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Introduction 
                          The maximum flow technique can be imbedded in an efficient optimization 
algorithm to solve more complex network models. One of the well-known methods in 
maximum flow technique is out- of- kilter method. This model does not require us to 
convert these models in to the format of transportation problem. In particular, the algorithm 
is well-suited to solve transshipment models. This method plays a vital role with in the area 
of network optimization. The out-of-kilter method has a remarkably wide range of 
applications in various fields. For instance, Telecommunication network design, 
Transportation, Routing scheduling, Resource planning and Manufacturing etc. Analysts 
were presented a very general algorithm and a very efficient code for finding solutions to a 
variety of network flow algorithm. D. R. Fulkerson[11] described a method for solving 
minimal-cost network flow problems in 1961.E.P.Durbin[8] points out the computational 
advantages of network models over more general mathematical programming models. 
Edmonds and Giles [9] considered a minimum cost flow problem in a capacitated network 
with sub-modular constraints. 
                         The occurrence of randomness and imprecision in the real world is 
inevitable owing to some unexpected situations. There are cases that the cost coefficients, 
flows and bounds of a transshipment problem may be uncertain due to some uncontrollable 
factors. To deal with such imprecise information in making decisions, Bellmann and Zadeh 
[13] introduced the notion of fuzziness. There are so many developments occurred in fuzzy 
transportation problem and fuzzy transshipment problem since 1965. Channas and 
kuchta[6] proposed a method for solving fuzzy transportation problem. The procedure for 
computing the fuzzy objective value of fuzzy transportation problem was developed by Liu 
and Kao. 
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 The multi-objective time transportation problem with additional restrictions was discussed 
by Preevanti singh & P.K.Saxena.orden has extended transportation problem to include 
when transshipment is also allowed. Both the transportation problem and the transshipment 
problem are also quite widely used for planning bulk distribution, especially in the U.S.A 
where the distances are large. Garg and prakash in 1985 studied time minimizing 
transshipment problem.  
                                         There are several papers in which fuzzy numbers are used for 
solving minimum cost flow but to the best of our knowledge, till now no one has used 
maximum flow technique using out-of-kilter method involving pentagon fuzzy numbers. 
                                         The paper is organized in the following manner. Section 2 deals 
with the preliminaries .In section 3, we discussed a new ranking for a pentagon fuzzy 
number, In section 4, a brief note on out-of- kilter algorithm is discussed. A real-life 
application of the proposed method is illustrated by means of an example in section 5.                                                                                                                                                                                                                                                 
2. Preliminaries 
2.1 Definition:  Fuzzy Set: A fuzzy set is characterized by a membership function mapping        
                         the elements of domain, space or universe of discourse x  to the unit interval                                              
                           [0,1].A fuzzy set A

~ is set of ordered pairs  Rxxx A /)(,  where               
                          RxA :)( [0,1]  is upper semi- continuous function )(xA  is called    
                           membership function of the fuzzy set.      
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     
2.2 Definition: A fuzzy number f in the real line R is a fuzzy set ]1,0[: Rf that satisfies     
                           the following properties                                                             
                          (i) f is piecewise continuous. 

              (ii) There exists an x R such that   1xf .  
              (iii) f is convex, (i.e).,if Rxx 21, and  [0,1] then  
                      ).()())1(( 2121 xfxfxxf    

2.3 Pentagon Fuzzy Numbers: A pentagon fuzzy number 
PA

~ = ( 54321 ,,,, aaaaa ).   
       Where, 54321 ,,,, aaaaa  are real numbers and its membership

 

is given below. 
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                          Graphical representation of a normal pentagon fuzzy number for x [0,1] 

 2.4 Definition: 
PA

~ is called a Canonical pentagon fuzzy number if it is a closed and     
      bounded pentagon fuzzy number and its membership function is strictly increasing 
      on the interval [ 21 , aa ], [ 32 , aa ] and strictly decreasing on the interval [ 43,aa ],[ 54 , aa ]. 
2.5 Operations of Pentagon Fuzzy Numbers: Following are the four operations that can 
       be performed on pentagon fuzzy numbers, suppose 

