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Abstract 

The present study focuses on experimental as well as finite 

element method to estimate free vibration analysis of hybrid 

laminated composite beams. Euler- Bernoulli beam theory has 

been considered for this investigation. Three different interply 

laminates are developed by changing number of layers of 

glass and carbon fiber sheets. Test specimen are prepared as 

per the ASTM standards, and the effective material  properties 

are evaluated under different loading conditions. The 

significant effect of various parameters such as number of 

layers of fibers, aspect ratio of test specimen on natural 

frequency are evaluated theoretically, numerically and 

experimentally. The numerical analysis is carried out by 

commercially available ANSYS software. Fast Fourier 

Transform (FFT) analyzer is used for estimating the free 

vibrational natural frequency of the test specimen 

experimentally. It is observed that natural frequencies of the 

beams under investigation are in good agreements in all 

methods of evaluation.   
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Introduction 
In this era of emerging researches on composites, it is 

essential to focus on static and dynamic vibration effects to 

avoid its failure due to similarity of frequency of load 

variation to that of resonance frequency of structures. The 

laminated composites are widely used in these recent years to 

obtain the best aspects of the constituent layers and bonding 

material. Keeping in view of improved properties of 

composite material likely higher strength to volume ratio, 

resistance to corrosion and wear over ordinary ones, they find 

their application in aircraft space vehicles, mechanical and 

civil areas.  

Focusing on the practical importance and potential benefits of 

the composite beam researchers have taken keen interest to 

know the vibration characteristics of these structures, which 

when subjected to dynamic loads in complex environmental 

conditions: 

Balci et al. [1] presented a free vibration analysis of composite 

material using MATLAB and focused on increase in 

frequency with corresponding increase in length-to-thickness 

ratio and ply angle but the work restricted to show results of 

damping and mode shape. Mohammadimehr et al. [2] 

numerically attempted to show increase in dimensionless 

natural frequency and stability of micro shells by increasing 

the magnetic intensity, volume fraction and Winkler spring 

constant, and also a fall of these parameters by increasing the 

temperature changes of double-bonded micro composite 

sandwich cylindrical shells conveying fluid flow. Wang et al. 

[3] performed a numerical analysis model to solve the free 

vibration of composite laminated doubly-curved shells and 

panels of revolution with general elastic restraints subjected to 

various kinds of boundary conditions and with different 

geometrical and material parameters. Shankar et al. [4] 

examined a finite element model for Vibration analysis and 

control of smart composite plates with centrally located 

delamination under effects of stacking sequence, boundary 

conditions and hygrothermal environmental conditions. Della 

and Shu [5] analytically solved free vibration of composite 

beams with two overlapping delamination by numerical 

approximation to conclude increase of delamination length as 

coupling of axial and bending stiffness increases. HuiShen et 

al. [6] reported increase in temperature or decrease in 

foundation stiffness decreases natural frequencies of the 

functionally graded graphene-reinforced composite laminated 

plates in thermal environments plates but the nonlinear to 

linear frequency ratios are increased. Dey et al. [7] evolved 

effects of number of layers, static partial preloading, and 

initial geometric imperfections on the non-linear forced 

vibration of laminated composite laminated composite 

circular cylindrical shells. Qin and Li [8] discussed the clear 

influences of hub radius, rotating speed, setting angle and 

pitch angle on natural frequencies rather than the temperature 

variation and moisture concentration and also that the 

vibration characteristics are dependent for a rotating laminated 

composite beam. Omer [9] concluded that the thickness-to-

radius ratios, semi-vertex angles, ratio of radius and values of 

volume fraction exponents have significant influence on 

frequencies laminated composite panels and curved plates. 

Callioglu et al. [10] computed analytically as well as 

numerically changes in natural frequencies and orientation 

angle with change in delamination length of a symmetric 

composite beam taking transverse shear effect and rotary 

inertia into consideration. Tahani [11] developed a new layer 

wise beam theory for generally laminated composite beam 

and compared with the analytical solutions for static bending 

and free vibration with the three-dimensional elasticity 

solution of cross-ply laminates in cylindrical bending and with 

three-dimensional finite element analysis for angle-ply 

laminates.  

