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Abstract
The objective of this paper is to study the stability of LTI
system having closed loop control. The LTI system is subjected
to linear state feedback and its response is studied under the
application of some initial conditions. Further stability of the
system with linear feed-back is investigated. Placement of poles
of the system to specified location in s-plane using appropriate
linear state feedback is also discussed and implemented in
MATLAB.
Keywords: stability, LTI system, MATLAB, pole placement,
linear feedback control
Introduction
Stability is an important aspect of control system. Since for any
result with control system, its stability must be assured. The
presence of saturations introduces stability and performance
problem to close loop. Many methods are adopted to rectify this
dynamic saturation. Sometime a modified feedback is used to
stabilize the unstable plant or to enhance the characteristic of
plant in desired manner. A linear time invariant (LTI) system is
said to be stable if it gives bounded output for bounded input or
with zero input and with arbitrary initial condition, the system
output moves towards equilibrium state of system. Pole
Placement Control provides efficient and satisfactory results
both for dynamic and steady state in close loop when applied to
LTI System.

Timothy and Bona [11] discussed the basics of controller design
and output response with the help of state space. Basics of linear
feedback system can be seen in detailed in S. Barnett [9]. M.
Gopal [7] and K. Ogata [6] threw light on the basics of Modal
control and design analysis of a controller using concepts of
state space. A.G.O. Mutumbara [1] provided the MATLAB
implementation of the problem statement and its solution to
verify and rectify the discussed algorithm in this paper.
H. Seraji [2] provided the general method of controller design
for multivariable system in which more than one control is
provided. Kautsky, Nichols and Dooren [3] discussed the robust
solutions to pole placement problem through L.U.
Decomposition (numerical methods). T. H.S. Abdelaziz and M.
Valasek [10] thoroughly discussed the pole placement problem
and provided its direct solution which is quite similar to the
Ackermann’s formula. Some more results on pole placement
using different approaches can be seen in [8] and [4].
However in best of our knowledge there is no study on State
feedback controller design using MATLAB. This paper has
provided the generalized method and technique for solving pole
placement problem by given algorithm which is much less
iterative than the other methods available, making this solution
fast and computationally efficient.
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Preliminaries
Considering a linear time invariant system represented by
following equations:

Transformation of system equation to Frobenius canonical
form

ẋ (t) = A x(t) + B u(t)

The system/plant equation ẋ (t) = A x(t) + B u(t) is converted
into the canonical form throught following steps:

y(t) = C x(t) + D u(t)
Here x(t) is the column vector represents the states of the
system, u(t) is the column m vector representing control
variables applied to the system. A, B, C, D are real matrix of
order (n*n), (n*m), (p*n) and (p*m) respectively. The system is
assumed to be completely controllable and observable.

1) w = Tx is the transformation done to get the transformed
state variable vector. Here T is the transformation matrix.

Suppose we apply a linear state feed-back to the above system.
That is each control variable is linear combination of n state
variables and reference signal r. We get the block representation
of the system with such configuration as follows:

T=

2) Transformed equation now becomes ẇ = cw(t) + du(t) where
c = TAT-1 and d = T. T can be written in the following way:
t
tA
tA2
….
tAn-1

where t is row n vector.

“ t “ can be computed as t = [ 0 0 0 . . . . 0 1 ] * [ b Ab A 2b . . . .
. .An-1b ]T
3) ẇ = cw(t) + du(t) is the canonical form representation of the
system where c matrix is a n*n matrix and c is a matrix of
companion form.
Let θ1, θ2, θ3, . . . . . . . . , θn be the Eigen values of the system
matrix A, then c will be of form,
Figure 1: Block diagram representation of closed loop control
system.

0 1 0 0 . . . . . . . .0
0 0 1 0 . . . . . . . .0

Suppose that the reference signal is not applied to the system i.e.
r(t) = 0 then we get the control variable u(t) as:

c=

….