PA
~ = ( 54321 ,,,, aaaaa )  and 

       
PB

~ = ( 54321 ,,,, bbbbb ) are the two pentagon fuzzy numbers then     

 Addition          :     5544332211 ,,,,~~
bababababaBA Pp   

 Subtraction      :       1524334251 ,,,,~~
bababababaBA Pp   

 Multiplication  :      5544332211 ,,,,~~
bababababaBA Pp     

 Division           :    )/,/,/,/,/(/ 1524334251~~ bababababaBA
PP
  

3. Ranking Of Pentagon Fuzzy Numbers: An efficient approach for comparing the        
    fuzzy numbers is by the use of a ranking function R: F(R)→R where F(R) is a set of   
    fuzzy numbers defined on set of real numbers which maps each fuzzy number into  
    a real   number. 
     Proposed System: 

 

                                                 

               2G    

                                                           

                           5.0,2aB                                

                                                           I 

 1G  3G   

                         A             P                Q                R               E 

                       0,1a          0,2a             0,3a             0,4a            0,5a  

 ( Fig:1)  Normalized  Pentagon  Fuzzy  Number 

 C  1,3a  

 5.0,4aD  
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The centroid of a pentagon fuzzy number is considered to be the balancing point of the 
pentagon (fig.1). Divide the pentagon into three plane figures. In these three plane first 
figure is a triangular ABQ, second figure is a square QBCD and third is again a triangle 
QDE. Let the centroid of the three plane figures be G 1 , G 2 ,G 3  respectively. The Incentre 
of the centroid  G 1 , G 2 ,G 3  is taken as the point of reference to define the ranking of 
normalized pentagon fuzzy numbers. Consider a normalized pentagon fuzzy number  
Ã P = ( 54321 ,,,, aaaaa ) the centroid of the three plane figures are 

G 1 = {[ 1a + 2a + 3a ] /3 , 1/6} 
G 2 = {[ 2a + 32a + 4a ] /4 , 1/2} 
G 3 = {[ 3a + 4a + 5a ] /3 , 1/6]}  respectively. 
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Where, 

PA
~ =   

√   22
2354 4324  aaaa

12
    ,        

PA
~ =  

√  25421 aaaa 

3
     and 

PA
~ =  

√   22
4321 4324  aaaa

12
 

The rank of two fuzzy numbers pA
~ and 

PB
~  based on the incentre of the centroids is 

given by the following steps. Let pA
~  = ( 54321 ,,,, aaaaa ) and 

PB
~ = ( 54321 ,,,, bbbbb ) 

be two normalized pentagon fuzzy numbers then, 
    Step: 1 Find   

PA
~ ,

PA
~ ,

PA
~ and   

PB
~ ,

PB
~ ,

PB
~ . 

    Step: 2 Find  00~ , yxI
PA  

and   00~ , yxI
PB

. 

   Step: 3 Find 2
0

2
0~ yxR

PA


 
and              

 
                   

2
0

2
0~ yxR

PB
 . 

      Remark: A natural order exists, for any two pentagon fuzzy numbers 
          

PA
~

= ( 54321 ,,,, aaaaa )  and   PB
~ = ( 54321 ,,,, bbbbb ) 

                          we have the following comparisons. 
                                )~()~(~~)( PpPp BRARBAi      

                    )~()~(~~)( PpPp BRARBAii      

                    )~()~(~~)( PpPp BRARBAiii   
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4. Out-of-kilter Algorithm 
                                                    The method is initiated with integer-valued fuzzy 
flows �̃�𝑖𝑗 that satisfy the circulation constraint (2), arbitrary integers �̃�𝑘 for the fuzzy dual 
variables, and the implied fuzzy relative costs. 
                                         minimize ∑ ∑ �̃�𝑖𝑗

