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Abstract—We are dealing with a subclass of regular semigroups 

called completely regular semigroups. KSS Nambooripad has 

proved that the category of left ideals of regular semigroups is a 

normal category. We prove that category of left ideals of 

completely regular semigroups is again a normal category. And 

the semigroup of normal cones of the same is completely regular. 
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I. INTRODUCTION  

K S S Nambooripad [1]  has introduced the concept of 
normal categories in his “Theory of cross connections” which 
was intended to study the structure of regular semigroups. In 
cross connection a regular semigroup is constructed from its 
categories of left and right principal ideals. 

II. PRELIMINARIES  

Here we recall all basic definitions and results regarding 
categories that used in the paper, for any clarification 
regarding notations the reader is referred to S. Maclane [2]. 
For a category C, we denote by vC the set of objects of C. 

Definition 2.1. A category C consists of object set {A,B,C, 
...} and morphisms (arrows){f, g, h, ...} such that for each 
arrow f there are objects dom(f), cod(f) called the domain and 
codomain of f. Given arrows f and g, with cod(f) = dom(g) 
then there exists an arrow g · f called the composite of f and g 
and for each object A is an arrow IA  : A → A called the 
identity arrow. Further C satisfying the following 

(1) h · (g · f) = (h · g) · f , for compossible arrows f, g, h 

(2) f · IA = f = IB · f,  where f : A → B. 

Set, Grp are familiar examples of categories whose objects 
are sets and morphisms are set maps and the category whose 
objects are groups and morphisms- group homomorphisms 
respectively. Let A,B be objects in a category C, then the set 
consists of all morphisms of the category with domain A and 
codomain B is called the hom-set and is denoted by homC 
(A,B) or hom(A,B).1 
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Definition 2.2. A functor F : C → D between categories C 
and D is a mapping of objects to objects and arrows to arrows 
such that if f : c →d  then F(f) : F(c) → F(d), F(Ic) =IF(c)  and 
F(f .g) = F(f) . F(g). 

Definition 2.3. A preorder P is a small category such that 
for all p, q ϵ vP, P(p, q) contains utmost one morphism,        
ie., p ≤ q , if and only if P(p, q) ≠ϕ is a quasi-order on the vP. 
In particular, the preorder P is said to be strict if the quasi 
order ≤  is a partial order. 

Definition 2. 4. A choice of sub objects in a category C is a 

sub preorder P⊆ C satisfying 

(1) P is a strict preorder with vP = vC, 

(2) every f ϵP is a monomorphism in C, 

(3) if f, g ϵP and if f = hg for some h ϵ C, then h ϵ P. 

If P is a choice of sub objects in C, the pair (C, P) is called 
a category with sub objects. 

The category Set is clearly a category with subobjects in 
which the subobject relation coincides with usual set-theoretic 
inclusion. Similarly categories of groups Grp, abelian groups 
Ab, etc., are categories with natural subobject relations. Notice 
that an abstract category C may have more than one possible 
choices of subobjects. 

If c ⊆ d, the unique morphism in P, the inclusion of c in d, 
is denoted by j(c, d). A category C with subobjects is said to 
have factorization property if every morphism f ∈ C can be 
factorized as f = kh where k is an epimorphism and h is an 
embedding. In this case we can choose k and h so that h is an 
inclusion. A factorization of the form f = qj where q is an 
epimorphism and j is an inclusion, is called a canonical 
factorization. Thus C has factorization property if and only if 
every morphism has canonical factorization. C is said to have 
unique factorization if every morphism in C  has unique 
canonical factorization. The categories Set, Grp have 
canonical factorization. 

Definition 2.5. A normal factorization of a morphism f ϵ 
C(c, d) is a factorization of the form f = euj where e : c → c1 is 
a retraction, u : c1 → d1 is an isomorphism and j = j(d1, d) for 

some c1, d1 ϵ vC with c1 ⊆ c, d1 ⊆ d. 
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A morphism e : d → c in C is called a retraction if c ⊆ d 

and j(c, d)e =1c. In general, normal factorization of any 
morphism is not unique. But in the factorization eu is 
independent of the factorization and it is denoted by fº . It is 
called as epimorphic component of the morphism. 

Definition 2.6. Let C be a category and d ϵ vC. A map        
γ : vC → C is a cone from the base vC to the vertex d if γ 
satisfies the following: 

γ(c) ∈ C(c, d) for all c ∈ vC. 

If c0 ⊆ c then j( c0,c) γ(c) = γ(c0). 

Given the cone γ we denote by cγ the vertex of γ and for 
each c ∈ vC, the morphism γ(c):c→ cγ is called the component 
of γ at c. 

Definition 2. 7. A cone γ is said to be normal if there exists 
c ∈ vC, such that γ(c) : c → cγ is an isomorphism. 

Definition 2.8. A small category C with subobjects is 
called a normal category if the following holds: 

Any morphism in C has a normal factorization. 

every inclusion splits. 

For each c ∈ vC there is a normal cone σ with vertex c and 
σ(c) = 1c. 