Recently, Khan et al. [12] has produced the free and forced 

vibration behavior of composite laminated circular cylindrical 
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shells. Shi and Lam [14] proposed a new variational 

consistent finite element formulation for the free vibration 

analysis of composite beams based on the third-order beam 

theory. Chen et al [15] presented a state space method 

combined with the differential quadrature method to examine 

the free vibration of straight beams with rectangular cross-

sections on the basis of the two dimensional elasticity 

equations.  

 The present investigation deals with hybrid 

laminated composite, a composite that contains more than one 

fiber or matrix in a laminate. The hybrid laminated composite 

used is of carbon/epoxy with glass/epoxy to get the best 

combination of properties possessed by them usually used in 

car bumpers, aerospace industry and space vehicles. The idea 

of choosing carbon fibers is due to its combination of high 

strength, high stiffness and lightweight but its high cost 

restricts its use only in weight critical structures. On the other 

hand, glass fibers reflect low chemical resistance, low cost 

and excellent insulating properties which when mixed with 

carbon provides eminent characteristics. The main objective is 

to carry out both stress and vibration analysis of interply 

hybrid laminate composite beam having glass/epoxy and 

carbon/epoxy as composition with varying glass and carbon 

layers  giving rise to a 7ply hybrid laminated composite beam 

where ratio of carbon to glass is 1 : 6, 3 : 4 and 5 : 2 

respectively.  

Material and Methodology  

 Hand lay-up technique is the most widely and easiest 

method of composite manufacturing. The framework 

requirement for this method is also infinitesimal. The 

manufacturing steps are as follows. First, from a larger section 

of carbon fiber and glass fiber sheets, a 250×300mm 

dimensional 9 and 12 numbers of carbon and glass fibers are 

cut.  
 

 

 

 

 

 

 

(a) Carbon fiber         (b) Glass fiber 

 

Figure 1: Plain Weaves Carbon Fiber and Plain Weave Glass 

Fiber Sheets 

 

Then stacking 7 layers in sequence alternating the number of 

carbon and glass fibers i.e.  G-G-G–C-G-G-G, G-C-G-C-G-C-

G and G-C-C-C-C-C-G (C-carbon fiber & G-glass fiber) in 

order to develop Laminate-1, Laminate-2 and Laminate-3 

respectively as shown in (Figure 2). 

 

 

(a) Laminate-1             (b) Laminate-2    (c) Laminate-3 

Figure 2: Hybrid Laminates with Varying Composition of 

Carbon and Glass 

Then measuring weight of the carbon and glass fibers in a 

weighing machine as shown in (Figure 3) on a Digital 

Weighing Machine. Mould releasing silicon spray is used on 

thermo plastic film to avoid the sticking of epoxy, these films 

are used for easy separation of polymer composite from the 

mold. Next the epoxy in liquid form is mixed thoroughly in 

suitable proportion with a hardener (curing agent). 

 

 
 

(a) Weighing carbon & glass fibers        (b)  Curing process 

 

Figure 3: Hand Layup Technique for Manufacturing Hybrid 

Laminate  

 

The following proportion is used for the mixing of epoxy and 

hardener.  

 

Weight of epoxy = W× (45/55) , Hardener = 10% of epoxy   

 

where, W be the weight of carbon and glass fibers mixed 

together in g. The proportion of epoxy and hardener are 

presented in (Table 1) 

Table 1: Proportion of epoxy and hardener used  

Specimen  

Total 

weight(C+G) 

in g.  

Weight of 

epoxy in g.  

Weight of 

hardener in 

g.  

Laminate 1 

(1C + 6G)  
175.57 143.65 14.36 
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Laminate 2 

(3C + 4G)  
151.69 124.11 12.41 

Laminate 3 

(5C + 2G)  
133.27 109.04 10.90 

 

Then the mixture is poured on to the surface of woven fibers 

placed in the mould.The epoxy is uniformly spread with the 

help of brush. Second layer of fiber is placed on the surface 

and a roller is moved with a mild pressure on the fiber-epoxy 

layer to remove air trapped as well as excess amount of epoxy 

present. The process is repeated for each layer of epoxy and 

fiber till the required 7 layers are stacked. After placing the 

plastic sheet, Mould releasing spray is spread in the inner 

surface on the top mould plate which is then kept on the 

stacked layers and the pressure is applied. A load of 8.8 kg for 

curing at room temperature, mould is opened and the 

developed hybrid laminated composite is taken out and further 

processed. The time of curing depends on epoxy used likely 

24 hours.  