𝑝
𝑗=1

𝑝
𝑖=1 �̃�𝑖𝑗                                           (1) 

subject to 
                                ∑ �̃�𝑘𝑗

𝑝
𝑗=1  _ ∑ �̃�𝑖𝑘

𝑝
𝑖=1  = 0̃       for k= 1,2,…… p                       (2) 

 
                                            �̃�𝑖𝑗 ≤ �̃�𝑖𝑗 ≤ �̃�𝑖𝑗                                                            (3) 
This approach is stated as 
Step 1:  If there are no out-of-kilter arcs according to the conditions given below. 
            Terminate because the current solution is optimal. Otherwise, select an out- of-   
             kilter arc ( i , j) and proceed to step 2. 
                      𝑐̅̃𝑖𝑗 > 0̃  and  �̃�𝑖𝑗 <  �̃�𝑖𝑗        
                      𝑐̅̃𝑖𝑗 > 0̃  and  �̃�𝑖𝑗 >  �̃�𝑖𝑗 
                      𝑐̅̃𝑖𝑗 = 0̃  and  �̃�𝑖𝑗 <  �̃�𝑖𝑗 
                      𝑐̅̃𝑖𝑗 = 0̃  and  �̃�𝑖𝑗 >  �̃�𝑖𝑗                                                                   (4)              
                      𝑐̅̃𝑖𝑗 < 0̃  and �̃�𝑖𝑗 <  �̃�𝑖𝑗 
                      𝑐̅̃𝑖𝑗 < 0̃  and �̃�𝑖𝑗 >  �̃�𝑖𝑗       
             Where,  �̃�𝑖𝑗 denotes the fuzzy flow.  �̃̅�𝑖𝑗  denotes the fuzzy    
             relative costs and the lower bound �̃�𝑖𝑗  and upper bound  �̃�𝑖𝑗  are assumed to be the     
             fuzzy integer values with the condition 
                                                 0̃ ≤  �̃�𝑖𝑗 ≤  �̃�𝑖𝑗 ≤  ∞̃            
Step 2:  Given the selected arc ( i , j) seek an eligible flow-augmented path connecting node    
               i  and node j, alter the  fuzzy flow, and return to step 1. If no such path exists,   
               proceed to step 3. 
Step 3: Revise the fuzzy current relative costs, if possible; return to step 2 if arc ( i , j)    
            remains out-of-kilter, and  otherwise return to step 1. If the fuzzy relative costs              
            cannot be revised, terminate because no feasible solution exists. 
 
 
 
 
 
 
 
 
 
                                                                                                             
 
 
 
 
 
 

Table:1 Fuzzy Out-of-Kilter Arc 

 
Case 
 

 
 �̃̅�𝑖𝑗  

 
�̃�𝑖𝑗 

Fuzzy Out-of-
kilter number 

 Fuzzy Flow 
improvement      

potential 
   1 > 0̃ < �̃�𝑖𝑗 �̃�𝑖𝑗 − �̃�𝑖𝑗 +(�̃�𝑖𝑗 − �̃�𝑖𝑗) 

 
   2 > 0̃ > �̃�𝑖𝑗  �̃̅�𝑖𝑗 (�̃�𝑖𝑗 − �̃�𝑖𝑗)       -(�̃�𝑖𝑗 − �̃�𝑖𝑗) 

 
   3 = 0̃ < �̃�𝑖𝑗 �̃�𝑖𝑗 − �̃�𝑖𝑗 +(�̃�𝑖𝑗 − �̃�𝑖𝑗) 

 
   4 = 0̃ > �̃�𝑖𝑗 �̃�𝑖𝑗 − �̃�𝑖𝑗 -(�̃�𝑖𝑗 − �̃�𝑖𝑗) 

