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Abstract   

Let G= (V,E) be an undirected simple Graph.  We consider a 

proper total coloring distinguishes adjacent vertices, if every 

two adjacent vertices have different set of colors of the edges 

incident to the vertex and the color of the vertex.  The purpose 

of this paper is to study the AVD (Adjacent Vertex 

Distinguishing) total coloring of some simple graphs.  Also 

we determine the AVD-total chromatic number of Barbell 

graph, Lollipop graph, Windmill graph. 
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Introduction 

In this paper, we have chosen finite, simple and undirected 

graphs. Let G=(V(G),E(G) be a graph with the vertex set 

V(G) and the Edge set E(G) respectively. The elements of 

V(G) and E(G) are commonly called the graph classification.  

A coloring of a Graph G is to assign colors (numbers) to the 

vertices or edges or both.  A vertex coloring (edge coloring) is 

called proper if no two vertices (edges) receive the same 

color.  Many variants of proper colorings are available in the 

literature such as a-coloring, b-coloring, list coloring, total 

coloring etc.  The present work is focused on total coloring of 

graphs.  A total coloring of G is a function f: S  C where 

S=V(G) E(G) and C is a set of colors to satisfies the given 

conditions 

      No Two adjacent vertices receive the same color. 

      No two adjacent edges receive the same color.                      

      No edges and its end vertices receive the same color.  

The total chromatic number  ’’(G) of a graph G is the 

minimum cardinality k such that G may have a total coloring 

by k-colors.  Behzad [2] and vizing [2] conjectured that for  

every simple graph G has (G)+1≤  ’’(G)≤  (G) +2, 

where  (G) is the maximum degree of the graph G.  This 

conjecture is called as the total coloring conjecture(TCC). 

Definition 1.1.   

Vertex  coloring :  

 Let G be a graph and let V (G) be the set of all vertices of G 

and let {1,2,3,…..k} denotes the set of all colors which are 

assigned to each vertex of G.  A proper vertex coloring of a 

graph is a mapping C : V(G){1,2,3,…..k} such that 

C(u)≠C(v) for all arbitrary adjacent vertices u,v   V(G)  

Definition 1.2.   

Chromatic number :  

 If G has a proper vertex coloring then the chromatic number 

of G is the minimum number of colors needed to color G.  

The chromatic number of G is denoted by  

  (G).  

Definition 1.3.  

Total coloring :  

A total coloring of a graph G is an assignment of colors to 

both the vertices and edges of G, such that no two adjacent or 

incident vertices and edges of are assigned the same colors.  

Definition 1.4.  

Total chromatic number :  

 The total chromatic number is the minimum number of colors 

needed to total color G [5 ] and it is denoted by 

  ”(G).  

Definition 1.5.  

AVD-total coloring :  

G is a simple graph and   is total coloring of G.   is an 

AVD-total coloring if u,vV(G) uv adjacent, we have 

C(u)≠C(v).  Here C( u) :  Set of colors that occur in a vertex u.  
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Example :    

 

 
 

  C(v2)={2,3,4}  

C(v3)={1,3,4}                    

C(v2) ≠ C(v3) Total-coloring with distinguishable vertices 

Definition 1.5.  

AVD-total chromatic number :        

  a ”(G) is the smallest number of colors for which G admits 

an AVD-total coloring.  

Definition 1.6.  

Barbell Graph :  

The n-barbell graph [8] is the simple graph obtained by 

connecting two copies of a complete graph kn by a bridge and 

is denoted by B(kn,kn).  

Example: 

 
 

                             B(k4,k4)=2 copies of k4.  

Definition 1.7.  

Lollipop Graph :  

TheL(m,n) lollipop graph[8] is the graph obtained by joining a 

complete graph km to a path graph pn with a bridge and is 

denoted by Lm,n. 

Example : 

 
 

 

 

Definition 1.8.  

Windmill graph :  

The windmill graph Wn
(m) [8] is the graph obtained by taking 

m copies of the complete graph kn with a vertex in common.  

Example : 

 
 

 

                                      Wn
(m)   = four copies of k3.  

 

2. AVD- total coloring of some simple graphs.   

In this section we have obtained the AVD-total chromatic 

number of simple graphs.  

Theorem 2.1. 

(AVD-total coloring of Lollipop graph). Let Lm,n be the 

lollipop graph then the AVD-total chromatic number of Lm,n  

is given by  

  a ”(Lm,n)=   (G)+1   m,n≥3.  

