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Abstract— The intention of successful learning is to 

algorithmically compute an unknown function that matches the 

domain and codomain mapping of large number of discrete pairs 

of datasets. The Neural Network with its own inbuilt mathematical 

structure tries to approximate the mapping to a known function 

as reliably as it could accomplish. There are many uncertainties in 

the Neural Network architecture while encountering any complex 

problem. This includes how to select a suitable number of nodes in 

the hidden layer, how to initialize the weights , which activation 

function do we select etc. This paper addresses these  issues and 

gives an answer to these problems using the change of basis 

theorem from linear algebra and Vapnik-Chervonenkis 

Dimension Theory. 
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I. INTRODUCTION  
Neural network started its long journey since 1980’s. Neural 

Network and deep learning has now become a sensational and 
important topic for research in the modern world of data science. 
Neural Network more technically mentioned as Artificial Neural 
Network (ANN) is presented by Dr. Robert Hecht-Nielsen, the 
inventor of one of the first neuro-computers. He outlines a 
neural network as: 

"...a computing system made up of a number of simple, 
highly interconnected processing elements, which process 
information by their dynamic state response to external inputs." 

 Dr. Robert Hecht-Nielson as quoted in “Neural 
Network Primer: Part I” by Maureen Caudill, AI Expert, Feb. 
1989 

The present interest is largely due to the difficult problems 
confronted by artificial intelligence, and due to the deeper 
understanding of how the brain works, the recent developments 
in theoretical models, technologies and algorithms [1]. 

Researchers have so far developed different Neural Network 
models based on diverse point of view and each aims to separate 
applications. Their basic structure remains the same and is deep 
rooted in the Mathematical theory based on Linear Algebra, 
Matrix theory, Optimization theory and Analysis. 

This paper sketches a method for finding the number of 
hidden nodes for predictive modeling with standard sigmoid 
networks based on Vapnik-Chervonenkis dimension and brings 
out an analytic study on the Neural Network optimization with 
a linear algebraic approach. The main advantage is  it gives a 
precise theoretical background on the optimization being carried 
out in the Neural Network approximations especially on the 
number of hidden nodes needed. The paper is organized as 
follows: Section 2 gives the NN architecture used in this paper 
and gives a brief description of the structure and its 
mathematical framework. Section 3 gives the representation of 
the input data in terms of the basis and explains that the 
initialization of weights in NN could be represented in terms of 
coordinate basis. This section also gives the mathematical 
description of NN approximation. Section 4 explains the 
nonlinear transformation in NN by increasing the dimension of 
the input basis which is technically called as hidden layer. 
Section 5 illustrates on how much this dimension should be 
increased or how many nodes are needed in the hidden layer in 
terms of VC Dimension Theory. Section 6 gives conclusion. 

II.  GENERAL STANDARD SIGMOID NETWORKS 
 
In supervised learning algorithm domain- codomain mapping is 
fixed for a large number of training samples. This discrete 
mapping acts as the constraints and prerequisites for the 
interpolation of the unknown function in Neural Network. 
General standard sigmoid networks have a special architecture 
with a single hidden layer where the activation function at the 
hidden nodes are sigmoid functions and a single node at the 
output layer with the activation function as linear threshold 
function. 
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A.  Mathematical Framework 

 

Mathematical Framework of Neural Network could be defined 
by a composition of mathematical functions that computes a 
real valued output based on an N dimensional input vector, a 
set of parameters called weights and thresholds and activation 
functions for the fine-tuning of intermediate outputs. 
Mathematical frame work behind standard sigmoid networks 
are simple in the sense that it could be theoretically analyzed 
compared to other complex network structures. 
 

