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Abstract- Topology optimization is a mathematical approach that 

optimizes, material layout within a given design space, for a 

given set of loads and boundary conditions such that the 

resulting layout meets a prescribed set of performance targets. 

The topological optimization process can be applied in  3D 

printing so that apt printing model can be developed. In this 

process ,material is joined or solidified under computer control 

to produce a three-dimensional object, with material being 

added together (such as liquid molecules or powder grains being 

fused together). The development of an objective function and an 

equilibrium constraint for a 3D Beam problem plays a vital role 

in 3D-Printing. 
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I. INTRODUCTION 

           3D printing includes building up a solid object by 
progressively adding layers of source material, and hence the 
name ‘additive manufacturing’. Industrial 3D printers have 
existed since the early 1980s and have been used widely for 
rapid prototyping in concurrent engineering and research 
purposes. A wider interest in the technology only occurred in 
the past decade since 3D printing is becoming increasingly 
affordable and applicable to a variety of industries and 
purposes. 3D printing is based on existing engineering 
knowledge that involves rendering a computer assisted design 
(CAD) drawing of an object into a digital 3D model, and 
feeding this blueprint into the 3D printer. 3D printing is used 
in workshops and laboratories and for personal desktop 
printing. 3D printing has a wide range of possible applications 
and the potential to solve an array of problems in a variety of 
different contexts. Manufacturers use 3D printers to construct 
models and prototypes for new product design and testing, and 
build finished goods in low volume. Educators use the 
technology to elevate research and learning in science, 
engineering, design and art. Individuals and entrepreneurs use 
3D printing to expand manufacturing into the home, creating 
customized devices and inventions [1]. 
           Topology Optimization has its introduction in the 
seminal paper by Bendsoe and Kikuchi in 1988. It is a 
characterization of design optimization formulations that 
allow for predicting of structural system’s layout. It can also 
be considered as a companion discipline providing the user 
with design alternatives that may be processed directly or 
might further be refined implementing size and/or shape 
optimization methods [2]. Topology optimization is a 
simulation tool for computing the optimum layout of a 

structure within a given design domain to minimize a defined 
objective, given prescribed design constraints. 
           In this paper we aim to develop an objective function 
and an equilibrium constraint for a topology optimization of a 
3D Beam problem in 3D Printing. Section II explains basic 
definitions. Section III gives basic theorems and develops a 
proof for equivalence of variational problem and 
minimization problem which gives a unique solution for the 
equilibrium constraint in the optimization problem. Section 
IV explains topology optimization. Section V develops the 
objective function and equilibrium constraint of the topology 
optimization model. 
 

II. BASIC DEFINITIONS 
 
 

A. Norm 

Let X be a linear space over K (K = ℝ or ℂ). A norm on 
X is a function ‖ ‖ from X to ℝ such that for all 𝑥, 𝑦 ∈ 𝑋 and 
𝑘 ∈ 𝐾, 

i. ‖𝑥‖ ≥ 0 𝑎𝑛𝑑 ‖𝑥‖ = 0 if and onlyif 𝑥 = 0. 
ii. ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ 

iii. ‖𝑘𝑥‖ = |𝑘|‖𝑥‖ 
 

B. Inner Product Space 

     Let X be a linear space over K(K = ℝ or ℂ). An inner 
product on X is a function 〈 , 〉 from 𝑋 × 𝑋 to K such that for 
all x,y,z in X and k in K, we have  

i. Positive-definiteness:    
〈𝑥, 𝑥〉 ≥ 0 and 

〈𝑥, 𝑥〉 = 0 if and only if 𝑥 = 0. 
ii. Linearity in the first variable: 〈𝑥 + 𝑦, 𝑧〉 = 〈𝑥, 𝑧〉 +

〈𝑦, 𝑧〉and 〈𝑘𝑥, 𝑦〉 = 𝑘〈𝑥, 𝑦〉. 
iii. Conjugate-symmetry: 〈𝑦, 𝑥〉 = 〈𝑥, 𝑦〉̅̅ ̅̅ ̅̅ ̅ 

An inner product space is a linear space with an inner 
product on it [3]. 

Eg: Euclidean n-space with the dot product. 
 