 
   5 < 0̃ < �̃�𝑖𝑗  �̃̅�𝑖𝑗 (�̃�𝑖𝑗 − �̃�𝑖𝑗) +(�̃�𝑖𝑗 − �̃�𝑖𝑗) 

 
   6 < 0̃ > �̃�𝑖𝑗 �̃�𝑖𝑗 − �̃�𝑖𝑗 -(�̃�𝑖𝑗 − �̃�𝑖𝑗) 
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      Now we amplify each of these instructions. 
                                   A reasonable selection rule in step 1 is to choose an arc that has the 

largest fuzzy out-of-kilter number, indicated in Table:1. If the selected arc is case 1,3,or 
5 in Table:1, then to increase the  fuzzy flow along arc (i , j) ; in order to keep the fuzzy 
trial solution feasible in the circulation constraints (2), this requires to find a  fuzzy 
flow-augmenting path starting at Node j and ending at Node i. Analogously, if the 
selected arc is case 2,4, or 6, then to decrease the  fuzzy flow along arc (i , j) ; hence, 
find a  fuzzy flow-augmenting path starting at Node i and ending at Node j. The fuzzy 
flow improvement potential for arc (i , j) is given in the final column of Table:1; if  
fuzzy flow on arc changes by that amount, the arc becomes in-kilter.   

                       Find an eligible fuzzy flow-augmenting path at step 2. Begin by labeling, with 
( ),   Node j in cases 1,3, and 5, and Node i in cases 2,4,and 6. Suppose that Node k 
has been labeled. Then if Node h is unlabeled, label with ( )if in the fuzzy trial 
solution arc (k , h) satisfies 
  

                                       𝑐̅̃𝑘 ℎ > 0̃  and  �̃�𝑘 ℎ <  �̃�𝑘ℎ 
                                                        or                                                                              (5) 
                                        𝑐̅̃𝑘 ℎ ≤ 0̃  and �̃�𝑘 ℎ <  �̃�𝑘 ℎ 
 
                                           or if arc (h , k) satisfies 
 
                                      𝑐̅̃ℎ 𝑘 ≥ 0̃   and  �̃�ℎ 𝑘 >  �̃�ℎ 𝑘 
                                                        or                                                                              (6) 
 
                                      𝑐̅̃ℎ 𝑘 < 0̃  and �̃�ℎ 𝑘 >  �̃�ℎ 𝑘 
           If  Node h is labeled from Node k and one of the conditions in (5) holds, then it is 

possible  for fuzzy augment flow on arc ( k, h); analogously, if one of the conditions 
in (6) holds, then it is diminish  fuzzy flow on arc (h , k). The limiting amount of 
fuzzy flow alteration permitted in each of these cases is shown in Table: 2. 

 
 
 
 
 
 
 
 
 
 
 
                                                           
                                           
                      
 
 
 
                                       Table: 2   Fuzzy Flow Alteration Amounts 
 

Case Condition  Fuzzy Flow 
Alteration 

A �̃�𝑘 ℎ <  �̃�𝑘ℎ +(�̃�𝑘 ℎ − �̃�𝑘ℎ) 
 

B �̃�𝑘 ℎ <  �̃�𝑘 ℎ 
 
 

+(�̃�𝑘 ℎ − �̃�𝑘 ℎ) 

C �̃�ℎ 𝑘 >  �̃�ℎ 𝑘 
 

-(�̃�ℎ 𝑘 − �̃�ℎ 𝑘) 
 

D �̃�ℎ 𝑘 >  �̃�ℎ 𝑘 
 

-(�̃�ℎ 𝑘 − �̃�ℎ 𝑘) 
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         Continue the labeling process until either Node i in cases 1,3, and 5 or Node j in cases  
2,4, an6 is labeled. In this event, a fuzzy flow-augmenting path has been discovered. Then 
reroute as much fuzzy flow along this path as possible, given the fuzzy flow improvement 
potential in table: 1 and the fuzzy limits on the alteration amounts indicated in table :2. 