0000........1

u(t) = K x(t)
, where K is the m*n real matrix and termed as feed-back
matrix.
The overall system equation now becomes

- θn, -θn-1, -θn-2, .. . , -θ1

and,

ẋ (t) = ( A + BK ) x(t)

d = [ 0 0 0 0. . . . . 1 ]T

for this paper we are limiting our scope to m = 1, i.e. u(t) is
scalar.
Now the problem statement is to find a suitable value of K such
that the poles of the overall closed loop system are { λ1 , λ2 ,
…… , λn }

A general solution to pole placement problem
The control variable u = Kx can be written as
u= KT-1Tx
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since, Tx = w thus we can rewrite the control variable u as
u = KT-1w = kw

0 1 0 0 ........

, where k = KT-1

0

0 0 1 0 ........

System equation in canonical form is ẇ = cw(t) + du(t), and can
be written as

0

⋮

c +dk =

-λn -λn-1 -λn-2 -λn-3 . . . . . . -λ1

ẇ = ( c + dk )w(t)
since,

On comparing both the equations we get
0

ki =λi+θii → 1 to n
0

dk =

0

This way can get the k vector and using the transformation K =
kT we can calculate the K vector which is the desired result,
that is the feed-back matrix of order 1*n in this case of m=1.

* [ kn kn-1 kn-2 . . . . k1 ]
…

3. Real Value Problem and Implementation of the solution
in MATLAB

1

For a real value problem we are considering a system with 3
state variables and 1 control variable as input. The system is
defined with the matrices given below

0000.....0
=

0000.....0
A=

....
kn kn-1 kn-2 . . . . k1

2

1

1

2

3

4

-1 -1

2

1
;B=

2
1

Problem Statement Design a state feedback controller K to
place the poles of the closed loop system at s ={ -2, -5, -6}. Also
find the trajectories of states with initial state vector x(0) = [1 2
1].

so we get c + dk as,

0 1 0 0 ........

0

0 0 1 0 ........

0

The problem can be thought of as to find such a value of K such
that the poles of the system get repositioned to new location i.e.
s = { -2, -5, -6 }.

c +dk = ⋮
-θn+ kn -θn-1+kn-1 .. . -θ1+k1

since we are provided with the final location of poles of the
overall closed loop system which are { λ1 , λ2 , …… , λn }. The
poles are also the eigen values of the overall closed loop system
given by the equation ẋ (t) = ( A + BK ) x(t). This system in
canonical form representation is given by the equation ẇ(t) = (
c + dk )w(t). Thus we can write that the last row of (c + dk)
matrix has entries as the eigen values of the matrix (A + BK )
which are { λ1 , λ2 , …… , λn }.

To completely analyze the problem and need of the controller K
first of all we need to find the poles of the system with open
loop i.e. without use of controller K. We get the pole location as
s = {1, 3+2i, 3-2i}. As we can see the poles are lying on the
right half of the s-plane, so the system is going to be surely
unstable. To get a idea of this instability we initialize the system
(without controller) with the same initial conditions as stated in
the problem and observe the state response.
Result
1) Without using controller the time responses of the state
variables x1(t), x2(t) and x3(t) are plotted respectively with
respect to time for same given initial conditions.

Thus we can write c + dk also as:
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13

To: Out(1)

2

Conclusion
From the above results it can be concluded that the use of linear
state feedback controller drives the unstable system into
stability. When the controller was not present and the system
was initialized with some initial conditions the response divert
away from the equilibrium point, whereas when a feedback
controller is used, same system initialized with same initial
conditions gives the response which settles down to equilibrium
point as t approaches infinity. This paper focuses on the
simplicity of the algorithm for controller design which
considerably reduces the number of iterations and makes the
whole process of designing fast.

Response to Initial Conditions

x 10

1

0

To: Out(2)

Amplitude

-1 x 1013
4

2

0
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Supplementary Data
The m-file in MATLAB for calculation of value of state feedback matrix is as follows:
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Matlab code to get the response of the system with state feedback and initialized with given initial conditions is:
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