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Abstract 

 

A differential equation model for the dynamics of HIV with 

cure rate is presented to investigate the stability of infected 

state. Further, the basic reproduction number is determined, 

non-negative solution, equilibriums, and stability are 

discussed. The stability evaluations are done through the three 

components which are considered in the proposed model. At 

last, numerical simulations are presented to illustrate the 

results for which the system is asymptotically stable when 

 R 0 > 1 . 
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Introduction 

 

AIDS- Acquired Immuno-Deficiency Syndrome is caused by 

Human Immunodeficiency virus [8] (HIV). HIV is most 

dangerous as it affects human immune system. Still, now we 

could not get the complete mechanism to cure the disease of 

AIDS. According to the Global Health Observatory (GHO) 

approximately 36.7 million people of the world population 

were affected by the disease. HIV is a retrovirus because the 

genetic information transferred from RNA into DNA [3]. In 

HIV, the major target is CD4 T-lymphocytes and white blood 

cells of the immune system are affected. In 1989, the simplest 

model of HIV infection was proposed by perelson [10]. Later 

this model was extended by perelson et.al., [9]. Many of 

mathematical models of HIV have been proposed for 

understanding the dynamics of HIV for the different types of 

approaches [6, 7, 11]. 

 

In this paper, we reconstruct the model for the dynamics of 

HIV infection proposed by R.V Culshaw et. al.,[1], which 

considering only the three components: uninfected CD4 + T-

cells, infected CD4+ T-cells, and free virus particles. We 

discuss the existence, local stability, and global stability of the 

infected steady state. Further, we apply the discrete time delay 

for the proposed model, evaluations for the infected steady 

state is asymptotically stable for all delay. Numerical analysis 

is provided to illustrate the results. 

 

Presentation of the model 

 

This model consists of three components namely healthy T-

cells, free virus, and infected T-cells. T, I and V denotes the 

number of target cells, infected cells, and free virus 

respectively. The model is formulated by considering the 

below assumption. 

 
 

Figure 1: Diagrammatic representations presented to      

                understand HIV infection with cure rate. 

 

In this model, we consider the dynamics of HIV infection with 

cure rate, 
 
dT(t)

dt
= s + δT(t) (1 −

T(t)

Tmax
) + ρII(t) − α1V(t)T(t)−dTT(t) 

dI(t)

dt
= α2V(t)T(t) − (dT + ρI)I(t)                                     (1)        

dV(t)

dt
= NγI(t) − dVV(t) 

with the initial conditions, T(t) = T(0) , I(t) = 0 and  

V (t) = V (0), where the parameters, s denotes the source of 

the CD4+ T-cells, Tmax denotes density of the population, 𝛿  is 

a growth rate of T-cells, dT is the natural death rate of T-cells, 

𝜌𝐼 is the rate of cure from infected into uninfected,  

𝛼1 denotes infection rate of both T and V.  𝛼2 denotes rate of 

infected cells becomes actively infected, dI is a death rate of 

infected cells, N is a viral particle produced from infected 

cells, 𝛾 is a lytic death rate of infected cells, dV is a death rate 

of virus.  
 

Boundedness 

 

In this section, we investigate the boundedness of the system 

(1) and that argument describes a existence of positive 

solutions. We denote, T(t) > 0, I(t) > 0, V (t) > 0 . 

 

Theorem 1 :  The system (1) has all the solutions bounded in 

R3
+

. 

proof : From the system ( 1 ), we require to show that T(t) is 

bounded. By [2, 4] the Gronwall inequality, 

𝑇(𝑡) = 𝑇(0)𝑒−∫ ((𝜁+𝜂)+𝛼1𝑉(𝑥))𝑑𝑥
𝑡

0 + ∫ 𝑒−∫ (
(𝜁+𝜂)+𝛼1𝑉(𝑦))𝑑𝑦

𝑡

𝑥 𝑠 𝑑𝑠
𝑡

0
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𝑇(𝑡) ≤ 𝑇(0)𝑒−∫ ((𝜁+𝜂)+𝛼1𝑉(𝑥))𝑑𝑥
𝑡
0 + 𝑆𝑒−∫ (𝜁+𝜂)𝑑𝑥