Definition 1 (Standard sigmoid networks): Suppose there 
are ‘k’ inputs from a collection 𝑋𝑘 of ‘n’ dimensional 
data. Then Standard sigmoid networks could be 
represented by the  function 

                     τ(x) = {1   if x ∈ E
0    if x ∈ Ec

                       (1) 

where 𝐸 ⊂ 𝑋𝑘 , 𝑥 ∈ 𝑅𝑛, 𝜏(𝑥) is the composition of  two 
functions, 𝜎 𝑎𝑛𝑑 𝜑, such that 
 
                     𝜎(�̅�𝑖) = �̅�                                                 (2) 
 
where �̅�𝑖 ∈ 𝑅𝑛 ,�̅� ∈ 𝑅𝑚 , 
 𝜎(�̅�𝑖) = (𝜎1(𝑥𝑖), 𝜎2(𝑥𝑖), … … . 𝜎𝑗(𝑥𝑖), … . . 𝜎𝑚(𝑥𝑖)) with  
 
 𝜎𝑗(𝑥𝑖) =

1

1+𝑒
−(∑ 𝑤𝑝𝑥𝑝𝑖

𝑛
𝑝=1 )

, 𝑗 = 1,2 … 𝑚, 𝑤𝑝 ∈ 𝑅  and 

  

𝜑(𝑦)̅̅ ̅ = 𝜃(∑ 𝑢𝑞𝜎𝑞(𝑥𝑖)) = {
0 ∑ 𝑢𝑞𝜎𝑞(𝑥𝑖) ≤ 0𝑞

1 ∑ 𝑢𝑞𝜎𝑞(𝑥𝑖) ≥ 0𝑞

𝑚
𝑞=1   (3)      

(3) 
where 𝑢𝑞 ∈ 𝑅 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑞. 

III.  DATA REPRESENTATION IN NN 

A.  Basis for Data Representation 

Linear independence and Spanning are two criteria’s for the 
selection of the Basis. Linear independence denotes the 
effectiveness and productivity of the data in which each data 
contributes a new information and span denotes how much of 
the total data can be represented. The main idea of the basis for 
data representation is that a perfect model input matrix  with 
large span of column vectors having most of the linearly 
independent data samples explains a lot of data without any 
unnecessary vectors. Finding a suitable representation for large 
samples is a great challenge since it is very difficult to 
generalize a pattern from unreasonably sized co-ordinate 
system. Hence we reduce the dimension losing some 
information which may be a key concept that might be a 

contribution in recognizing the pattern in turn results in the 
error. Mathematically this dimensionality reduction could be 
done from the theory of linear algebra with the help of Change 
of basis theorem,[2]. But with large sample data this technique 
results in high error. 
 

Definition 2.  Let X denotes the matrix representation of input 
column vectors in a basis  and �̅�𝑖 denote the thi  input column 
vector among k input vectors. Then by [2] each �̅�𝑖 can be 
uniquely identified as the   co-ordinate vector[�̅�𝑖]𝐵. 
 
Since each data vector could be represented uniquely in terms 
of co-ordinate basis, changing the basis is a best way for 
preprocessing the data. This implies a suitable weights have 
been applied to each input node in a theoretical way by using 
change of basis theorem [2]. The advantage is that since this is 
a unique representation, the basic structure of the data is not 
changed and we get a suitable initialization of weights. This 
initialization of weights could be changed by using different 
coordinate basis representation which helps to train the data in 
a reasonable way. 
For a single hidden layer feed forward back propagation Neural 
Network, each xi is subjected to two transformations one 
between the input layer and the hidden layer and the other 
between the hidden layer and the output layer. We need to find 

the low dimensional representation of  each xi  in accordance 
with the targeted output after the second transformation. 
Motive behind any classification problem is that it is very 
difficult to work with large dimensional data and have to reduce 
the dimensionality in accordance with the targeted output 
representation but only a least amount of data should be lost 
after these two transformations. So NN approximation 
technique address a problem on how to find the best lower 
dimensional basis in a space isomorphic to the targeted output 
representation of data. 
 
Remark 1: Since the ‘n’ dimensional input data is mapped to 
one dimensional output based on the NN structure explained in 
section 2, the dimensionality reduction is taking place at the 
output layer and optimization is taking place during the first 
transformation between the input layer and the hidden layer. 
 