Now we can see that the normal cones in a normal 
category form a regular semigroup [1] .  Let σ be a normal 
cone with vertex d and let f : d → d0 be an epimorphism. Then 
σ * f defined below is a normal cone. 

                     (σ * f)(a) =σ(a)f            (1)          

Theorem 2.9  [1] Let (C, P ) be a normal category and let 
TC be the set of all normal cones in C. Then TC is a regular 
semigroup with product defined as follows: 

For γ, σ ∈ TC, 

                      (γ ✶ σ)(a) = γ(a)(σ(cγ))◦          (2)                         

    where (σ(cγ))◦ is the epimorphic part of the σ(cγ). 

Then it can be seen that  γ ✶ σ  is a normal cone. TC is 

called the semigroup of normal cones in C. 

III. COMPLETELY REGULAR SEMIGROUPS 

Definition 3.1. Let S be a semigroup. Then S is called 
completely regular if for any x ∈ S, there is some y ∈ S such 
that xyx = x and xy = yx. 

Clearly it is a subclass of regular semigroups. In this case 
each H-class is a subgroup and semigroup is the union of these 
subgroups. 

Example 3.2 Consider R, set of real numbers with 
multiplication defined by  a * b = |a |b , a, b ∈ R. Then it is a 
completely regular semigroup and is the union of (R+, *),     
(R-, *), and (0, *). Each of them are groups under the above 
defined operation. 

IV. NORMAL CATEGORIES FROM COMPLETELY REGULAR 

SEMIGROUPS 

Here we consider the category of principal left ideals of a 

completely regular semigroup. Let S be a completely regular 

semigroup. The category L(S) of principal left ideals of S is 

defined as follows. the objects of L(S) are principal left ideals. 

Since S is regular every principal left ideal of S is generated 

by an idempotent [3]. Hence category L(S) of left ideals can be 

defined as: 

                vL(S) = {Se : e ∈ E(S)} 

L(S)(Se, Sf) = {ρ : Se → sf : (st)ρ = s(tρ)  for all  s, t ∈ Se} 
where E(S) denote the set of all idempotents of S. For 

objects Se, Sf in L(S) a morphism from Se to Sf  is a right 
translation ρu induced by an element u ϵ eSf. That is x ρu = Xu 
for every x ϵ Se. We denote this as ρ(e, u, f) : Se → Sf (cf.[1]). 

Theorem 4.1. [1] Let S be a regular semigroup. Then L(S) 
is a normal category. 

Theorem 4.2. [1] If S is a regular semigroup with identity, 
then S is isomorphic to TL(S). 

Since every completely regular semigroups are regular 
L(S) of any completely regular semigroup is also normal. 

Example 4.3 In example(3.2) there are three left ideals 
namely R+ ∪ {0}, R- ∪ {0}, and {0}. There are infinite 
number of normal cones in T L(S) For each a ∈ R there is a 
unique normal cone with vertex R+ ∪ {0}, R- ∪ {0} or {0} 
according as the element a is positive , negative or zero. 

Lemma 4.4  [1] Let a ∈ S and f ∈ E(La). Then the map 

                                                ρa (Se) = ρ(e, ea, f) 

is a normal cone in L(S) with vertex Sa. 

Theorem 4.5 If S is completely regular , then the 
semigroup of normal cones  is completely regular. 

Proof.  Let S be a completely regular semigroup. And let a, 
b ∈ S such that aba = a  and , ab = ba. By lemma1 for a there is 
a normal cone with vertex Sf defined by 

                   ρa (Se) = (e, ea, f) for some  e ∈ E(S) 

                               where  a L f and f ∈ E(La). 

Similarly for b, there is some g ∈ E(Lb) such that for some 
Sh, the normal cone with vertex Sg is given by 

          ρb (Sh) = (h, hb, g)     where h ∈ E(S). 

Now         ρa ◦ ρb(Se) = ρa(Se)(ρb(Sf))◦ 

                                  = ρ(e, ea, f)(ρ(f, f b, g))◦ 

                                  = (ρ(e, eaf b, g))◦ 

                                  = (ρ(e, eab, g)) ◦ 

Similarly , 

 

                 ρb ◦ ρa(Se) = ρb(Se)(ρa(Sg))◦ 

                                  = ρ(e, eb, g)(ρ(g, ga, f))◦ 

                                  = (ρ(e, ebga, f))◦ 

                                  = (ρ(e, eba, f))◦ 

Since S is completely regular f and g coincides and ab = ba. 

Hence we get ρa ◦ ρb = ρb ◦ ρa. That is, TL(S) is completely 

regular. 

                                References 

 
[1] K S S Nambooripad , Theory of cross connections, publication No:28, 

1994, Centre for Mathematical sciences, Trivandrum  

[2] S Mac Lane (1971) Categories for the working mathematician, Springer 
Verlag, Newyork 

[3] J M Howie(1995) Fundamentals of semigroup theory, Claredon Presss, 
Oxford. 

[4] [4] A H Clifford and G B Preston(1961) The algebraic theory of 
semigroups vol 1, Math surveys No.7, American Mathematical society,  

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 13, Number 3 (2018) Spl. 
© Research India Publications.  http://www.ripublication.com

202