C. Hilbert Space 

    An inner product space which is complete in the norm 
induced by the inner product  is called a Hilbert Space[3]. 
Eg: ℝ𝑛 with the inner product 〈𝑥, 𝑦〉 = ∑ 𝑥𝑗𝑦𝑗

𝑛
𝑗=1  is a Hilbert 

Space. 
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D. Bilinear form 

     A bilinear form on a vector space V is a bilinear map 𝑉 ×
𝑉 → 𝐾, where K is a field of scalars [4]. In other words, a 
bilinear form is a function 𝐵: 𝑉 × 𝑉 → 𝐾 that is linear in each 
argument separately 

𝐵(𝑢 + 𝑣, 𝑤) = 𝐵(𝑢, 𝑤) + 𝐵(𝑣, 𝑤)𝑎𝑛𝑑  
𝐵(𝜆𝑢, 𝑣) = 𝜆𝐵(𝑢, 𝑣) 

Eg: Let 𝑉 = 𝐾𝑛 be an n-dimensional vector space with basis 
{𝑒1, … . , 𝑒𝑛} 
Define the 𝑛 × 𝑛 matrix A by 𝐴𝑖𝑗 = 𝐵(𝑒𝑖 , 𝑒𝑗) 
If the 𝑛 × 1 matrix 𝑥 represents a vector 𝑣 with respect to the 
basis, and 𝑦represents 𝑤, then  

𝐵(𝑣, 𝑤) = 𝑥𝑇𝐴𝑦 = ∑ 𝑎𝑖𝑗𝑥𝑖𝑦𝑗

𝑛

𝑖,𝑗=1

 

 
 
 
E. Weak (orVariational) formulation 

     Weak formulations are important tools for the analysis of 
mathematical equations that permit the transfer of concepts of 
linear algebra to solve problems in other fields such as partial 
differential equations. In weak formulation, an equation is no 
longer required to hold absolutely and has instead weak 
solutions only with respect to certain test vectors or test 
functions [5]. 
Let V be a Banach space. We want to find the solution 𝑢 ∈ 𝑉 
of the equation 𝐴𝑢 = 𝑓 where 𝐴: 𝑉 → 𝑉1and 𝑓 ∈ 𝑉1, with 𝑉1 
being the dual of V. 
Calculus of Variations tells us that this is equivalent to finding 
𝑢 ∈ 𝑉 such that for all 𝑣 ∈ 𝑉 holds: [𝐴𝑢](𝑣) = 𝑓(𝑣). Here v 
is called the test vector or test function. 
This in the generic form of weak formulation is: Find 𝑢 ∈ 𝑉 
such that 𝑎(𝑢, 𝑣) = 𝑓(𝑣), ∀𝑣 ∈ 𝑉.  The bilinear form is  
𝑎(𝑢, 𝑣) = [𝐴𝑢](𝑣) 
Eg: Let 𝑉 = 𝑅𝑛 and 𝐴: 𝑉 → 𝑉 be a linear mapping. Then the 
weak formulation of the equation 𝐴𝑢 = 𝑓 involves finding 
𝑢 ∈ 𝑉 such that for all 𝑣 ∈ 𝑉 the following equation 
holds:〈𝐴𝑢, 𝑣〉 = 〈𝑓, 𝑣〉where〈. , . 〉 denotes an inner product. 
Since A is a linear mapping, it is sufficient to test with basis 
vectors, and we get  

〈𝐴𝑢, 𝑒𝑖〉 = 〈𝑓, 𝑒𝑖〉, 𝑖 = 1, … , 𝑛. 
Actually, expanding 𝑢 = ∑ 𝑢𝑗𝑒𝑗

𝑛
𝑗=1 , we obtain the matrix of 

the equation 𝐴𝑢 = 𝑓, where  
𝑎𝑖𝑗 = 〈𝐴𝑒𝑗, 𝑒𝑖〉and 𝑓𝑖 = 〈𝑓, 𝑒𝑖〉. 
The bilinear form associated to this weak formulation is 
𝑎(𝑢, 𝑣) = 𝑣𝑇𝐴𝑢. 
 

III. BASIC THEOREMS 
 

A. Theorem. Lax-Milgram Theorem 

We make the following hypotheses: 

1. Let H be a Hilbert Space equipped with a scalar 

product 〈. , . 〉 and the associated norm ‖. ‖. 

2. Let 𝑎(. , . ) be a continuous, elliptic bilinear form 

defined on H×H. 