Remark 2: In Neural Network during first transformation the 
‘k’ input vectors which are initially in the basis with 
dimension ‘n’ is changed to new basis C  with dimension ‘m’ 
and nm   

Theorem 1: Let },.......,{ 21 nB = be basis for the vector 

space n  in which the input vectors are represented. Then 
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there exist some basis },.......,{ 21 mC = , nm  satisfying 
every k input vectors by [3], Universal Approximation theorem 
and by [2], 

                     𝑊𝑇[�̅�𝑖]𝐵 = [�̅�𝑖]𝐶  ∀𝑘 > 𝑘∗                       (4) 

where TW is a unique nm matrix that converts the input 
vectors in   co-ordinate system into new co-ordinate system 
C , 𝑘∗ denotes the sufficient number of samples needed  for 
equation (4) to be satisfied and [�̅�𝑖]𝐶  denotes the m dimensional 
vector obtained at the hidden layer of NN after first 
approximation. 

Remark 3: Threshold is applied to each neuron in the hidden 
layer and could also be represented with equation (4) by 
denoting the weight matrix as 𝑚 × (𝑛 + 1) matrix with last 
entry at each row as the bias applied to adjust the value at each 
hidden neuron. Then [�̅�𝑖]𝐵will be an 𝑛 + 1dimensional column 
vector with (𝑛 + 1)𝑡ℎentry as -1. 

Remark 4: For the optimization purpose the linear 
transformation modeled in equation (4) is optimized with an 
activation function based on the situation  

         𝜃(𝑊𝑇[�̅�𝑖]𝐵) = [�̅�∗
𝑖
]

𝐶
 ∀𝑘 > 𝑘∗                      (5) 

[�̅�𝑖]𝐶  and [�̅�∗
𝑖
]

𝐶
can be interpreted as  approximately equal 

subjected to nonlinearity in the transformation 𝜃. Hence 
equation (5) could be represented as 

                       WT[x̅i]B ≅θ [y̅∗
i
]

C
 ∀k > k∗                          (6)    

IV.  NON LINEAR TRANSFORMATION IN NN 

Two unknown matrices in the transformation are TW and 
[�̅�∗

𝑖
]

𝐶
. The challenge is to find a suitable new basis C and the 

weight matrix TW such that equation (6) is satisfied 
approximately in the sense that the error between the output 
function and the targeted function is optimized by adjusting 
nonlinearity through the increase in the dimension of new basis 
C. 

Remark 5 :As per reference  [5] the kernel trick could separate 
nonlinearly separable data in the space constructed over the 
basis B linearly in high dimensional space with the basis C. By 
the studies of  Vapnik on VC Dimension and by [7,8], the 
criteria for the selection of the dimension of basis C could be 
identified. 

Definition 3 Concept class ],[ UW  is that class of functions 
which optimizes the error between the output function and the 
targeted function of NN. 

    [𝑊, 𝑈] = {(𝑊, 𝑈)/‖𝜑(𝜎([�̅�𝑖]𝐵)) − 𝑂𝑖‖ → 0 ∀𝑘 > 𝑘∗}  (7) 

Where 𝜎 denotes the transformation between the input layer 
and the hidden layer defined by       

                  𝜎([�̅�𝑖]𝐵) = 𝜃(𝑊𝑇[�̅�𝑖]𝐵)                                       (8) 

𝜑 denotes the transformation between hidden layer and the 
output layer defined by  

                   𝜑 ([�̅�∗
𝑖
]

𝐶
) = 𝛿(𝑈𝑇[�̅�∗

𝑖
]

𝐶
))                                 (10) 

Remark 6: 𝑂𝑖 denotes the targeted output after the second 
approximation and‖𝜑(𝜎([�̅�𝑖]𝐵)) − 𝑂𝑖‖ → 0 implies minimum 
predefined error is admissible.  

Remark 7: Since there won’t be any particular [W,U] that 
correctly defines all the training samples, all pairs  (W,U) are 
admitted to the concept class [W,U], whose error falls within 
that admissible range. 