𝑡
0 ∫ 𝑒−∫ 𝛼1𝑉

(𝑦) 𝑑𝑦
𝑡
0 𝑑𝑥

𝑡

0
 

where 𝜁 = (𝑑𝑇 − 𝛿), 𝜂 =
2𝛿𝑇

𝑇𝑚𝑎𝑥
,   as t tends to 1 then 

𝑒−∫ (𝜁+𝜂)
𝑡
0 𝑑𝑥 is bounded. Hence T(t) is bounded for t > 0 and 

𝐼(𝑡) = 𝑒−(𝑑𝐼+𝜌𝐼)𝑥(𝐼(0) + ∫ 𝑒−(𝜁+𝜂)𝑥𝛼2𝑇(𝑥)𝑉(𝑥)𝑑𝑥
𝑡

0
) is 

bounded from which V(t) is also bounded. Hence T(t)≥ 0, 

I(t) ≥ 0, V (t) ≥ 0 , then our determination gives that all the 

solutions are bounded in R3
+

. 

 

Equalibria and local Stability 

In the system (1), we found that the non-negative equilibrium 

points exist as follows, 𝐸0 = (𝑇0,0,0) = (1000,0,0) and 𝐸1 =

(𝑇1,𝐼1,, 𝑉1,)  where, 

𝑇0 = [
𝑇𝑚𝑎𝑥

2𝛿
((𝛿 − 𝑑𝑇) + √(𝛿 − 𝑑𝑇)

2 + 4𝛿𝑠𝑇𝑚𝑎𝑥
−1 ) , 0,0] 𝑇1 =

𝑑𝑉(𝑑𝐼+𝜌𝐼)

𝑁𝛾
, 𝐼1 =

𝑑𝑉𝑉1

𝑁𝛾
, 𝑉1 =

𝑁𝛾

(𝜌𝐼𝑑𝑉−𝛼1𝑇1)
(𝑑𝑇 − 𝑠 −

𝛿𝑇 (1 −
𝑇1

𝑇𝑚𝑎𝑥
)) , 𝐸1 = (230,31.9,3193.8),  following our 

analysis 𝑅0 =
𝑇0

𝑇1
 , when 𝑅0 > 1, (𝑅0 = 4.3479 > 1) 𝐸0 will 

be unstable and 𝐸1 exist. The jacobian matrix of the system 

(1) becomes, 

𝐽 = (

(𝛿 − 𝑑𝑇 −
2𝛿𝑇1

𝑇𝑚𝑎𝑥
) − 𝛼1𝑉1 𝜌𝐼 −𝛼1𝑇1

𝛼2𝑉1 −(𝑑𝐼 + 𝜌𝐼) 𝛼2𝑇1
0 𝑁𝛾 −𝑑𝑉

), 

From the jacobian matrix at 𝐽(𝐸0) that the characteristic 

equation shows that one of the eigenvalues has positive real 

parts. Thus the system becomes unstable. The infected steady 

state 𝐽(𝐸1) becomes, 

                |𝑑𝑒𝑡 − 𝐽(𝐸1)| = 𝜆
3 + 𝑎1𝜆

2 + 𝑎2𝜆 + 𝑎3 = 0,  

Where, 

𝑎1 = 𝑑𝐼 + 𝜌𝐼 + 𝑑𝑉 + 𝑑𝑇 − 𝛿 +
2𝛿𝑇1

𝑇𝑚𝑎𝑥
+ 𝛼1𝑉1,                              

𝑎2 = (𝑑𝑉(𝑑𝐼 + 𝜌𝐼) − 𝑁𝛾𝛼2𝑇1 + (𝑑𝑇 − 𝛿 +
2𝛿𝑇1

𝑇𝑚𝑎𝑥
) +   𝛼1𝑉1 ) ((𝑑𝐼 +

           𝜌𝐼 + 𝑑𝑉) − 𝛼2𝑉1𝑑𝑉),                                                             

𝑎3 = 𝑑𝑇 − 𝛿 +
2𝛿𝑇1

𝑇𝑚𝑎𝑥
+ 𝛼1𝑉1(𝑑𝑉(𝑑𝐼 + 𝜌𝐼 − 𝑁𝛾𝛼2𝑇1)) +

          𝛼1𝑇1𝛼2𝑁𝑉1𝛾 − 𝛼2𝑉1𝜌𝐼𝑑𝑉 . 
By Routh Hurwitz Criteria, clearly a1 > 0 , a2 > 0 , a3 > 0 and 

a1a2 − a3 > 0 , it gives that all the eigen values have negative 

real parts and E1 is locally asymptotically stable. 