 

Properties of Hybrid Laminated Composite Beam  

This section explains in detail the geometry and material 

property of hybrid laminated composite beam under different 

boundary and loading conditions. In order to evaluate its 

physical and mechanical properties like Density, Thickness, 

Tensile Strength and Impact Strength several tests are carried 

out as per ASTMD 3039 and  ASTMD 256-06 standard test 

specimen respectively. Where Specimen 1, 2 indicates 

Laminate-1, Specimen 3, 4 indicates Laminate-2 and 

Specimen 5, 6 indicates Laminate-3 respectively. (Figure 4) 

indicates the tensile stress - strain curve for different 

specimen.  

 

 

Figure 4: Stress-Strain curve of three laminates  

 The present beam is an Euler–Bernoulli beam that assumes 

the cross-sectional plane perpendicular to the axis of the beam 

remains plane after deformation (assumption of a rigid cross-

sectional plane). The deformed cross-sectional plane is still 

perpendicular to the axis after deformation.  

Mathematically,  

Natural frequency is given as 
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where E= Young’s Modulus in N/m2, 

I = Area Moment of Inertia i.e. bt3/12 in m4  

ρ = Density in kg/m3  

A = Cross-sectional area in m2 (b×t) 

l = Length of beam in m 

β1l = 1.875104; β2l=4.694091; β3l=7.854757 

fn =  Natural frequency in Hertz 

n = 1, 2, 3 for 1st, 2nd & 3rd normal nodes and natural 

frequencies.  

Fast Fourier Transform Test for Free Vibration   

Measuring free vibration natural frequency is the most 

important aspect in the vibration analysis. FFT (Fast Fourier 

Transform) is software interface with the signal conditioners.   

Specification of FFT Analyzer 

N V Gate: Project Test Bed-1[Windows 3-FFT1: Av Spc [1]-

Input 1]  

FFT Analyzer: Range: 2.5 kHz, Resolution: 390.625 MHz, 

Overlap: 0%, Number of lines: 6401 lines, Cross spectrum: 

None.  

Length of the laminates considered for the present analysis is 

230 mm and its first three natural frequencies are evaluated.  

Further damping behavior also taken into consideration. An 

accelerometer is used at the free end of the clamped- free 

hybrid laminated beams. Initial displacement of 30 mm is 

given and reading is noted after 10 seconds from starting time. 

The entire experimental test setup with FFT analyzer is shown 

in (Figure 5). 
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Figure 5: Experimental test setup with FFT Analyzer  

Finite Element Analysis  

 Commercially available ANSYS software is used for 

the analysis. The 7- layered structural solid element is used for 

discretization of the model. This Solid 186 is a higher order 

3D 8258 node and 1100 element solid element that exhibits 

quadratic displacement behavior and is defined by 20 nodes 

each having three degrees of freedom. The element supports 

plasticity, hyperelasticity, creep, stress stiffening, large 

deflection, and large strain capabilities. It also has mixed 

formulation capability for simulating deformations of nearly 

incompressible elastoplastic materials, and fully 

incompressible hyperelastic materials.  

 

Meshing   

In Finite Element analysis, Meshing is a technique in which 

the entire domain is discretized into small divisions. These 

small divisions are called ''Elements" and the elements are 

connected through each other by ''Nodes''. The meshed 

structure of the laminated beam is shown in (Figure 6).   

 

 
 

Figure 6: Meshed model of hybrid laminated composite beam  

Results and Discussions  

The Natural frequency and their damping behavior obtained 

from experimental FFT test are shown for laminate-1, 2 & 3 

in (Figure 7, 8 & 9) respectively. 