V. VC DIMENSION AND SELECTION OF BASIS FOR 
SECOND APPROXIMATION IN NN 

The learning problem gets more complex as 𝑘∗gets larger. Goal 
of any learning problem is that the error calculation from the 
sample should match with the true error. This further implies 
that the error obtained from the model should not deviate based 
on the samples so that the class of classifiers can be restructured 
to get the optimum result. As the NN plays the role of 
classifiers, VC dimension of NN could accomplish the goal of 
getting the optimal result by fixing the nodes in the hidden 
layer. 

Definition 4 (Growth Function): The growth function of the 
concept class ],[ UW  is defined as  

  𝜋[𝑊,𝑈](𝑘∗) = Sup
𝑘>𝑘∗

{|[𝑊, 𝑈]|: ‖𝜑(𝜎([�̅�𝑖]𝐵)) − 𝑂𝑖‖ < 휀 ∀�̅�𝑖 ∈

𝑋𝑘 ⊂ 𝑈}                                                                                 (11) 

where 𝑈denotes the entire population under consideration ,𝑋𝐾 
denotes  each k samples from 𝑈,and the supremum is taken over 
⋃ 𝑛𝐶𝑘𝑘>𝑘∗  samples from the total of n data. Hence the 
cardinality of the concept class could be defined as  

|[𝑊, 𝑈]|

= |
{(𝑊, 𝑈)/ ‖𝜑(𝜎([�̅�𝑖]𝐵)) − 𝑂𝑖‖ < 휀 , �̅�𝑖 ∈ 𝑋𝐾  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 

𝑋𝐾 ∈ 𝑛𝐶𝑘 𝑠𝑎𝑚𝑝𝑙𝑒𝑠  𝑓𝑟𝑜𝑚 𝑈}
| 

(12) 

Remark 8: Cardinality of the concept class denoted as |[𝑊, 𝑈]| 
determines the complexity of the classification problem. 
|[𝑊, 𝑈]| = 0 implies the NN could not learn from the given 
sample of data within the predefined ∈  accuracy 
and|[𝑊, 𝑈]| = ∞implies the problem is too complex and there 
is high chance of overfitting. 
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Definition 5 (The Vapnik-Chervonenkis (VC) dimension):The 
VC-dimension of [W,U]  is the largest value of k  for which 
the growth function )(],[ kUW equals∑ 𝑘𝐶𝑖

𝑘
𝑖=0 . Informally 

VC Dimension tells the maximum number of samples the NN 
could afford to classify subjected to favorable transformation 
of the given data into all possible two classes. 

VC Dimension should be bounded to get the optimal result in a 
PAC Learning algorithm. Bounding the VC dimension is more 
complicated while using the activation functions other than 
linear threshold functions. But standard sigmoid functions 
could give reasonably small upper bounds on the VC 
Dimension even for very large input data [9]. 

Theorem 2 

By [9], A Feed forward standard sigmoid network 𝓝with 
sigmoid functions as the activation function on the hidden 
layers and linear threshold function on the output layer has an 
upper bound on the VC Dimension represented as  

𝑉𝐶 𝐷𝑖𝑚(𝒩, 𝑅𝑛) ≤ (𝑊𝑁)2 + 11𝑊𝑁 log2(18𝑊𝑁2)       (13) 

Where ‘N’ denotes the number of computational units, ‘W’ 
denotes the total number of weights and Thresholds used in the 
network and ‘n’ denotes the dimension of each input data into 
the network.   

Theorem 3 

Suppose there are ‘k’ inputs from a collection 𝑋𝑘 of ‘n’ 
dimensional data. Consider a function ′𝜏′ , the composition of  
two functions, 𝜎 𝑎𝑛𝑑 𝜑,  as defined in Defn.1 of Section II. 
Then there exist an ′𝑚′,dimension for the hidden layer 
approximation that satisfies for all 𝐸 ⊂ 𝑋𝑘, such that  

                       𝜏(𝑥) = {
1   𝑖𝑓 𝑥 ∈ 𝐸

0    𝑖𝑓 𝑥 ∈ 𝐸𝑐   

subjected to some small misclassifications within predefined 휀 
accuracy. The least value of ′𝑚′ could be approximately found 
out by solving the quartic equation  

(𝑛 + 2)2𝑚4 + 33(𝑛 + 2)𝑚3 + 11(𝑛 + 2)𝐴𝑚2 − 𝑘 = 0           
                                                                                             (14) 

where A is a constant depending on the dimension of the input 
data. 