 
             Find a fuzzy flow-augmenting path as indicated by the process in step 2, revise the 
fuzzy trial �̃�𝑘 values in step 3. After doing so, resume step 2 and proceed toward finding an 
eligible fuzzy flow-augmenting path. (alter between step 2 and step3 more than once to find 
such a path.) 
 At step 3, 
                       (i)  Add 𝑐̅̃  to �̃�𝑘 if Node k is labeled, 
                       (ii)Leave �̃�𝑘 unchanged if Node k is unlabeled , where 𝑐̅̃  is calculated as      
follows 
 
Let  
           
                  �̃� 1  =   ( Smallest fuzzy relative cost  𝑐̅̃𝑖𝑗 among each of the arcs that is from a         
                                labeled Node to an unlabeled Node and has Node to an unlabeled Node   
                                and has  𝑐̅̃𝑖𝑗 > 0̃ and �̃�𝑖𝑗 ≤  �̃�𝑖𝑗.) 
                   
                           
                 �̃� 2    =   ( Largest fuzzy relative cost 𝑐̅̃𝑖𝑗  among each of the arcs that is from an      
                                     Unlabeled Node to a labeled Node and has  𝑐̅̃𝑖𝑗 < 0 and  �̃�𝑖𝑗 ≥ �̃�𝑖𝑗. ) 
   Then 
                                          𝑐 ̅̃ =    minimum (  �̃� 1  , − �̃� 2  ,  ∞̃  )                                         (7) 
 

             If both   �̃� 1   and  �̃� 2   do not exists, (no arcs meet the stated conditions), so that  𝑐 ̅̃ =   
∞̃ , the problem has no fuzzy feasible solution. When  �̃� 2  exists, is negative, since it is the 
largest value taken from negative fuzzy numbers. Hence, 𝑐 ̅̃ is always positive.  

 
5. Numerical Example 
                                        Aretha Holly, the owner of the extensive woodlands in 
Canada, each November drawn up a territorial plan for cutting several hundred thousand 
Christmas trees that are shipped to several market locations. Specially, trees may be 
harvested from any of the forest tracts and shipped to the 6 markets. The cost of shipping 
each thousand trees from market i to market j is 𝑐 𝑖 𝑗. The lower and upper bound of the 
trees to be cut in the forest tracts, the minimum and maximum shipment quantities must be 
satisfied at each market locations. The lower bound 𝑟 𝑖 𝑗 and upper bound 𝑢 𝑖 𝑗 are assumed 
to be integer-valued, where 0 ≤  𝑟 𝑖 𝑗 ≤ 𝑢 𝑖 𝑗 ≤ ∞ . Let  𝑥 𝑖 𝑗 be the flow from market i to 
market j, where     𝑟 𝑖 𝑗 ≤ 𝑥 𝑖 𝑗  ≤ 𝑢 𝑖 𝑗 and 𝑦 𝑖 be the dual variable associated with the Node 
i, 𝑦 𝑗 be the dual variable associated with the Node j. the dual problem constraint for each (i 
, j) would be  𝑦 𝑖 −  𝑦 𝑗 ≤  𝑐 𝑖 𝑗.  The whole problem is now transformed in to a 
transshipment problem. An out-of-kilter method is well-suited to solve transshipment 
problem. In this case, the cost,  flow, lower and upper bounds of the transshipment problem 
may be uncertain due to some uncontrollable factors. So, fuzziness is introduced. Now the 
problem is converted in to a fuzzy transshipment problem. The fuzzy cost of shipment for 
each (i , j) is �̃�𝑖𝑗. The fuzzy bounds are �̃�𝑖𝑗  and �̃�𝑖𝑗. Where,  �̃� 𝑖 𝑗 ≤ �̃� 𝑖 𝑗  ≤ �̃� 𝑖 𝑗. The fuzzy 
dual problem constraint for each  (i , j) would be   
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                                             �̃� 𝑖 −  �̃� 𝑗 ≤  �̃� 𝑖 𝑗                                                             (8) 
 
                        The fuzzy relative costs is denoted by the symbol  𝑐 ̃̅ 𝑖 𝑗  ≡ �̃� 𝑖 𝑗 − �̃� 𝑖 +  �̃� 𝑗 . 