Proof :   

By the definition of lollipop graph, it is obtained by joining a 

complete graph km to a path graph pn[6] . Let 

{v1,v2,v3,…….vn} be the vertices of the complete graph km 

and {e1,e2,…….en}where {ei=vi vi+1 : 1≤i≤n-1} be the edges 

of the complete graph km. Let{v1’,v2’,…….vn’}be the vertices 

of the path graph pn and {e1’,e2’…….en’}where {ei ‘ =vi’vi+1’ : 

1≤i≤n-1}be the edges of the path graph pn. In Lm,n the vertex 

set and the edge set is given by V(Lm,n)={vi : 1≤i≤n}

{vi’:1≤i≤n} E(Lm,n)={ vi vi+1: 1≤i≤n-1} { vi’vi+1’ : 1≤i≤n-1} 

we define the AVD-total coloring f such that f : L   C 

whereL=V(Lm,n) E(Lm,n) and C={1,2,3,4,5,6}.Assign the 

colors 1,2,3,….m to all the vertex set of Lm,n (no adjacent 

vertices have the same color).  Assign the colors 1,2,3 

consecutively all the edges of the edge set Lm,n (no incident 

edges have the same color).  Thus by combining the above 

steps we get no two adjacent or incident vertices and edges of 

Lm,n are assigned the same color.  This is a proper total 

coloring, to check this total coloring, Here  C(u) : Set of 

colors that occur in a  vertex u. Two vertices u,v    v(G) are 
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distinguishable when C(u)≠C(v).Otherwise, rearranging the 

assigned colors until then to get distinguishable vertices.  

Total coloring with distinguishable vertices is the proper 

AVD-total coloring. Hence  a”(Lm,n)= (G)+1m,n≥3.   

Example : 

 

The set of colors corresponding to the vertecies  are given 

below :  

C(v1)={1,2,7,6,4,5},   

C(v2)={2,5,4,1,3,7},  

C(v3)={3,7,4,1,6,5,2},  

C(v4)={4,7,2,6,3,5},  

C(v5)={5,3,2,1,6,7},  

C(v6)={6,3,2,1,4,7},  

C(v1’)={7,2,1},  

C{v2’)={2,1,3},  

C(v3’)={1,3,4},  

C(v4’)={3,4}. Here total-coloring with distinguishable 

vertices, since C(vi)≠C(vj). Hence   a ”(Lm,n)=   (G)+1   

m,n≥3.      

Theorem 2.2.  

 (AVD-total coloring of barbell graph) Let B((kn,kn)) be the 

barbell graph, then the AVD-total chromatic number of 

B((kn,kn)) is given by   a ” (B (kn,kn)) =  (G)+2   n≥3.  

Proof :  
We know that a barbell graph obtained by connecting two 

copies of complete graph kn  by a bridge.  Let A be the first 

copy of the complete graph kn  and let B be the second copy 

of the complete graph kn.  Let{v1,v2,v3,…….vn}  be the 

vertices of A and{e1,e2,…….en}where{ei=vi vi+1 : 1≤i≤n-

1} be the edges of A. Let{v1’,v2’,…….vn’}be the 

vertices of B and {e1’,e2’…….en’}where {ei ‘ =vi’vi+1’ : 

1≤i≤n-1}be the edges of B. In B(kn,kn), the vertex set and 

edge set is given by V(B(kn,kn)) ={vi:1≤i≤n}  {vi’:1≤i≤n}, 

E(B(kn,kn)) ={ vi vi+1 : 1≤i≤n-1} { vi’vi+1’ : 1≤i≤n-1}.  We 

define the total coloring f such that  f :B   C where B=  

V(B(kn,kn))  E(B(kn,kn))) and C={1,2,3,4,5,6,7}.  Assign the 

colors 1,2,3….n to all the vertices of the vertex set B((kn,kn)) 

(no adjacent vertices have the same color).  Assign color n+1 

to the particular vertex vj’ of B which is adjacent to the 

particular vertex vi of A. Assign the colors 1,2,3 consecutively 

all the edges to the edge set B((kn,kn)) (no incident edges have 

the same color) .Thus by  combining the above steps we get 

no two adjacent or incident vertices and edges of B((kn,kn)) 

are assigned the same color.  This is a proper total coloring. 

To check this total coloring C(u) : Set of colors that occur in a  

vertex u. Two vertices u,v   V( G) are distinguishable when 

C(u)≠C(v).Otherwise, rearranging the assigned colors until 

then to get distinguishable vertices.  Total coloring with 

distinguishable vertices is the proper AVD-total coloring. 

Hence  a”(B(kn,kn)) =  (G)+2   n≥3.   