 

Global stability 
 

In this section, we investigate the global stability for the 

infected steady state. 

 

Theorem 2 :  The system (1) is said to be globally 

asymptotically stable, it will suffice to show that the system is 

competitive in D3
+

. 

proof : By [5] of competitive at jacobian matrix at J(E1) of the 

system (1 ) and we denote the H matrix as diag (𝜖1, 𝜖2,…𝜖𝑛) 

where 𝜖𝑖(𝑖 =  1, 2. . . 𝑛) is either 1 or -1,  𝐻
𝜕𝑓

𝜕𝑥
 𝐻 has 

nonpositive off diagonal elements for all 𝑥 𝜖 𝐷 . Let the 

diagonal matrix as H=diag (−1, 1,−1 ) and 

𝜕𝑓

𝜕𝑥
=

(

 
(𝛿 − 𝑑𝑇 −

2𝛿𝑇1
𝑇𝑚𝑎𝑥

) − 𝛼1𝑉1 𝜌𝐼 −𝛼1𝑇1

𝛼2𝑉1 −(𝑑𝐼 + 𝜌𝐼) 𝛼2𝑇1
0 𝑁𝛾 −𝑑𝑉 )

  

Hence 𝐻 
𝜕𝑓

𝜕𝑥
𝐻 has non-positive of diagonal elements then the 

system is competitive in D3
+   and the infected steady state is 

globally asymptotically stable. 

 

Delay model 

 

In this section, we discuss the time delay of the system ( 1 ). 

The time delay which takes the time between infected cells to 

become actively infected cells. Hence the model, 

dT(t)

dt
= s + δT(t) (1 −

T(t)

Tmax
) + ρII(t) − α1V(t)T(t)−dTT(t) 

dI(t)

dt
= α2V(t − τ)T(t − τ) − (dT + ρI)I(t)                   (2)       

dV(t)

dt
= NγI(t) − dVV(t) 

with the initial values T(𝜃) = T0 , I(𝜃) = I0,  V (𝜃) = V0   𝜃 ∈
 [−𝜏, 0] . Where 𝜏 represent the length of the delay. We 

already discussed the steady states value E0 and E1 in ODE 

model. The system (2) can be linearized as follows, 

𝑀1 =

(

 
(𝛿 − 𝑑𝑇 −

2𝛿𝑇1
𝑇𝑚𝑎𝑥

) − 𝛼1𝑉1 𝜌𝐼 −𝛼1𝑇1

0 −(𝑑𝐼 + 𝜌𝐼) 0
0 𝑁𝛾 −𝑑𝑉 )

  

   𝑀2 = (
0 0 0
𝛼2𝑉1 0 𝛼2𝑇1
0 0 0

), 

The characteristic equation of the system (2) becomes, 

𝜆3 + 𝑢1𝜆
2 + 𝑢2𝜆 + 𝑢3𝜆𝑒

−𝜆𝜏 + 𝑢4𝑒
−𝜆𝜏 + 𝑢5 = 0     (3) 

Where 

𝑢1 = (𝑑𝑉 + 𝜌𝐼 + 𝑑𝐼 + (𝑑𝑇 − 𝛿 +
2𝛿𝑇1

𝑇𝑚𝑎𝑥
+ 𝛼1𝑉1)), 

𝑢2 = 𝑑𝑉(𝑑𝐼 + 𝜌𝐼) + (𝑑𝑉 + 𝑑𝐼 + 𝜌𝐼)(𝑑𝑇−𝛿 +
2𝛿𝑇1

𝑇𝑚𝑎𝑥
+ 𝛼1𝑉1), 

𝑢3 = 𝑑𝑉(𝑑𝐼 + 𝜌𝐼) (𝑑𝑇 − 𝛿 +
2𝑇1

𝑇𝑚𝑎𝑥
+ 𝛼1𝑉𝐼), 

𝑢4 = −𝛼2(𝑁𝑇1𝛾 + 𝑉1𝜌𝐼), 

𝑢5 = 𝛼1𝑇1𝛾𝛼2𝑉1 − 𝜌𝐼𝛼2𝑉1𝑑𝑉−𝑁𝛾𝛼2𝑇1(𝑑𝑇 − 𝛿 +
2𝑇1

𝑇𝑚𝑎𝑥
+ 𝛼1𝑉1), 

 

We already know that E1 is asymptotically stable, it is clear 

that the roots of the characteristic equation have negative real 

parts for 𝜏 = 0 . We had a transcendental equation for 𝜏 ≠ 0 

and it has infinitely many eigen values for the root of Eq (3) . 