3. Finally, let 𝑓(. )be a continuous linear form on H. 

Then, there is a unique s in H solving the variational 

problem; 

Find 𝑠 ∈ 𝐻 such that 𝑎(𝑠, 𝑡) = 𝑓(𝑡)  
 ∀𝑡 ∈ 𝐻 [6]. 

B. Theorem. 

 VP: {𝐹𝑖𝑛𝑑 𝑠 ∈ 𝐻 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎(𝑠, 𝑡) = 𝑓(𝑡), ∀ 𝑡 ∈

𝐻} 

MP:{𝐹𝑖𝑛𝑑 𝑠 ∈ 𝐻 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝐽(𝑠) =

𝑚𝑖𝑛
𝑡∈𝐻

𝐽(𝑡) 𝑤ℎ𝑒𝑟𝑒 𝐽(𝑡) =
1

2
𝑎(𝑡, 𝑡) − 𝑓(𝑡)} 

Let H be a Hilbert Space equipped with a scalar 

product 〈. , . 〉 and the associated norm ‖. ‖. Let 𝑎(. , . ) be a 

bilinear form defined on H×H and 𝑓(. ) a linear form on H. 

We assume that 𝑎(. , . ) and 𝑓(. ) satisfy the conditions of the 

Lax-Milgram theorem. If the bilinear form 𝑎(. , . ) is also 

symmetric, then the formulations VP and MP are equivalent. 

In other words, the two formulations VP and MP have one and 

the same unique solution s in H [6]. 
 

Proof: 
a. VP⟹MP 

Let s be a solution of Variational Problem. 
Since the space H is a Vector Space, for every t in H, 𝑠 + 𝑡 ∈
H. 
Now we can evaluate the functional J at the point 𝑠 + 𝑡. 

 

𝐽(𝑠 + 𝑡) =
1

2
𝑎(𝑠 + 𝑡, 𝑠 + 𝑡) − 𝑓(𝑠 + 𝑡) 

=
1

2
𝑎(𝑠, 𝑠) − 𝑓(𝑠) +

1

2
𝑎(𝑡, 𝑡) + [𝑎(𝑠, 𝑡) − 𝑓(𝑡)] 

= 𝐽(𝑠) +
1

2
𝑎(𝑡, 𝑡) 

Since 𝑠 is a solution of VP, we have 𝑎(𝑠, 𝑡) = 𝑓(𝑡) 
Also since the bilinear form 𝑎(. , . )satisfies the ellipticity 
property, the quantity 𝑎(𝑡, 𝑡) is clearly positive or zero. 
Hence 𝐽(𝑠, 𝑡) ≥ 𝐽(𝑠), ∀ 𝑡 ∈ 𝐻 
That is if 𝑠 is a solution of VP, then s realizes the minimum of 
the functional J. 
Therefore it is a solution of MP. 
 

b. MP⟹VP 

Suppose  s is the solution of MP. 
The idea is to show that 𝐽(𝑠) ≤ 𝐽(𝑡) ∀ 𝑡 ∈ 𝐻 implies 𝑠 is the 
solution of family of equations 𝑎(𝑠, 𝑡) = 𝑓(𝑡), ∀𝑡 ∈ 𝐻. 
Introduce an arbitrary real number 𝜆 and an arbitrary function 
t in H. If s is a solution of  MP, then the vector space structure 
of H again guarantees the quantity 𝑠 + 𝜆𝑡 also belongs to H. 

𝐽(𝑠 + 𝜆𝑡) =
1

2
𝑎(𝑠 + 𝜆𝑡, 𝑠 + 𝜆𝑡) − 𝑓(𝑠 + 𝜆𝑡) 

= 𝐽(𝑠) +
𝜆2

2
𝑎(𝑡, 𝑡) + 𝜆[𝑎(𝑠, 𝑡) − 𝑓(𝑡)] 

𝐽(𝑠 + 𝜆𝑡) − 𝐽(𝑠) =
𝜆2

2
𝑎(𝑡, 𝑡) + 𝜆[𝑎(𝑠, 𝑡) − 𝑓(𝑡)] 

The polynomial, 

𝑃(𝜆 ) =
𝜆2

2
𝑎(𝑡, 𝑡) + 𝜆[𝑎(𝑠, 𝑡) − 𝑓(𝑡)] 

does not change sign and must remain positive for all  real 
values of 𝜆. 
Hence the discriminant of the second degree equation 
associated with 𝑃(𝜆) is negative or zero. 