The problem is taken in the form of fuzzy network as given in Fig: 2. The fuzzy costs 
and fuzzy bounds are considered in Table: 3. An initial circulation is exhibited; the fuzzy 
trial solution does not satisfy the fuzzy bound restrictions for arcs (MKT2,MKT4), 
(MKT6 , MKT3) and (MKT6 , MKT2). Assume that the initial values for the fuzzy dual 
variables are 

              �̃�𝟏 = (𝟓, 𝟔, 𝟕, 𝟖, 𝟗)   ,    �̃�𝟐 = (𝟐, 𝟒, 𝟔, 𝟖, 𝟏𝟎)  ,   �̃�𝟑 = (𝟐, 𝟒, 𝟔, 𝟖, 𝟏𝟎) 

 

              �̃�𝟒 = (−𝟏, 𝟎, 𝟏, 𝟐, 𝟑)   ,    �̃�𝟓 = (−𝟐, −𝟏, 𝟎, 𝟏, 𝟐)   ,   �̃�𝟔 = (−𝟐, −𝟏, 𝟎, 𝟏, 𝟐) 

 

 

 
 

                                            

  

                         

                                                                                                                                                   
                                           

                                                                                                                                                                                                   

 

 

 

 

 

                     Fig:2 Fuzzy Initial Circulation and Label 

 

 

 

 

 

 

MKT2 

MKT1 

MKT3 

MKT4 MKT5 MKT6 

(0,2,4,6,8) 

(0,2

,4,6,

8) 

(0,2,4,6,8) (2,9,16,23,30) 

(2,7,12,17,22) 

(2,7,12,17,22) 
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                            Table: 3   Fuzzy Network Data and  Fuzzy Initial Solution. 
 
Step 1: Examine the greatest out-of-kilter fuzzy number. 
 
Step 2: Since the fuzzy current flow on the arc (MKT6,MKT3) exceeds the fuzzy upper       
           bound (7,8,9,10,11) the  fuzzy flow is to be reduced. Seek an eligible fuzzy 
           augmented flow from  MKT6  to MKT3. Start by labeling Node MKT6 and then     
           Node MKT2, since   

                              �̃̅�  6 2  = (−2,2,6,10,14) > (−2, −1,0,1,2) 
                                   𝑥 ̃6 2  = (0,2,4,6,8 ) < (5,6,7,8,9) =   �̃�6 2  
Step 3:     𝑐 ̃1 = min( �̃�21   ,   �̃�25 ) 
                      = min  (  (−5,3,11,19,27), (−5, −1,3,7,11)  ) 
                      = (−5, −1,3,7,11) 
             Now, the new  𝑦 ̃2  = (−3,3,9,15,21) 𝑎𝑛𝑑  𝑦 ̃6  =  (−7, −2,3,8,13) 
              �̃� 1 = (5,6,7,8,9)   ,     �̃�2 = (−3,3,9,15,21)  ,     �̃� 3 = (2,4,6,8,10) 
               �̃�4 = (−1,0,1,2,3)   ,    �̃�5 = (−2, −1,0,1,2)       ,     �̃� 6 = (−7, −2,3,8,13)     
             There will be changes in the fuzzy relative costs because of the new  𝑦 ̃𝑘 ‘s 
 
 Step 4: The new value 𝑐 ̃̅2 5  now permits the labeling process. Label the Nodes MKT5 and 
              MKT3     �̃̅�  2 5  = (−16, −8,0,8,16)                      𝑐 ̃̅  3 5  = (−2, −1.0,1,2)  
 
