      0         1.375 

 

1.1458     0            1.1917     0            0         0       0       0       1.1917   0 

 

 0            1.1917        0       1.1917      0         0       0       0          0        0 

 

0              0           1.1917       0       1.1917     0      0     1.1917   0        0 

 

0              0               0        1.1917      0        1.1     0      0           0        0 

  

0              0               0            0          1.1        0     1.1    0           0        0 

 

1.5            0               0           0           0         1.1    0      0           0        0 

 

1.5            0               0       1.1917      0          0      0      0            0       0 

 

0            1.1917         0           0           0          0      0      0            0     1.1917 

 

1.375         0              0            0           0         0      0      0        1.1917    0 
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CONCLUSION 

In the proposed method, the [PCM] matrix is able to distinguish the type of KP 

between two links. The [WPCM] matrix is derived from [PCM] matrix, which has the 

additional information about the type of links that are directly connected in the form 

of mutual interactive effect of the relative weights. The two structural invariants 

[WPCMP∑] and [WPCMPmax] are derived from the [WPCM]. These invariants are 

able to detect isomorphism among the mechanism KC and even the KC with co-

spectral graph.  According to the author exhaustive study, this method is a simple , 

easy to compute and reliable for the identification of the distinct mechanisms  of 

kinematic chains up to 10 links  and more work is needed for the kinematic chains of 

more than 10 links. Such a new identification system would be extremely selective 

and would minimize, if not completely, eliminate the possibility of duplicate 

identification for structurally different mechanisms. 

 

REFERENCES 

[1] Raicu A., “Matrices Associated with Kinematic chains from 3 to 5 Members”, 

Mech. Mach. Theory, Vol. 9, 1974, 123 – 129 

[2] Mruthyunjaya T. S. and Raghvan M. R.,“Structural Analysis of Kinematic 

Chains and Mechanisms based on Matrix representation”, Transaction of the 

ASME, Journal of Mechanical Design, Vol. 101, 1979, 488 – 518. 

[3] Yan H. S. and Hall A. S., “Linkage Characteristic Polynomials: Assembly 

Theorems, Uniqueness” ASME, Journal of Mechanical Design, Vol. 104, 1982, 

11-20.  

[4] Mruthyunjaya T.S. and Balasubramanium H.R., “In Quest of Reliable and 

Efficient Computational Test for Detection of Isomorphism in Kinematic 

Chains”, Mech. Mach theory, Vol. 22, No 4, 1987, 131-139. 

[5] Mruthyunjaya T. S., “A Computerized Methodology for Structural Synthesis of 

Kinematic Chains, Part – 1, Formulation”, Mech. Mach. Theory, Vol. 19, No. 6, 

1984, 487 – 495. 



84 Dr. Ali Hasan 

[6] Mruthyunjaya T. S., “A Computerized Methodology for Structural Synthesis of 

Kinematic Chains, Part – 2, Application to several fully or Partial Known Cases”, 

Mech. Mach. Theory, Vol. 19, No. 6, 1984, 497 – 505. 

[7] Rao A.C, “Selection of Ground, Input and Output Link in Mechanisms, pp.  A 

Quantitative Approach”, Trans, CSME, Vol. 13, No. 1/2, 1989, 23-30. 

[8] Rao A. C., “Hamming Number Technique – 2, Generation of n planer kinematic 

Chains’, Mech. Mach. Theory, Vol. 32, No. 4, 1997, 489-499.  

[9] Rao A. C., “Application of Fuzzy Logic for the Study of Isomorphism, 

Inversions, Symmetry, Parallelism and Mobility in Kinematic Chains”, Mech. 

Mach. Theory, Vol. 35, 2000, 1103-1116.  

[10] Rao a.b.s., Srinath A. and Rao A.C., “Synthesis of Planar Kinematic Chains”, 

Institution of Engineers (India), vol.86, 2006, 195-201. 

[11] Rao A. C. and Rao C. N, “Loop Based Pseudo Hamming Value-I, Testing   

Isomorphism And Rating Kinematic Chain.”, Mech. Mach. Theory,Vol. 28, No. 

1, 1993, pp. 113- 127. 

[12] Rao A. C. and Rao C. N, “Loop Based Pseudo Hamming Value-II, Inversions, 

Preferred Frames and Actuators”, Mech. Mach. Theory, Vol. 28, No. 1, 1993, 

pp. 129- 143.  