Example : 

 
The set of colors corresponding to the vertices are given 

below :  

C(v1)={1,5,7,3,2,6,4}, 

C(v2)={2,7,5,3,4,1,8}, 

C(v3)={3,5,7,2,6,8,4,9}, 

C(v4)={4,3,7,5,2,6,8}, 

C(v5)={5,7,3,4,2,1,6}, 

C(v6)={6,1,7,3,4,2,5}, 

C(v7)={7,1,5,4,2,8,3}, 

C(v8)={2,8,1,3,4,7,6}, 

C(v9)={3,1,2,6,4,1,5}, 

C(v10)={4,8,2,6,3,1,7}, 

C(v11)={5,3,8,2,4,7,6}, 

C(v12)={6,3,5,2,4,1,7}, 

C(v13)={8,7,5,3, 4,1,2}, 

C(v14)={1,8,7,2,4,3,5}Here total-coloring with distinguishable 

vertices SinceC(vi)≠C(vj). Hence   a ” (B (kn,kn)) =  (G)+2

   n≥3.   

Theorem 2.3. 

(AVD-total coloring of windmill graph) Let Wn
(m) be the 

windmill graph then the total chromatic number of  Wn
(m)   is 

given by   a ”( Wn
(m)   ) =  (G)+1   n≥3 and m≥1  

Proof :  

 From the definition of windmill graph  Wn
(m) and we know 

that is formed by taking m-copies of the complete graph kn 

with a vertex in common [6].  Since all the vertices of kn are 

adjacent to each other, each vertex receives distinct colors.  

The particular vertex vi is common vertex of the windmill 

graph Wn
(m).Let us total color the graph Wn

(m.). First assign 

color1tothe vertex in common of  Wn
(m)   Assign colors from 2 

to n to the remaining vertices of one copy kn.  Here the vertex 
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with color 1 is the common vertex to all.  We shall assign 

colors from 2 to n to the vertices of the remaining copies of 

kn. Here for any vertex vi with color I its neighbouring 

vertices are assigned with distinct colors.  Assign the colors 

1,2,3 consecutively all the edges of (Wn
(m). Here for any 

vertex vi with color I its incident edges are assigned with 

distinct colors.Thus by combining the above steps we get no 

two adjacent or incident vertices and edges of Wn
(m) are 

assigned the same color. This is a valid total coloring. To 

check this total coloring C(u) : Set of colors that occur in a 

vertex u. Two vertices u,vV(G) are distinguishable when 

C(u)≠C(v). Otherwise, rearranging the assigned colors until 

then to get distinguishable vertices. Total coloring with 

distinguishable vertices is the proper AVD-total coloring. 

Hence 
a
”(Wn

(m))= (G)+1 n≥3, m≥1  

Example : 

The set of colors corresponding to the vertices are given 

below  

C(v1)={1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,

22,23,24,25}, 

C(v2)={2,5,8,1,3,4,7}, 

C(v3)={3,6,7,2,5,8,4}, 

C(v4)={4,2,8,1,6,5,3}, 

C(v5)={5,3,2,8,4,1,5} 

C(v6)={6,7,4,3,8,2,1}, 

C(v7)={7,4,2,5,3,6,8}, 

C(v8)={8,6,1,13,7,5,2}, 

C(v9)={9,6,1,12,5,6,3}, 

C(v10)={10,1,8,2,11,3,4},  

C(v11)={11,1,8,4,10,5,3}, 

C(v12)={12,2,1,9,7,6,4}, 

C(v13)={13,2,8,1,5,3,4}, 

C(v14)={14,5,19,7,1,6,4},  

C(v15)={15,5,3,18,6,7,9}, 

C(v16)={16,3,2,7,17,5,4},  

C(v17)={17,2,3,9,1,16,8}, 

C(v18)={18,3,2,4,7,6,15},  

C(v19)={19,14,2,4,6,5,8}, 

C(v20)={20,7,25,5,6,3,4},  

C(v21)={21,3,7,5,2,1,24},  

C(v22)={22,1,3,4,2,23,5},  

C(v23)={23,8,1,7,22,6,5},  

C(v24)={24,8,6,4,2,3,21},  

C(v25)={25,6,20,7,2,1,4} 

Here  total–coloring with distinguishable vertices, since 

C(vi)≠C(vj). Hence  a ”( Wn
(m) ) =  (G)+1  n≥3 and m≥1  

 
 

 

Conclusion :  

 In this paper we determined the AVD-total chromatic number 

of  barbell graph, lollipop graph and  windmill graph.  This 

work can be further extended for various graphs.  
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