                   𝑥 ̃2 5  = (−2, −1,0,1,2) <  �̃�2 5          𝑥 ̃3 5  = (2,7,12,17,22 ) > 0 =    �̃� 3 5      
 
 
 
 
     
            

 

Arc 

(i , j) 

 

Bounds 

  

Initial solution 

 �̃� 𝑖𝑗   𝑢 ̃ 𝑖𝑗  �̃� 𝑖𝑗  𝑥 ̃𝑖𝑗   �̃̅� 𝑖𝑗  Out-of-kilter 
number 

(MKT1,MKT4) (-2,-1,0,1,2) (∞, ∞, ∞, ∞, ∞) (2,5,8,11,14) (-2,-1,0,1,2) (-8,-3,2,7,12) (-4,-2,0,2,4) 
(MKT2,MKT1) (-2,-1,0,1,2) (2,4,6,8,10) (0,5,10,15,20) (-2,-1,0,1,2) (-

5,3,11,19,27) 
(-4,-2,0,2,4) 

(MKT2,MKT4) (-2,-1,0,1,2) (1,2,3,4,5) (2,4,6,8,10) (0,2,4,6,8) (-1,0,1,2,3) (0,2,4,6,8) 

(MKT2,MKT5) (-2,-1,0,1,2) (∞, ∞, ∞, ∞, ∞) (7,8,9,10,11) (-2,-1,0,1,2) (-5,-1,3,7,12) (-2,-1,0,1,2) 
(MKT3,MKT1) (-2,-1,0,1,2) (∞, ∞, ∞, ∞, ∞) (5,8,11,14,17) (-2,-1,0,1,2) (0,6,12,18,29) (-2,-1,0,1,2) 

(MKT3,MKT4) (-2,-1,0,1,2) (0,4,8,12,16) (0,2,4,6,8) (-2,-1,0,1,2) (-11,-6,-1,4,9) (0,4,8,12,16) 
(MKT3,MKT5) (-2,-1,0,1,2) (∞, ∞, ∞, ∞, ∞) (2,4,6,8,10) (2,7,12,17,2

2) 
(-10,-

5,0,5,10) 
(-10,-
5,0,5,10) 

(MKT4,MKT5) (-2,-1,0,1,2) (0,5,10,15,20) (-1,0,1,2,3) 0,2,4,6,8) (-6,-3,0,3,6) (-6,-3,0,3,6) 
(MKT5,MKT6) (2,9,16,23,3

0) 
(2,9,16,23,30) (-2,-1,0,1,2) (2,9,16,23,3

0) 
(-6,-3,0,3,6) (-6,-3,0,3,6) 

(MKT6,MKT2) (5,6,7,8,9) (5,6,7,8,9) (-2,-1,0,1,2) (0,2,4,6,8) (-2,2,6,10,14) (-3,0,3,6,9) 
(MKT6,MKT3) (7,8,9,10.11

) 
(7,8,9,10,11) (-2,-1,0,1,2) (2,7,12,17,

22) 
(-

2,2,6,10,14) 
(12,15,18,21, 
24) 
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                                      Fig: 3 Fuzzy Flow augmenting path     

                                                                                                                                                                                                                                                                                                                                                         

                                                   

  

                        

                                                                                                                                              
                                                    

                                                                                                              

   

 

 

 

                                                                       

                                                      Fig:4. Revised Fuzzy Flow and Labeling  
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Step 5: The altered  fuzzy flow makes (MKT6,MKT2) and (MKT6,MKT3) in-kilter. The  
             out-of-kilter for other two markets are  (MKT2,MKT4) = (-1,1,0,2,3) and     
             (MKT3,MKT4) =  (0,4,8,12,16). Select (MKT3,MKT4). 
 
Step 6:  The fuzzy total cost can be reduced by the level of the fuzzy flow. Seek an        
             eligible fuzzy flow from MKT4 to MKT3. Start labeling MKT4 and MKT5. 
 