[13] Rao A. C., Pratap and B. Deshmukh, “Computer Aided Structural Synthesis of 

Planer Kinematic Chains Obviating the Test of Isomorphism”, Mech. Mach. 

Theory, Vol. 36, 2001, pp. 489-506. 

[14] Agrawal V.P. and Rao J.S., “The Mobility Properties of Kinematic Chains”, 

Mech. Mach. Theory, Vol. 22, 1987, 497-504.  

[15] Agrawal V.P.and Rao J.S., “Structural Classification of Kinematic Chains and 

Mechanisms”, Mech. Mach. Theory, Vol. 22, 1987, 489-496. 

[16] Ambeker A. G. and Agrawal V. P., “Canonical Numbering of Kinematic Chains 

and Isomorphism Problem: Min. Code”, Mech. Mach theory, Vol. 22, No 4, 

1987, pp 453-461.  

[17] Ambeker A. G. and Agrawal V.P., “Identification of Kinematic Chains, 

Mechanisms, Path Generators and Function Generators Using Min. Codes”, 

Mech. Mach theory, Vol. 22, No 4, 1987, pp 463-471.  

[18] Hasan A., “Identification of Isomorphism among Kinematic Chains and 

Inversions Using Link Adjacency Values”,International J. of Mech. and 

Materials Engineering (IJMME), Vol. 4, No.3, 2009 , 309-315. 

[19] Hasan A., “Application of Link Adjacency Values to Detect Isomorphism 

among Kinematic Chains”,Int. J. Mech. Mater. Design, ”, 6,2010,157-162. 

[20] Hasan A., “ Isomorphism Identification of Compound Kinematic Chain and 

Their Mechanism”,i-manager’s Journal on Mechanical Engineering, Vol. 2 , No. 

1,  2011 – 2012,7-15. 

[21] Hasan A.,“ Systematic Development of Kinematic Chains and Mechanisms 



Isomorphism among Kinematic Chains and Distinct Mechanisms 85 

from a given Assortment of Links” ”,Journal of ‘Institution of Engineers (India), 

Vol. 88, 2007,15-19. 

[22] Preben W. Jensen. Classical and Modern Mechanism for Engineers and 

Inventors. Marcel Decker, Inc, New York 1991. 

[23] Hasan A., “Isomorphism and Inversions of Kinematic Chains up to 10 Links”, 

Journal of ‘Institution of Engineers (India), Vol. 90, 2009, 10-14. 

[24] Wen – Min Hwang and Yii – Wen Hwang, “Computer Aided Structural 

Synthesis of Planar Kinematic Chains with Simple Joints”, Mech. Mach. 

Theory, Vol. 27, 1992,189 – 199. 

[25] Uicker J. J. and Raicu A., “A method for the Identification and Recognition of 

Equivalence of Kinematic Chains”, Mech. Mach. Theory, Vol. 10, 1975, 375 – 

383.  

[26] Yadav J. N. , Pratap C. R.and Agrawal V. P., “Mechanisms of a kinematic chain 

and degree of structural similarity based on the concept of link – path code”, 

Mech. Mach. Theory, Vol. 31, 1996, 865 – 871. 

[27] Yan and Hwang, “Specialization of Mechanisms”, Mech. Mach. Theory, Vol. 

26, No. 6, 1991, 341-351. 

[28] Zhang W. J. and Li Q., “On A New Approach to Mechanism Topology 

Identification” ASME, Journal of Mechanical Design, Vol. 121, 1999, 57-64  

[29] Fei Yang, Zongquan Deng, Jianguo Tao and Lifang Li, “A new method for 

isomorphism identification in topological graphs using incident matrices” 

Mechanism and Machine theory 49, 2012, 298-307. 

[30] Yanhuo Zou and Peng He, “An Algorithm for Identifying the Isomorphism of 

Planar Multiple Joint and Gear Train Kinematic Chains”, Hindawi Publishing 

Corporation Mathematical Problems in Engineering Volume 2016, Article ID 

5310582, 2016 ,1-15.  

 

 

 

 

 

 

 

 

 

 

 



86 Dr. Ali Hasan 

 

 

 

 

 

 