[𝑎(𝑠, 𝑡) − 𝑓(𝑡)]2 ≤ 0 
implies only equality can hold and  
Hence  𝑎(𝑠, 𝑡) − 𝑓(𝑡) = 0. 
And 𝑠 is therefore solution of VP. 
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IV. TOPOLOGY OPTIMIZATION 
 

A. Topology  

 

    Topology is the mathematical study of the geometric 
properties that are not normally affected by changes in the size 
or shape of geometric figures. In topology, a donut and a 
coffee cup with a handle are equivalent shapes, because each 
has a single hole. It is also the branch of mathematics that 
deals with the properties of shapes and surfaces. 

 
B.Optimization

  

    Optimization is a mathematical technique for evaluating the 
maximum or minimum value of a function of several variables 
subject to a set of constraints, as linear programming or 
system analysis. Mathematical optimization or mathematical 
programming, is the selection of a best element from some set 
of available alternatives. 
 An optimization problem involves maximizing or 
minimizing a real function by systematically choosing input 
values from within an allowed set and calculating the value of 
the function. The generalization of optimization theory and 
techniques to other formulations comprises a large area of 
applied mathematics. In general, optimization includes 
finding the best available values of some objective functions 
and different types of domains [7]. 
 
 
C. Optimization Problem  

 

     An optimization problem is the problem of finding the best 
solution from all feasible solutions. Optimization problems 
can be divided into two classes depending on whether the 
variables are continuous or discrete. An optimization problem 
with discrete variables is known as discrete optimization. In a 
discrete optimization problem, we are looking for an object 
such as an integer, permutation or graph from a finite (or 
possibly countably infinite) set. Problems with continuous 
variables include constrained problems and multimodal 
problems [7]. 
 
D. Continuous optimization problem 

 

     The standard form of a continuous optimization problem is  
Minimize

𝑥
𝑓(𝑥) 

Subject to               𝑔𝑖(𝑥) ≤ 0, 𝑖 = 1, … … , 𝑚 
ℎ𝑗(𝑥) = 0, 𝑗 = 1, … . . , 𝑝 

Where  
𝑓(𝑥): 𝑅𝑛 → 𝑅is the objective function to be minimized over 
the n- variable vector x. 

𝑔𝑖(𝑥) ≤ 0 are called inequality constraints, 

ℎ𝑗(𝑥) = 0 are called equality constraints,  and 

𝑚 ≥ 0 and 𝑝 ≥ 0. 

If m and p equal 0, the problem is an unconstrained 
optimization problem [7]. 

By convention, the standard form always states a 
minimization problem. By negating the objective function we 
get a maximization problem. 
 

E. Topology Optimization 

 

 Topology optimization is a mathematical approach 
that optimizes, material layout within a given design space, 
for a given set of loads and boundary conditions such that the 
resulting layout meets a prescribed set of performance targets. 
Using topology optimization, engineers can find the best 
concept design that meets the design requirements. Topology 
optimization is used at the concept level of the design process 
to arrive at a conceptual design proposal that is then fine tuned 
for performance and manufacturability [8].  

In some cases, proposals from a topology 
optimization, although optimal, may be expensive or 
infeasible to manufacture. These challenges can be overcome 
through the use of manufacturing constraints in the topology 
optimization problem formulation. Using manufacturing 
constraints, the optimization produces engineering designs 
that would satisfy practical manufacturing technologies 
requirements.  
 In the next section an objective function and 
constraint equation of a 3D Beam design is developed as a part 
of topology optimization problem. 
 