Denote 𝜆 =𝜂(𝜏) + 𝑖𝜔(𝜏) , here the real and imaginary parts 

depend on  . Then 𝜆 = 𝑖𝜔  , equating real and imaginary parts, 

it gives 

                𝑢1𝜔
2 − 𝑢3 = 𝑢4𝜔𝑠𝑖𝑛𝜔𝜏 + 𝑢5𝑐𝑜𝑠𝜔𝜏                    (4)                                   

                 𝜔3 − 𝜔𝑢2 = 𝑢4𝜔𝑐𝑜𝑠𝜔𝜏 − 𝑢5𝑠𝑖𝑛𝜔𝜏                    (5) 

Solving Eq (4) and Eq (5) ,we get                                       

𝜔6 + (𝑢1
2 − 2𝑢2)𝜔

2 + (𝑢2
2 − 2𝑢1𝑢3 − 𝑢4

2)𝜔2 + (𝑢3
2 − 𝑢5

2) = 0   (6) 

In Eq. (6) , we consider 𝑦 = 𝜔2 

                    𝑦3 + 𝐴𝑦2 + 𝐵𝑦 + 𝐶 = 0                                   (7)                          
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Where, 

𝐴 = 𝑢1
2 − 𝑢2

2, 𝐵 = 𝑢2
2 − 2𝑢1𝑢3 − 𝑢4

2  and 𝑢3
2 − 𝑢5

2. It was 

found that (7) has all the roots with negative real parts, then 

(2) has no purly imaginary roots, by the Routh Hurwitz 

Criteria theorem, 𝐴 𝐵 −  𝐶 >  0 is satisfied. 

 

Proposition:1  In the system (2) , following conditions are 

satisfied for the infected steady state. 

 u1 > 0, u3 + u5 > 0, u1(u2 + u4) − (u3 + u5) > 0 

 C ≥ 0 and B > 0 

E1 is asymptotically stable for the system (2) for all τ ≥ 0, 

Whenever R0 > 1 and also given conditions are satisfied. 

 

Numerical analysis 

 

Numerical solution obtained with the help of mathematica. 

The parameter values are s = 10 mm−3 day−1, dT = 0.02 day−1 

,𝛿 = 0.03 day −1 , 𝜌I = 0.2 day−1 , 𝛼1 = 0.000024 day −1 mm−3 , 

𝛼2 = 0.00002 day −1 mm−3 , dI = 0.26 day −1 , N = 1000 , 𝛾 = 

0.24 day−1 , dV = 2.4 day−1 , Tmax = 1500 . The initial 

conditions IC1 = (1000, 0, 0.001) (dashed), IC2 = (1000, 10, 

10) (dot-dashed), and IC3 = (1000, 100, 100) (plane) are used 

to plot the results in Figure. 2. Figure. 3 result by using IC1 

and for 𝜏 = 1. 

 

 
 

 
 

 

      

           
 

 

Figure.2. ODE model: The system (1) is asymptotically      

               Stable for IC1(dash), IC2(dot − dashed), IC3(plane). 
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             Figure.3. Delay model: The system (2) is                  

                            asymptotically stable for IC1 when 𝜏 = 1. 

 

Conclusion 
 

In this paper, we proposed the stability analysis of 

Mathematical model for the dynamics of HIV with cure rate. 

The basic reproduction number R0 < 1, the uninfected state 

does not exist, E0 is unstable and the virus dies out. If R0 > 1 , 

the infected state exists, E1 is stable and the virus persists in 

the host. The boundedness of solution and equilibria analysis 

are presented. By stability analysis, the system (1) has a 

positive equilibrium for the infected steady state. The analysis 

conditions are satisfied and numerical simulations are also 

confirmed in our analysis. Later, the effect of delay (which 

takes the time from the infected cells to become actively 

infected) is studied. We had a transcendental equation, by our 

analysis it was clear that the system remains stable for all  . 

Our analysis describes that the activation of infected cells is 

not affected by the delay. 
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