Proof: In any classification algorithm we only know the target 
to which we want to classify data but don’t know the function 
to which it maps. VC Dimension tells the possibility of finding 
such function. Hence if VC Dimension equals k implies 
maximum of k data could be classified into any two classes. To 
make sure that the target is attained the VC Dimension should 
be equal to the cardinality of the data set. By [9] the VC 
Dimension of standard sigmoid networks could be bounded by 
using theorem 2. 

𝑉𝐶 𝐷𝑖𝑚(𝒩, 𝑅𝑛) ≤ (𝑊𝑁)2 + 11𝑊𝑁 log2(18𝑊𝑁2)        (15) 

Now ‘W’ could be replaced by (𝑛 + 2)𝑚 and ‘N’ with 𝑚 + 1, 
where 𝑚 denotes the number of hidden nodes in the Standard 
sigmoid Network architecture and ‘n’ denotes the dimension of 
the input data. Hence (15) implies 

𝑉𝐶 𝐷𝑖𝑚(𝒩, 𝑅𝑛) ≤ 𝑚4(𝑛 + 2)2 (1 +
1

𝑚
)

2

+ 

                                   𝑚211(𝑛 + 2) (1 +
1

𝑚
) log2(𝑚3 18(𝑛 + 2) (1 +  

1

𝑚
)

2

) 

(16) 

Equation (16) reduces approximately to 

𝑉𝐶 𝐷𝑖𝑚(𝒩, 𝑅𝑛) ≤ (𝑛 + 2)2𝑚4 + 11(𝑛
+ 2)𝑚2 log2(18(𝑛 +   2)𝑚3)                                      

                  ≤ (𝑛 + 2)2𝑚4 + 33(𝑛 + 2)𝑚3 + 11(𝑛 + 2)(log2 18(𝑛 + 2)) 𝑚3 

(17) 

Right hand side of equation (17) gives the maximum VC 
Dimension of the Network and hence it could be equated to 
greater than equal to ‘k’ as explained at the beginning of the 
proof. Hence an approximate least value for m could be found 
out by solving the quartic equation  
(𝑛 + 2)2𝑚4 + 33(𝑛 + 2)𝑚3 + 11(𝑛 + 2)(log2 18(𝑛 + 2)) 𝑚2 −
𝑘 = 0       

             (18) 

Where 𝐴 = log2 18(𝑛 + 2) is a constant depending on the 
dimension of the input data ‘n’. 

VI. CONCLUSION    

In every NN Algorithms it is very difficult to interpret what the 
NN has learned. In the training process we randomly select the 
data and the structure of NN goes on changing till we attain a 
reasonably low error in the optimization. Hence there are many 
uncertainties in the NN architecture while encountering any 
complex problem. This includes how to select a suitable 
number of nodes in the hidden layer, how to initialize the 
weights , which activation function do we select etc. The paper 
addresses these  issues and gives the following conclusions. 

• In the training process of NN the initialization of 
weights could be experimented based on different 
coordinate basis representation of input data and hence 
the uncertainty in the initialization of weights could be 
rectified. 

• The main advantage of this paper is that  the 
approximate number of hidden nodes needed could be 
found out by the theorem 3 making the training 
process less difficult  instead of trying out with 
different hidden nodes. 
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• VC Dimension should be bounded to get the optimal 
result in a PAC Learning algorithm. It is the main 
advantage of sigmoid networks that VC Dimension 
could be bounded for even large amount of data which 
helps to develop the equation (18) 

 This equation gives new opening to develop a new NN 
optimization algorithm for predictive modeling. 
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