 

V. BASIC FORMULATION OF A TOPOLOGY 
OPTIMIZATION PROBLEM 

 
A. Theorem  

Let H be a Hilbert Space equipped with a scalar 

product 〈. , . 〉 and associated norm ‖. ‖. Let 𝑎(. , . ) be a 

bilinear form, defined and continuous on  𝐻 × 𝐻. Then there 

is a unique linear and continuous operator A  from H to H  

such that ∀(𝑠, 𝑡) ∈ 𝐻 × 𝐻, 𝑎(𝑠, 𝑡) = 〈𝐴𝑠, 𝑡〉 [6].  
 

a. Remark  

By this theorem the bilinear map 
 𝑎(𝑠, 𝑠) =  〈𝐴𝑠, 𝑠〉 = 𝑠𝑇𝐴𝑠 where s is a member of the Hilbert 
Space  ℝ𝑛 and hence the objective function  

min
𝑠

1

2
𝑎(𝑠, 𝑠) = min

𝑠

1

2
𝑠𝑇𝐴𝑠 

In the topology optimization problem of a 3D Beam as in [9], 
 Ω, the design space is an open subset of ℝ𝑛, 𝑠 the 
displacement vector and 𝑡 the arbitrary displacement vector 
are members of the Hilbert space  ℝ𝑛 .  
 

B. Objective function of the proposed model 

 

The objective function of the Optimization model is 

min
𝑠

1

2
𝑎(𝑠, 𝑠) 

subject to the constraint corresponding to the equilibrium 
equation 

𝑎(𝑠, 𝑡) = 𝑓(𝑡) 
 
where 𝑎(. , . ) is an energy bilinear map defined on  ℝ𝑛 × ℝ𝑛 
and 𝑓(. ) is a load linear map on  ℝ𝑛 [10]. 
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Here s is the solution of 𝑎(𝑠, 𝑡) = 𝑓(𝑡). This is a Variational 
Problem (VP). The solution of this problem is equivalent to 
the minimization problem(MP): 
𝐽(𝑠) = min

𝑡∈𝐻
𝐽(𝑡)where 

𝐽(𝑡) =
1

2
𝑎(𝑡, 𝑡) − 𝑓(𝑡) 

The equivalence of VP and MP is proved in section III 
theorem B.  
Hence there exists a unique solution to the equilibrium 
constraint of the optimization model. 
This objective function and the equilibrium constraint helps to 
gain a minimum compliance solution and construct a design 
based on the optimal material layout for 3D Printing. 
 
 
 

VI. CONCLUSION 

In this paper a new method is developed to find an objective 
function and equilibrium constraint for topology optimization 
problem in 3D Beam design of 3D Printing. The selection of 
displacement vector and arbitrary displacement vector from 
the Hilbert space  ℝ𝑛 gives more clarity in the objective 
function formula of the topology optimization. 

 
 

REFERENCES 
 

1. Georgios Kazakis, IoannisKanellopoulos,    StefanosSotiropoulos, 
“Topology Optimization aided structural design: Interpretation, 

computational aspects and 3D printing,” Heliyon 3, 2017, 
e00431. 

2.  Daryl L.Logan, “A first course in the Finite Element Method,” 
Cengage Learning, ISBN 978-0495668251, 2011. 

3.  Balmohan V Limaye, “Functional Analysis,” Revised second 
edition, New Age International Publishers, ISBN(13):978-81-
224-0849-2,1996. 

4.  Adkins, William A, Weintraub, Steven H,     
“ Algebra: An approach via Module Theory,” Springer-Verlag, 
ISBN 3-540-97839-9,1992. 

5.  Lax, Peter D, Milgram, Arthur N, “Parabolic equations: 

Contributions to the theory of partial differential equations,” 
Princeton University Press, pp.167-190. 

6. J. Chaskalovic, “Mathematical and Numerical Methods for 

Partial Differential Equations,”Mathematical Engineering, DOI: 
10.1007/978-3-319-03563-5-2, Springer International Publishing 
Switzerland, 2014. 

7. Strang, Gilbert, “Introduction to applied mathematics”, Wellesly 
M A: Wellesly Cambridge Press, 1986, pp.  xii+758. 

8. Sigmund O, Maute K, “Topology Optimization approaches A 

comparative review”, Structural and Multidisciplinary 
Optimization, 2013, p.1031-1055. 

9. Ji-Hong Zhu, Kai-Ke Yang, Wei-Hong Zhang, “Backbone cup-a 

structure design competition based on topology optimization and 
3D printing”, Published by EDP Sciences, 2016, 
DOI:10.1051/smdo/2016004. 

10. M.P.Bendsoe, O.Sigmund, “Topology Optimization-Theory, 
Methods and Applications”, Springer, ISBN 3-540-42992-1, 
2003. 

 
 

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 13, Number 3 (2018) Spl. 
© Research India Publications.  http://www.ripublication.com

183