(a) 1st Natural Frequency at 23.82 Hz      (b) 2nd Natural Frequency at 141.40 Hz 
 

(c) 3rd Natural Frequency at 399.21 Hz             (d) Damping Vibration Curve 

Figure 7: Natural frequencies and Damping behavior of 

Laminate-1  

 

(a) 1st Natural Frequency at 24.21 Hz     (b) 2nd Natural Frequency at 138.28Hz  

(c) 3rd Natural Frequency at 382.42 Hz         (d) Damping Vibration curve  

Figure 8: Natural frequencies and Damping behavior of 

Laminate-2  

 

(a) 1st Natural Frequency at 23.04 Hz  (b) 2nd  Natural Frequency at 126.56 
Hz 
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(c) 3rd Natural Frequency at 284.37 Hz      (d) Damping Vibration Curve 

Figure 9: Natural frequencies & Damping behavior of 

Laminate-3  

Table 2: Stress Analysis of hybrid laminated composite beam 

Specimen  Properties  
Experimental 

values  

Simulation 

values  

  

 

 

Laminate 1  

Deflection 

(mm)  13.39  9.0686  

Stress 

(MPa)  1084.59  1103.1  

Strain  0.0395  0.02206  

  

 

 

Laminate 2  

Deflection 

(mm)  12.477  7.232  

Stress 

(MPa)  1112.34  958.26  

Strain  0.0315  0.046735  

  

 

 

Laminate 3  

Deflection 

(mm)  11.72  9.2301  

Stress 

(MPa)  1065.639  1245.7  

Strain  0.0357  0.05962  

Using ANSYS workbench three consecutive mode shapes and 

corresponding total deformation for free vibration of hybrid 

laminated clamped free beam are shown in (Figure 10, 11 & 

12) respectively. 

 

(a) Mode Shape 1                     (b) Mode Shape 2  

 

(c) Mode Shape 3                          (d) Total Deformation 

Figure 10: Mode shapes & Total Deformation of Laminate-1  

 

(a) Mode Shape 1                                  (b) Mode Shape 2 

  

(c) Mode Shape 3                         (d) Total Deformation 
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Figure 11: Mode shapes & Total Deformation of Laminate-2  

 

(a) Mode Shape1                          (b) Mode Shape 2 

    

  (c)Mode shape 3         (d) Total Deformation 

Figure 12: Mode shapes & Total Deformation of Laminate-3  

Table 3: Vibration Analysis of hybrid laminated composite 

beam  

Specimen 

Theoretical 

Natural 

Frequency 

values (Hz)  

Numerical 

Natural 

Frequency 

values(Hz)  

Experimental 

Natural 

Frequency 

values(Hz)  

Error 

(%) 

Laminate 1 

f1=23.82 24.03 23.82 0.1 

f2=149.32 150.49 141.40 5.3 

f3=418.11 413.31 399.21 4.5 

Laminate 2 

f1=24.21 24.43 24.21 0.08 

f2=151.70 153.04 138.28 8 

f3=424.78 422.21 382.42 4.5 

Laminate 3 

f1=23.44 23.66 23.04 0.09 

f2=147.25 148.23 126.56 14 

f3=411.41 409.73 284.37 30 

Even though there are some minor errors between 

experimental and simulation values but the errors are within 

the permissible limits for laminate 1 and 2. However, errors in 

laminate 3 so far as the second and third natural frequency is 

concern is quite high which may be due the following reasons: 

 Same beam were not used for tensile test and 

vibration test.   

 No accurate lay-up beam due to manual hand 

operation.   

 Speed and environmental testing effects.   

Conclusion  

Present study involves both static and free vibration analysis  

of a hybrid laminated composite beam using classical 

lamination theory under clamped free boundary conditions 

and length-to-thickness ratios for a number of layers. The 

natural frequencies along with their corresponding mode 

shapes are being evaluated.  

 It was found that natural frequency increases with 

increase in mode of vibration.  

 It is observed that with increase in carbon fibers, 

decreases mass of laminates resulting in increase in 

stiffness and natural frequency.  

 It can be seen that natural frequencies for all modes 

decrease with an increase in length-to-thickness ratio 

(aspect ratio) for all cases.  

 The prime advantage of using more carbon layers 

than fiber layer is that, carbon fiber is lighter than 

glass fiber and yet more rigid and strong. Hence, 

carbon fibers has got wide applications where weight 

- critical performance is essential.   

 Future scope of this research is to correlate the 

results using different boundary conditions and also a 

hand on study varying ply angle orientation. 
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