                                  �̃̅�  4 5  = (−6, −3,0,3,6)  
                                      𝑥 ̃4 5  = (0,2,4,6,8 > (−6, −3,0,3,6) =   �̃�4 5  
                                      �̃̅�  3 5  = (−2, −1,0,1,2)  
                                      𝑥 ̃3 5  = (7,8,9,10,11 ) <    �̃� 3 5  
          the fuzzy flow improvement path (MKT4,MKT5) = (-8,-1,6,13,20)  so that                    
           (2,4,6,8,10) can be reroute.   
                     
 
                              
                                              
                                                                                                                                                                
                                     

                        

                                                                                                                                              
                                                    

                                                                                                              

   

 

 

 

                                                                                

                         Fig: 5. Revised  Fuzzy Flow  from Step 6 and Labeling     

Step 7: The arc (MKT3,MKT4) is still in out-of-kilter, although its out-of-kilter  fuzzy  
             number has improved and equals to (0,1,2,3,4,);the out-of-kilter fuzzy number for    
             arc   (MKT2,MKT4) has not changed. Select arc (MKT3,MKT4) again. 
 
Step 8:  Start label the Nodes MKT4 and MKT2 because,  

                                  �̃̅�  2 4  = (−20, −11, −2,7,16)  
                                     𝑥 ̃2 4  = (0,2,4,6,8 ) > (1,2,3,4,5) =    �̃� 2 4  
                                      �̃̅�  2 5  = (−16, −8,0,8,16)  

                                𝑥 ̃2 5  = (−5, −1,3,7,11) >    �̃� 2 5 
                                 �̃̅�  3 5  = (−2, −1,0,1,2)  

                                     𝑥 ̃3 5  = (1,2,3,4,5 ) > (−2, −1,0,1,2) =   �̃�3 5  
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            The fuzzy flow augmented path here reroutes with  fuzzy flow (MKT2,MKT4) = 
             ( -1,0,1,2,3), determine by the fuzzy current flow on the arc (MKT2,MKT4), which 

is one unit in excess of the arc’s fuzzy upper bound. 
 
 Step 9: The new fuzzy solution has brought arc (MKT2,MKT4) in kilter, but arc  
              (MKT3,MKT4) Still remains out-of-kilter, with its new out-of-kilter fuzzy number        
              equal to  (-1,0,1,2,3). 
 
 Step 10: Start labeling Node MKT4. We cannot label any other Nodes. 
 
                                   𝑐 ̃2   = max( 𝑐 ̃2 4  ,  �̃� 3 4) 
                                             = max(  (−20, −11, −2,7,16) , (−11, −6, −1,4,9)  ) 
                                             = (−11, −6, −1,4,9) 
                 No other arc qualifies for the computation of    𝑐 ̃1 . Hence 
                     𝑐̅ ̃ =  − 𝑐 ̃2 = (11,6,1,-4,-9) 
        Now, the new  �̃� 𝑘‘s  are 
            �̃� 1 = (5,6,7,8,9)            ,   �̃�2 = (−3,3,9,15,21)       ,    �̃� 3 = (2,4,6,8,10) 
            �̃�4 = (10,6,2, −6, −3)   ,    �̃�5 = (−2, −1,0,1,2)        ,  �̃� 6 = (−7, −2,3,8,13)     
       Now all the arcs are in kilter. 
                          
                       
                                                                                                                                                                                                                                                                                   
                  

  

                        

                                                                                                                                                                                                  

                                                                                                              

   

 

 

 

                                                                       

                                            

                                                        Fig: 6 Fuzzy Optimal Flow 
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Conclusion 
                      An important property of this method is that the  fuzzy out-of-kilter numbers 
never increase from one step to the next; hence, once an arc is in-kilter , it remains so 
thereafter. This method is particularly well-suited when the model is optimized repeatedly, 
each time with only slight modifications in the parameters. A numerical example is solved 
to illustrate the proposed method. It is used for maximum flow technique occurring in real 
life situation. 
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